
T/F The Euclidean Distance Between Two
Objects Is Always Smaller Than Or
Equal To The Manhattan Distance

T/F The Euclidean Distance Between Two Objects Is Always Smaller Than Or
Equal To The Manhattan Distance is a common statement encountered in the
realms of mathematics, computer science, and data analysis. Understanding the
relationship between these two fundamental distance metrics is crucial for
various applications, from clustering algorithms to pathfinding in robotics.
While the statement might seem intuitive at first glance, it warrants a
detailed exploration to confirm its validity, understand the conditions under
which it holds, and recognize scenarios where it might not.

---

Understanding Distance Metrics: Euclidean vs.
Manhattan

What Is Euclidean Distance?
Euclidean distance, named after the ancient Greek mathematician Euclid, is
perhaps the most familiar measure of straight-line distance between two
points in Euclidean space. Given two points \( P = (p_1, p_2, ..., p_n) \)
and \( Q = (q_1, q_2, ..., q_n) \), the Euclidean distance is calculated as:

\[
d_{E}(P, Q) = \sqrt{\sum_{i=1}^n (p_i - q_i)^2}
\]

This metric embodies the "as-the-crow-flies" distance, providing the shortest
path between two points in a continuous space.

What Is Manhattan Distance?
Manhattan distance, also called city block or L1 distance, measures the
distance between two points based on grid-like movement, akin to navigating
city streets laid out in a grid pattern. For the same points \( P \) and \( Q
\), the Manhattan distance is:

\[
d_{M}(P, Q) = \sum_{i=1}^n |p_i - q_i|
\]

This metric sums the absolute differences across each dimension and reflects
the total "travel distance" when movement is restricted to axis-aligned
directions.

---



The Mathematical Relationship Between Euclidean
and Manhattan Distances

The General Inequality
A well-established mathematical fact states that for any two points in a
real, n-dimensional space:

\[
d_{E}(P, Q) \leq d_{M}(P, Q)
\]

This inequality implies that the Euclidean distance between two points is
always less than or equal to their Manhattan distance.

Intuitive Explanation
Intuitively, this makes sense because the Euclidean distance represents the
straight-line path, which is the shortest possible, while the Manhattan
distance corresponds to a path constrained to axes-aligned movements. When
moving from one point to another in a grid-like pathway, the total travel
distance along the axes (Manhattan) cannot be shorter than the direct,
straight-line distance.

Formal Proof of the Inequality
The inequality can be formally proved using the Cauchy-Schwarz inequality,
which states that for any vectors \( \mathbf{a} \) and \( \mathbf{b} \):

\[
|\mathbf{a} \cdot \mathbf{b}| \leq \|\mathbf{a}\| \|\mathbf{b}\|
\]

Applying this to the difference vector \( \mathbf{d} = (p_1 - q_1, p_2 - q_2,
..., p_n - q_n) \):

\[
d_{E}(P, Q) = \|\mathbf{d}\|_2 = \sqrt{\sum_{i=1}^n (p_i - q_i)^2}
\]

and noting that:

\[
d_{M}(P, Q) = \|\mathbf{d}\|_1 = \sum_{i=1}^n |p_i - q_i|
\]

By applying the Cauchy-Schwarz inequality:

\[
\|\mathbf{d}\|_2 \leq \|\mathbf{d}\|_1
\]

which leads directly to:



\[
d_{E}(P, Q) \leq d_{M}(P, Q)
\]

---

Implications of the Inequality

When Does Equality Occur?
The inequality becomes an equality when the difference vector \( \mathbf{d}
\) has only one non-zero element, i.e., the points differ along only one
dimension. For example, in two-dimensional space:

- \( P = (x, y) \)
- \( Q = (x + d, y) \)

Here, both distances are simply \( |d| \), so:

\[
d_{E}(P, Q) = |d| = d_{M}(P, Q)
\]

Thus, in cases where movement is along a single axis, the Euclidean and
Manhattan distances are equal.

When Is the Euclidean Distance Strictly Less?
In most cases where the difference vector has components along multiple axes,
the Euclidean distance is strictly less than the Manhattan distance. This is
because the straight-line (Euclidean) path 'cuts through' the space
diagonally, reducing the overall distance compared to moving along each axis
separately.

---

Practical Applications and Examples

Example 1: Two-Dimensional Space
Suppose two points \( P = (1, 2) \) and \( Q = (4, 6) \):

- Euclidean distance:

\[
d_{E} = \sqrt{(4 - 1)^2 + (6 - 2)^2} = \sqrt{3^2 + 4^2} = \sqrt{9 + 16} =
\sqrt{25} = 5
\]

- Manhattan distance:



\[
d_{M} = |4 - 1| + |6 - 2| = 3 + 4 = 7
\]

Here, the Euclidean distance (5) is less than the Manhattan distance (7),
illustrating the inequality.

Example 2: Movement in a Grid (Robotics)
In robotics or navigation within city grids, the Manhattan distance
accurately models the cost of movement constrained to grid-like pathways.
Conversely, Euclidean distance estimates the shortest possible travel
distance if the robot could move in a straight line.

Implications in Data Science and Machine Learning
Distance metrics influence clustering algorithms like k-means, k-nearest
neighbors, and hierarchical clustering. Choosing the appropriate metric
depends on the data and the problem context:

- Euclidean Distance is sensitive to the magnitude of differences and
emphasizes larger deviations.
- Manhattan Distance can be more robust in high-dimensional spaces where
features have different scales or where movement is constrained.

Understanding the inequality between these metrics assists in selecting the
most appropriate measure for a given application.

---

Limitations and Caveats

High-Dimensional Spaces
As the number of dimensions increases, the difference between Euclidean and
Manhattan distances can become less intuitive. The phenomenon known as the
"curse of dimensionality" causes distances to tend to concentrate, reducing
the discriminative power of either metric.

Scaling and Normalization
Differences in feature scales can distort distance calculations. Proper
normalization is essential to ensure that the comparison between Euclidean
and Manhattan distances remains valid.

Non-Euclidean Spaces
In non-Euclidean geometries or spaces with complex structures, the
relationship between these distances may not hold. The inequality strictly
applies within Euclidean spaces.



---

Conclusion
The statement, "The Euclidean distance between two objects is always smaller
than or equal to the Manhattan distance," is mathematically correct within
the context of Euclidean space. It reflects fundamental geometric principles,
illustrating that the shortest path between two points (Euclidean) cannot be
longer than a path constrained to axis-aligned movements (Manhattan).
Recognizing this relationship helps in understanding the geometry of data,
optimizing algorithms, and designing navigation systems.

In summary:

- Euclidean distance is the straight-line (shortest) distance.
- Manhattan distance sums the absolute differences along each coordinate
axis.
- The inequality \( d_{E}(P, Q) \leq d_{M}(P, Q) \) always holds.
- Equality occurs when movement is along a single axis.
- The relationship is vital for applications across science and engineering,
especially in high-dimensional data analysis.

By appreciating the nuances and applications of these metrics, practitioners
can make more informed decisions in their analyses, optimizations, and
modeling efforts.

Frequently Asked Questions

Is the Euclidean distance always less than or equal
to the Manhattan distance between two objects?

No, the Euclidean distance can be greater than the Manhattan distance between
two objects depending on their positions.

Under what conditions are the Euclidean and Manhattan
distances equal?

They are equal when the movement between two points occurs along a single
axis, such as purely horizontal or vertical movement.

Can the Euclidean distance ever be larger than the
Manhattan distance?

Yes, especially when points are located diagonally apart, making the
Euclidean distance larger than the Manhattan distance.

Is the statement 'The Euclidean distance is always
smaller than or equal to the Manhattan distance'
true?

No, this statement is false; the Euclidean distance can be greater than the



Manhattan distance.

What is the relationship between Euclidean and
Manhattan distances in high-dimensional spaces?

In high-dimensional spaces, the Euclidean distance can be significantly
larger than the Manhattan distance, but they are not always comparable in a
simple way.

Does the triangle inequality apply differently to
Euclidean and Manhattan distances?

No, both Euclidean and Manhattan distances satisfy the triangle inequality,
but their values can differ significantly.

In which scenarios is Manhattan distance preferred
over Euclidean distance?

Manhattan distance is preferred in grid-like environments, such as city block
layouts, where movement is restricted to horizontal and vertical directions.

How do the properties of Euclidean and Manhattan
distances impact machine learning algorithms?

They influence algorithm performance and choice, especially in clustering and
nearest neighbor searches, due to differences in how they measure distance.

Is the statement 'Euclidean distance is always less
than or equal to Manhattan distance' a common
misconception?

Yes, it is a misconception; in fact, Euclidean distance can be greater than
the Manhattan distance depending on the points.

Can you provide an example where Euclidean distance
exceeds Manhattan distance?

Yes, for points (0,0) and (3,4), Euclidean distance is 5, while Manhattan
distance is 7, so in this case, Euclidean distance is less, but in certain
arrangements, Euclidean can be larger; for example, between (0,0) and (2,2),
Euclidean is approximately 2.83, and Manhattan is 4, so the Euclidean is
smaller. Conversely, if points are at (0,0) and (5,0), Euclidean and
Manhattan distances are both 5, but for points at (1,1) and (4,4), Euclidean
is about 4.24, and Manhattan is 6. Thus, depending on the points, Euclidean
can be larger or smaller.

Additional Resources
The Euclidean Distance Between Two Objects Is Always Smaller Than Or Equal To
The Manhattan Distance is a fundamental concept in the field of distance
metrics and geometric analysis. This statement touches upon the intrinsic



relationships between different ways of measuring the "distance" between two
points in a multi-dimensional space. Understanding this comparison not only
deepens our grasp of mathematical and computational principles but also
informs practical applications ranging from machine learning algorithms to
spatial analysis and robotics. In this article, we will explore the
definitions of Euclidean and Manhattan distances, analyze the conditions
under which the inequality holds, examine its significance in various
contexts, and discuss its advantages and limitations.

---

Understanding Distance Metrics: Euclidean and
Manhattan

To comprehend the comparison fully, it is essential first to define the two
primary distance metrics involved.

Euclidean Distance
The Euclidean distance, named after the ancient Greek mathematician Euclid,
is perhaps the most familiar measure of distance in classical geometry. For
two points \( P = (p_1, p_2, ..., p_n) \) and \( Q = (q_1, q_2, ..., q_n) \)
in an n-dimensional space, the Euclidean distance \( d_{E} \) is given by:

\[
d_{E}(P, Q) = \sqrt{ (p_1 - q_1)^2 + (p_2 - q_2)^2 + \dots + (p_n - q_n)^2 }
\]

This formula aligns with our intuitive understanding of straight-line
distance in Euclidean space, often called the "as-the-crow-flies" distance.

Manhattan Distance
The Manhattan distance, also known as L1 distance or taxicab distance,
derives from the grid-like street layout of Manhattan, New York City. It
measures the distance traveled along axes at right angles, summing the
absolute differences of their coordinates:

\[
d_{M}(P, Q) = |p_1 - q_1| + |p_2 - q_2| + \dots + |p_n - q_n|
\]

This metric reflects movement constrained to axis-aligned paths, which is
relevant in contexts where diagonal movement is not possible or not allowed.

---

Mathematical Relationship Between Euclidean and
Manhattan Distances

The core topic of this discussion is the inequality:



\[
d_{E}(P, Q) \leq d_{M}(P, Q)
\]

This inequality suggests that, for any pair of points in Euclidean space, the
straight-line (Euclidean) distance is always less than or equal to the sum of
the absolute coordinate differences (Manhattan distance). To understand why
this is true, we analyze it through the lens of norms and the properties of
vector spaces.

Norms and Their Relationships
In mathematics, both Euclidean and Manhattan distances are special cases of
vector norms:

- The Euclidean distance corresponds to the \( L2 \) norm:

\[
\| \mathbf{v} \|_2 = \sqrt{\sum_{i=1}^{n} v_i^2}
\]

- The Manhattan distance corresponds to the \( L1 \) norm:

\[
\| \mathbf{v} \|_1 = \sum_{i=1}^{n} |v_i|
\]

where \( \mathbf{v} = (p_1 - q_1, p_2 - q_2, ..., p_n - q_n) \).

An important property of these norms is that, in finite-dimensional vector
spaces, the \( L2 \) norm is always less than or equal to the \( L1 \) norm
scaled by a factor, which leads to the inequality:

\[
\| \mathbf{v} \|_2 \leq \| \mathbf{v} \|_1
\]

This directly translates to the distances:

\[
d_{E}(P, Q) \leq d_{M}(P, Q)
\]

since the Euclidean distance is the \( L2 \) norm of the vector of coordinate
differences, and the Manhattan distance is the \( L1 \) norm.

Intuitive Explanation and Geometric
Interpretation

Understanding the inequality in geometric terms can be very insightful.

Geometric Perspective
In two dimensions, the Euclidean distance represents the length of the



straight-line segment connecting two points, while the Manhattan distance
represents the length of a path constrained to grid lines — akin to walking
along city blocks.

Imagine a square with points \( P \) and \( Q \). The shortest path between
them is a straight line (Euclidean), but if movement is restricted to roads
aligned along the grid, the path length (Manhattan distance) is always equal
to or longer than the straight-line distance.

This intuition extends to higher dimensions: any path constrained to axis-
aligned moves (Manhattan) cannot be shorter than the straight-line path
(Euclidean).

Example in 2D
Suppose \( P = (0, 0) \) and \( Q = (3, 4) \):

- Euclidean distance:

\[
d_{E} = \sqrt{3^2 + 4^2} = \sqrt{9 + 16} = 5
\]

- Manhattan distance:

\[
d_{M} = |3| + |4| = 7
\]

Clearly, \( 5 \leq 7 \), confirming the inequality.

---

Formal Proof of the Inequality

A rigorous proof hinges on the properties of norms in finite-dimensional
vector spaces.

Proof Outline
For any vectors \( \mathbf{v} = (v_1, v_2, ..., v_n) \):

\[
\| \mathbf{v} \|_2 \leq \| \mathbf{v} \|_1
\]

which follows from the Cauchy-Schwarz inequality:

\[
\left( \sum_{i=1}^n |v_i| \right)^2 \leq n \sum_{i=1}^n v_i^2
\]

and noting that:

\[



\sqrt{ \sum_{i=1}^n v_i^2 } \leq \sum_{i=1}^n |v_i|
\]

since each \( |v_i| \leq \sqrt{v_i^2} \), and their sum is at least as large
as the Euclidean norm.

Applying this to the vector of coordinate differences between points \( P \)
and \( Q \) yields:

\[
d_{E}(P, Q) \leq d_{M}(P, Q)
\]

which completes the proof.

---

Implications and Applications

Understanding that the Euclidean distance is always less than or equal to the
Manhattan distance has significant practical implications.

Machine Learning and Data Analysis
- Clustering algorithms: Many clustering techniques, such as k-means, rely on
distance metrics. Knowing the bounds helps in feature scaling and choosing
appropriate metrics.
- Nearest neighbor searches: Efficient algorithms leverage these inequalities
for pruning search spaces.

Robotics and Path Planning
- Route optimization: Recognizing that Manhattan distances provide upper
bounds allows for estimating shortest paths in grid-like environments.
- Navigation systems: Helps in developing heuristics for algorithms like A.

Geometry and Spatial Analysis
- Facilitates understanding of shape properties and metric spaces.
- Supports comparisons between different metrics in high-dimensional data
spaces.

---

Pros and Cons of the Distance Metrics

Understanding the individual features, advantages, and limitations of
Euclidean and Manhattan distances can guide their effective use.



Euclidean Distance
- Pros:
- Intuitive geometric interpretation.
- Suitable for continuous, smooth spaces.
- Sensitive to the actual spatial relationship.
- Cons:
- Computationally intensive in high dimensions due to square root
calculations.
- Sensitive to outliers if features are not scaled.

Manhattan Distance
- Pros:
- Easier to compute (no square roots).
- Useful in grid-based environments.
- Less sensitive to outliers in certain contexts.
- Cons:
- Less intuitive for continuous, Euclidean spaces.
- May overestimate the true distance in curved or smooth spaces.

---

Limitations and Considerations

While the inequality holds generally, there are specific considerations:

- High-Dimensional Spaces: In very high dimensions, distances tend to
concentrate, making the difference between Euclidean and Manhattan less
meaningful.
- Feature Scaling: If features are not scaled uniformly, the comparison may
be biased.
- Choice of Metric: The suitability depends on the specific application; for
example, Euclidean is preferable for physical distances, while Manhattan may
suit grid-based problems.

---

Conclusion

The assertion that the Euclidean distance between two objects is always
smaller than or equal to the Manhattan distance is not only mathematically
valid but also practically significant. It emphasizes the geometric intuition
that a straight-line path (Euclidean) is the shortest route, whereas paths
constrained to axes (Manhattan) can only be equal or longer. This
relationship is grounded in the properties of vector norms and holds
universally in finite-dimensional Euclidean spaces.

Understanding this inequality equips practitioners and
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