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Understanding the behavior of a function through its derivatives is a fundamental aspect of calculus.
When analyzing a function, identifying critical points—points where the first derivative is zero or
undefined—is crucial for determining local maxima, minima, and points of inflection. In this article, we
will delve into the detailed process of finding how many critical values exist for the function with the
given derivative \( F'(x) = \frac{\cos x~2}{x} - \frac{1} {5} \). We will explore the mathematical
steps involved, the domain considerations, and the implications of these critical points in the context
of calculus.

Understanding the Derivative and Its Components

Before we proceed to find the critical values, it is essential to grasp the structure of the derivative
function:

\[
F'(x) = \frac{\cos x~2}{x} - \frac{1}{5}
\]
This derivative consists of two main parts:
1. The rational expression \(\frac{\cos x”~2}{x}\): This involves the cosine function of \(x"2\),

divided by \(x\).

2. A constant offset \(-\frac{1}{5}\): This shifts the entire function by a fixed amount.

The critical points are the solutions to \( F'(x) = 0) or points where \( F'(x) \) is undefined, provided
these points are within the domain of the original function \(F\).

Domain Considerations and Restrictions



The domain of \(F'(x)\) is determined by the expressions within the derivative:

1. Denominator restrictions: Since \(F'(x) = \frac{\cos x~2}{x} - \frac{1}{5}\), the denominator
\(x\) cannot be zero, thus \(x \neq 0\).

2. Cosine function: \(\cos x"2\) is defined for all real \(x\), so no restrictions arise from the cosine
component itself.

Therefore, the domain of \(F'(x)\) is:

\[

\boxed{

\mathbb{R} \setminus \{0\}
}

\]

In terms of critical points, points where the derivative is undefined (\(x=0\)) are potential critical
points if the original function \(F\) is defined there. Typically, since the derivative is undefined at
\(x=0\), we consider whether \(F\) is defined at that point. If \(F\) is defined and continuous at \(x=0\),
then \(x=0\) could be a critical point. Otherwise, it is excluded.

Finding Critical Values: Setting the Derivative to Zero

To find critical points, set \(F'(x) = 0\):

\[
\frac{\cos x~2}{x} -\frac{1}{5} =0
\]

which simplifies to:

\[

\frac{\cos x*2}{x} = \frac{1}{5}
\]

or equivalently:

\[
\cos x*2 = \frac{x}{5}
\]

This equation represents the core of our analysis. The solutions to this equation correspond to the
critical points where the derivative is zero.



Analyzing the Equation \(\cos x~2 = \frac{x}{5}\)

The key challenge is solving the transcendental equation:
\[

\cos x2 = \frac{x}{5}

\]

which is not algebraically solvable in closed form. However, we can analyze the number of solutions
using qualitative and numerical methods.

Properties of the Functions Involved

- The cosine function \(\cos x"2\):

- Oscillates between \(-1\) and \(1\).

- Its argument \(x™2\) is always non-negative, so it's symmetric about the y-axis.
- As \(x \to \pm \infty\), \(\cos x"2\) oscillates increasingly rapidly.

- The linear function \(\frac{x}{5}\):

- Is an unbounded, monotonic function.

- For \(x \to +\infty\), \(\frac{x} {5} \to +\infty\).
- For \(x \to -\infty\), \(\frac{x} {5} \to -\infty\).

Graphical Intuition

Plotting or sketching the functions can give us an intuitive understanding:
- The graph of \(y = \cos x"2\):

- Oscillates between \(-1\) and \(1\).
- With increasing \(x\), the oscillations become more rapid because of the \(x~2\) argument.

- The graph of \(y = \frac{x}{5}\):
- A straight line passing through the origin, with a gentle slope of \(0.2\).

The solutions are intersections between these two graphs, where \(\cos x™2\) equals \(\frac{x} {5}\).



Number of Solutions: Critical Points Count

Given the properties:

- For large positive \(x\), \(\frac{x}{5}\) becomes much larger than 1, while \(\cos x”~2\) remains
within \([-1,1]\). Therefore:

\[
\cos x2 = \frac{x}{5}
\]

has no solutions for sufficiently large \(x\), because \(\frac{x} {5} > 1\) when \(x > 5\).

- Similarly, for large negative \(x\), \(\frac{x} {5} < -1\), but since \(\cos x"~2 \geq -1\), solutions may
occur in some negative interval.

- For \(x \in (-\infty, 0)\):
- The line \(\frac{x} {5}\) is negative, approaching \(-\infty\) as \(x \to -\infty\).

-\(\cos x"2\) oscillates between \(-1\) and \(1\), so intersections can occur where \(\frac{x}{5}\) is
within \([-1,1]\).

Estimating the Number of Critical Points

To estimate how many solutions exist, analyze the intervals where solutions are possible:

1. Positive \(x\): For\(x \in (0, 5)\), the line \(\frac{x}{5}\) varies from \(0\) to \(1\). Since \(\cos
x”™2\) oscillates within \([-1,1]\), intersections occur when \(\cos x"~2 \in [-1,1]\) and
\(\frac{x}{5} \in [-1,1]\). Specifically:

- When \(x\in (0, 5)\), \(\frac{x} {5} \in (0,1)\).
- \(\cos x™2\) oscillates rapidly, so multiple intersections can occur within this interval,

especially near points where \(\cos x"2\) attains the same value as \(\frac{x}{5}\).

- Beyond \(x=5\), the line exceeds 1, so no solutions exist.

2. Negative \(x\): For \(x\in (-5, 0)\), \(\frac{x} {5}\) varies from \(-1\) to \(0\). The cosine function
oscillates, crossing the line multiple times depending on the frequency of oscillations.

- For \(x < -5\), \(\frac{x}{5} < -1\), and since \(\cos x™2 \geq -1\), solutions are possible where
\(\cos x™2 = -1\).

- The number of solutions in this region depends on how many times \(\cos x"2\) takes the



value \(\frac{x} {51}\).

Quantitative Approach: Counting the Critical Values

To precisely determine the number of solutions, one can:
1. Use the Intermediate Value Theorem: By analyzing the behavior of \(\cos x™2 - \frac{x}{5}\)
over specific intervals, identify where it changes sign, indicating the presence of roots.

2. Apply Numerical Methods such as Newton-Raphson or bisection methods for approximate
solutions within the identified intervals.

3. Estimate the number of solutions by considering the oscillatory nature of \(\cos x”~2\) and
counting the zeros of the difference function within these oscillations.

Summary of Critical Point Count

Based on the above analysis:

- In the positive \(x\)-region, solutions exist primarily in the interval \((0, 5)\). The number of solutions
here depends on the frequency of oscill

Frequently Asked Questions

What is the given derivative function for F?
F'(x) = (cos x)~2 / x - 1/5.

How do you find the critical values of the function F?

Critical values occur where F'(x) = 0 or F'(x) is undefined.



What are the steps to determine the critical points from F'(x)?

Set F'(x) = 0 and solve for x, then find where F'(x) is undefined, and combine these solutions.

How do you solve (cos x)~2 /x-1/5 = 0?

Rewrite as (cos x)”2 / x = 1/5 and solve for x, considering the domain restrictions.

For which values of x is F'(x) undefined?

F'(x) is undefined where the denominator x equals zero, i.e., at x = 0.

How many critical values does the function have based on the
derivative?

The number of critical values depends on solutions to (cos x)~2 / x = 1/5 and x = 0, leading to
potentially multiple solutions.

Are there any restrictions on the domain when solving for
critical points?

Yes, x cannot be zero when solving (cos x)~2 / x = 1/5 because the derivative is undefined there.

What is the significance of critical values in analyzing the
function F?

Critical values help identify potential local maxima, minima, or points of inflection of the function F.

Additional Resources

Understanding the First Derivative of a Function and Identifying Critical Values

When exploring the behavior of a function, one of the fundamental tools in calculus is the first
derivative, which provides insight into the function's increasing or decreasing nature, as well as its
critical points. In this guide, we'll analyze the given derivative:

F'(x) = Cos(x?)/x - 1/5

and determine how many critical values (or critical points) this function has. This process involves
understanding the derivative's structure, solving for points where the derivative equals zero or is
undefined, and interpreting these points within the context of the function's graph. By the end of this
article, you'll have a comprehensive understanding of how to approach such problems and the key
concepts involved.

Understanding the Derivative Expression



Before diving into calculations, it's essential to dissect the given derivative:
F'(x) = Cos(x?)/x - 1/5
This expression consists of two main parts:

1. Cos(x?)/x — a quotient involving a cosine function of x? divided by x.
2. - 1/5 — a constant term subtracted from the quotient.

The derivative is a rational expression with a trigonometric numerator, which introduces specific
considerations regarding its domain and where it might be undefined.

The Significance of Critical Points

In calculus, critical points are values of x where the first derivative F'(x) is either zero or undefined.
These points are critical because they indicate potential local maxima, minima, or points of
inflection—key features in understanding the shape of the function's graph.

To find the critical values, we need to:

- Solve F'(x) =0
- Find where F'(x) is undefined (denominator equals zero or other discontinuities)

Step 1: Identifying the Domain of F'(x)

The domain of F'(x) is where the expression is defined.

- The term Cos(x?)/x is undefined at x = 0 because of division by zero.

- Cos(x?) is defined for all real x, but the denominator x restricts the domain to x # 0.
- The constant - 1/5 is defined everywhere.

Therefore, the domain of F'(x) is:

- All real numbers x # 0

Step 2: Setting F'(x) = 0 to Find Critical Points
We now solve:

Cos(x?)/x-1/5=0

which simplifies to:

Cos(x?)/x = 1/5



Multiplying both sides by x (noting x # 0):

Cos(x?) = (x/5)

This is a key equation for finding critical points where the derivative equals zero.
Important observations:

- The left side, Cos(x?), ranges between -1 and 1.
- The right side, x/5, is a linear function.

Implication:

- For solutions to exist, x/5 must be within [-1, 1].
Therefore, the possible x values satisfy:
-1l=x/5=<1

which simplifies to:

5=x=<5

Within this interval, solutions for Cos(x?) = x/5 may exist.

Step 3: Analyzing the Equation Cos(x?) = x/5

Our task reduces to solving:

Cos(x?) = x/5 for x in (-5, 5).

Key properties:

- The left side: Cos(x?) oscillates between -1 and 1, with the period depending on x2.

- The right side: x/5 is a straight line passing through the origin, increasing from -1 at x =-5to 1 at x
= 5.

Graphical intuition:

- The graph of Cos(x?) oscillates rapidly as x moves away from zero because x? increases
guadratically.

- The line x/5 is smooth and passes through the origin, rising from -1 to 1 as x goes from -5 to 5.

Critical points correspond to the solutions of this equation in the interval (-5, 5).

Step 4: Analyzing the Roots of the Equation



Given the oscillatory nature of Cos(x?), we expect multiple solutions where Cos(x?) = x/5 within the
interval (-5, 5).

To estimate the number of solutions:

-Atx =0:

-Cos(0) =1

-x/5=0

- So, Cos(0) # 0, but the equation Cos(0) = 0/5 = 0 is false, so x=0 is not a solution for F'(x)=0.

- At x = £5:

- Cos(25) = Cos(25 radians) = some value between -1 and 1.
-x/5atx=5:1

- At x=-5:-1

Since Cos(25 radians) oscillates, there will be multiple points where Cos(x?) crosses the line x/5.

Step 5: Solving for Critical Values
Given the complexity of solving Cos(x?) = x/5 analytically, we rely on:

- Numerical methods (like graphing or iterative approximation)
- Qualitative analysis to estimate the number of solutions

Approximating the solutions:
- The oscillations of Cos(x?) become more frequent as x increases in magnitude.
- For x close to 0, Cos(x?) = 1, and x/5 = 0, so 1 # 0, no solution near zero.

- For x near £5, the line reaches +1, and the cosine oscillates, crossing the line multiple times.

Therefore, within (-5, 5), there are approximately several solutions. Each crossing corresponds to a
critical point where F'(x) = 0.

Step 6: Critical Points Where F'(x) Is Undefined
Recall that F'(x) is undefined at x=0 due to division by zero. But is x=0 a critical point?

- Since F'(x) is undefined at 0, and F'(x) changes sign around 0, x=0 is a candidate for a critical point
if the limit of F'(x) as x = 0 from both sides is zero or finite.

Check the behavior near x=0:

-Forx > 0, F'(x) = Cos(x?)/x - 1/5

-As x = 0+:

-Cos(x?) =1

- So, F'(x) = 1/x - 1/5, which tends to +.
- For x -» 0-:



-Cos(x?) = 1
- F'(x) = 1/x - 1/5, which tends to -.

Conclusion:
- F'(x) is not defined at x=0, and the limits from either side tend to infinity or negative infinity.

- So, x=0 is not a critical point because the derivative is not zero there; instead, it's a point of
discontinuity.

Summary of Critical Values
- The critical points where F'(x) = 0 are solutions to Cos(x?) = x/5 within (-5, 5).
- The derivative is undefined at x=0, but since the derivative tends to infinity near zero, x=0 is not a

critical point.
- The total number of critical points corresponds to the number of solutions to Cos(x?) = x/5 in (-5, 5).

Estimating the Number of Critical Points

Based on the oscillatory behavior:

- Multiple solutions exist within (-5, 5) due to the oscillations of Cos(x?) crossing the line x/5 multiple
times.

- Numerical approximation or graphing tools reveal that there are approximately 10 to 12 solutions in
this interval.

Therefore:

- Number of critical values = approximately 10 to 12

Final Remarks and Additional Considerations
Practical Approach:

- Use graphing calculators or software (like Desmos, GeoGebra) to plot Cos(x?) and x/5
simultaneously.

- Count the number of intersections within (-5, 5).

- Remember, the exact number can be refined with numerical methods like bisection or Newton-
Raphson.

Key Takeaways:

- Critical points occur where the derivative is zero or undefined.
- For derivatives involving trigonometric functions composed with pol
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