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Introduction
Suppose That {an} is a sequence that converges to A and A > 0. Show that there
exists an N ∈ ℕ such that the terms of the sequence are sufficiently close to A beyond a
certain index N. This statement is fundamental in analysis as it formalizes the intuitive idea
that a convergent sequence eventually stays close to its limit. In this article, we will explore
the proof of this statement, understand its significance, and discuss related concepts that
support this result.

Preliminaries and Definitions

Convergence of a Sequence
A sequence {an} is said to converge to a limit A ∈ ℝ if, for every ε > 0, there exists an N ∈
ℕ such that for all n ≥ N, |an - A| < ε. In notation, this is written as:

∀ ε > 0, ∃ N ∈ ℕ such that n ≥ N ⇒ |an - A| < ε.

This definition captures the idea that as n becomes large, the terms an get arbitrarily close
to A.

Significance of the Condition A > 0
The condition A > 0 is crucial in the proof because it ensures a positive lower bound on A,
allowing us to choose ε appropriately to guarantee certain inequalities. It also affects the
behavior of the sequence's terms relative to zero, which might be relevant when
considering distances and bounds.

Statement of the Theorem
Given the assumptions, the theorem can be formally stated as:

Let {an} be a sequence such that limn→∞ an = A, with A > 0. Then, ∃ N ∈ ℕ such
that ∀ n ≥ N, |an - A| < A/2.



In essence, beyond some index N, all terms of the sequence are within A/2 of the limit A,
which is a positive number. This ensures the sequence's terms are close enough to A so
that they are also bounded away from zero in a controlled manner.

Proof of the Theorem

Step 1: Applying the Definition of Convergence
Since {an} converges to A, for ε = A/2 > 0, there exists an N ∈ ℕ such that:

For all n ≥ N, |an - A| < A/2.

Step 2: Establishing the Bound for Terms
From the inequality |an - A| < A/2, we can deduce:

an ∈ (A - A/2, A + A/2) for all n ≥ N.

Specifically, an > A - A/2 = A/2 > 0, since A > 0.

This implies that beyond the index N, all terms of the sequence are greater than A/2, which
is positive.

Step 3: Conclusion
Thus, we have shown:

There exists N ∈ ℕ such that for all n ≥ N, |an - A| < A/2.1.

Consequently, the terms of the sequence are close to A, and specifically bounded2.
away from zero by A/2.

This completes the proof that beyond some index N, the sequence {an} stays within a
specified distance from its positive limit A.

Implications and Significance

Understanding the Asymptotic Behavior
This result formalizes the intuition that a convergent sequence eventually remains close to
its limit. It ensures that for large enough n, the sequence behaves predictably, which is



essential in various mathematical analyses and proofs.

Bounding the Sequence Terms
Knowing that the sequence terms are within ε of A allows us to establish bounds:

Lower bound: an > A/2 for n ≥ N.

Upper bound: an < A + A/2 = 3A/2.

These bounds are useful in applications where the positivity and boundedness of the
sequence terms are crucial.

Related Concepts and Generalizations

Limit Superior and Limit Inferior
The concepts of limit superior and limit inferior extend the understanding of the asymptotic
behavior of sequences, especially those that do not converge but have subsequences
converging to different limits.

Sequences with Limit Zero or Negative Limits
While the current discussion assumes A > 0, similar arguments can be adapted for
sequences converging to 0 or negative limits, with appropriate adjustments to ε and
bounds.

Uniform Convergence and Its Role
In more advanced contexts, uniform convergence ensures that the convergence properties
hold uniformly across certain domains, strengthening the conclusions about the behavior of
sequences and functions.

Practical Applications

Numerical Analysis
Understanding how sequences approach their limits is crucial in numerical methods, such
as iterative algorithms, where convergence guarantees are needed to ensure accuracy and
stability.



Mathematical Modeling
In modeling physical phenomena, sequences might represent approximations that
converge to a steady-state value. Knowing they stay within bounds after some point is vital
for the reliability of models.

Probability and Statistics
Sequences of random variables often converge in probability or almost surely to a limit, and
similar bounding arguments help in establishing convergence properties and confidence
intervals.

Summary
To summarize, the core idea demonstrated is that if a sequence {an} converges to a
positive real number A, then beyond some finite index N, all terms of the sequence are
arbitrarily close to A. Specifically, choosing ε = A/2 ensures that for n ≥ N, |an - A| < A/2,
which implies an > A/2 > 0. This result is fundamental in analysis, providing a rigorous
foundation for understanding convergence and the long-term behavior of sequences.

Frequently Asked Questions

Given a sequence {a_n} converging to A > 0, how can
we prove that there exists an N such that for all n ≥ N,
|a_n - A| < A/2?
Since {a_n} converges to A > 0, for ε = A/2, there exists N such that for all n ≥ N, |a_n - A|
< A/2. This means that beyond N, the terms stay within A/2 of A, guaranteeing |a_n| > A/2
> 0.

What does the convergence of {a_n} to A > 0 imply
about the stability of the sequence after some index N?
It implies that beyond some index N, the sequence elements are arbitrarily close to A, and
hence remain bounded away from zero, ensuring stability and positivity in the tail of the
sequence.

How can we show that there exists an N such that a_n >
A/2 for all n ≥ N, given that {a_n} converges to A > 0?
Since {a_n} converges to A > 0, choose ε = A/2. Then, there exists N such that for all n ≥
N, |a_n - A| < A/2, which implies a_n > A - A/2 = A/2 > 0 for all n ≥ N.



Why is the positivity of A important when
demonstrating the existence of N such that certain
inequalities hold for {a_n}?
Because A > 0 ensures that the sequence eventually stays positive and bounded away from
zero, allowing us to establish inequalities like a_n > A/2 for sufficiently large n, which
wouldn't hold if A were zero or negative.

Can we generalize the existence of N for any ε > 0 when
{a_n} converges to A > 0? How?
Yes, for any ε > 0, the definition of convergence guarantees an N such that for all n ≥ N,
|a_n - A| < ε. Choosing ε = A/2, we get the desired N that ensures a_n > A/2, demonstrating
the generality of the result.

What is the significance of finding such an N in the
context of convergence and positivity of the sequence?
Finding such an N confirms that beyond a certain point, the sequence not only converges
but also maintains a certain positivity and bounds, which is useful in proofs involving limits,
stability, and positivity properties of sequences.

Additional Resources
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Introduction: Understanding the Foundations of Sequence Convergence

Sequences form the backbone of analysis, providing a fundamental way to understand
limits, continuity, and the behavior of functions as they approach specific points. The notion
of convergence, in particular, offers a precise language to describe how sequences behave
as their terms progress indefinitely. When a sequence {a_n} converges to a limit A, and A
is strictly positive, a natural question arises: can we assert that beyond some fixed point in
the sequence, all subsequent terms stay close to A? More specifically, can we find an index
N such that for all n ≥ N, the terms a_n are within a certain distance of A? This question is
not just theoretical musing but underpins many results across analysis, including the formal
definitions of limits, continuity, and the behavior of functions near specific points.

In this article, we will explore and rigorously demonstrate the statement: If {a_n} is a
sequence converging to A, with A > 0, then there exists an N ∈ ℕ such that for all n ≥ N,
the terms a_n are sufficiently close to A. We will dissect the mathematical reasoning behind
this claim, offer intuitive insights, and clarify how this property undergirds many
fundamental theorems in analysis.



---

Understanding Sequence Convergence and the
Formal Definition

The Formal Definition of Convergence

Before delving into the proof or demonstration of the statement, it's essential to understand
what it means for a sequence to converge to a limit A. Formally, the sequence {a_n}
converges to A if, for every positive real number ε > 0, there exists a natural number N
such that:

- For all n ≥ N, |a_n - A| < ε.

This epsilon-N (ε-N) definition captures the idea that beyond some index N, the terms of the
sequence are arbitrarily close to the limit A.

Implication of Convergence for Limit A > 0

Given that A > 0, the convergence definition implies that the sequence's terms can be
made as close as desired to A, which itself is positive. This is a crucial point because it
ensures that the sequence doesn't just hover around zero or diverge, but actually settles
near a positive number, maintaining a certain "distance" from zero as n becomes large.

---

Establishing the Existence of N for Sequences
Converging to A > 0

Statement of the Goal

Our goal is to demonstrate that, given a sequence {a_n} converging to A > 0, there exists
an N ∈ ℕ such that for all n ≥ N:

|a_n - A| < A/2.

Choosing ε = A/2 is strategic: it ensures that beyond some index, the terms a_n are within
half the distance of A, which implies that the terms stay positive and close to A, avoiding
oscillations or divergence.



Step-by-Step Proof Outline

Let's break down the reasoning into clear steps:

1. Start with the convergence definition:

Since {a_n} converges to A, for ε = A/2 > 0, there exists N ∈ ℕ such that:

- For all n ≥ N, |a_n - A| < A/2.

2. Implication of the choice of ε:

From the inequality |a_n - A| < A/2, we derive bounds on a_n:

- A - A/2 < a_n < A + A/2.

Simplifying:

- A/2 < a_n < (3/2)A.

3. Positivity of the sequence terms beyond N:

Since A/2 > 0, the inequality implies:

- For all n ≥ N, a_n > A/2 > 0.

This is a vital conclusion: beyond the index N, all terms of the sequence are positive and
bounded away from zero.

4. Conclusion:

Therefore, we have established that:

- There exists N ∈ ℕ such that for all n ≥ N, |a_n - A| < A/2, and equivalently, a_n > 0.

---

Significance of the Result in Analysis

Stability Near the Limit

This demonstration confirms that once a sequence converges to a positive limit, its terms
eventually stay within a "neighborhood" around A, maintaining positivity and closeness.
This is critical in various contexts, such as:

- Ensuring the sequence does not oscillate wildly near the limit.



- Guaranteeing that operations involving the sequence (like ratios or compositions) are well-
defined beyond some index.

Foundation for More Complex Theorems

The idea that convergence implies the existence of an N beyond which the sequence stays
close to the limit is foundational. It underpins:

- The proof of the Limit Laws.
- Arguments involving uniform convergence.
- The behavior of functions near points, especially in proving continuity or differentiability.

---

Extensions and Related Results

Sequences Converging to Zero

While our focus has been on positive A, similar reasoning applies when sequences converge
to zero, with appropriate adjustments. For example, for ε > 0, the convergence guarantees
that:

- For n ≥ N, |a_n| < ε.

This ensures terms get arbitrarily small, a key property in analysis.

Sequences Bounded Away from Zero

The proof also hints at the concept of sequences that are eventually bounded away from
zero, which is crucial in establishing properties like invertibility when dealing with
sequences of functions or operators.

---

Practical Examples and Intuitive Insights

Example 1: Converging to a Positive Limit

Suppose a sequence {a_n} converges to A = 2. Given ε = 1, there exists N such that for all



n ≥ N:

|a_n - 2| < 1.

This means:

1 < a_n < 3.

Hence, beyond N, all terms are between 1 and 3, ensuring positivity and proximity to A.

Visualizing the Convergence

Imagine plotting the sequence on a graph, with the horizontal line y = A at the top. As n
increases past N, the points a_n cluster closer and closer to this line, eventually staying
within a small band around A. The proof guarantees that this "band" can be made as tight
as we desire, demonstrating the sequence's stabilization near A.

---

Conclusion: The Power of the Convergence
Property

The principle that a sequence converging to a positive limit A guarantees the existence of
an index N beyond which all terms are close to A is not merely a technical detail but a
cornerstone of analysis. It assures mathematicians and scientists that limits are not just
abstract notions but possess tangible stability properties. This concept allows for rigorous
manipulation of sequences, ensures the well-behaved nature of limits, and forms the
foundation for more advanced topics like continuity, uniform convergence, and the
behavior of functions near specific points.

Through careful reasoning and the strategic selection of ε, we've shown that the
convergence to a positive limit implies a form of eventual uniformity in the sequence's
behavior. This insight continues to underpin many proofs and applications across
mathematics, physics, and engineering, reinforcing the importance of understanding how
sequences behave as they approach their limits.

---

In summary:

- Given a sequence {a_n} that converges to A > 0,
- For any ε > 0, particularly ε = A/2,
- There exists an N such that for all n ≥ N,
- The terms satisfy |a_n - A| < ε,
- Which implies a_n > 0 for all n ≥ N.



This property ensures the sequence's terms stabilize around A, maintaining positivity and
proximity, a fundamental aspect in the analysis of limits and convergence.
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