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Introduction to the Chi-Square Goodness of Fit Test

The Chi-Square (X²) Goodness of Fit Test is a statistical method used to determine whether observed

data match an expected distribution. It helps researchers assess if the differences between observed

and expected frequencies are due to random chance or indicate a significant deviation.

This test is widely used in various fields such as marketing, biology, social sciences, and quality

control to validate hypotheses about categorical data. In this article, we explore how to perform the

Chi-Square Goodness of Fit Test to evaluate specific hypotheses involving probabilities P A, P B, and

P C, with given values of 0.40, 0.40, and 0.20, respectively.

---

Understanding the Hypotheses

Before applying the Chi-Square test, it is critical to understand the hypotheses involved:



Null Hypothesis (H₀)

The null hypothesis states that the observed data follow the specified distribution:

- P A = 0.40

- P B = 0.40

- P C = 0.20

In other words, the observed frequencies are consistent with these probabilities.

Alternative Hypothesis (H₁)

The alternative hypothesis suggests that the observed data do not follow the specified distribution:

- The observed frequencies deviate significantly from what is expected under H₀.

---

Setting Up the Test

To perform the Chi-Square Goodness of Fit Test, follow these steps:

Step 1: Collect Data

Gather the observed counts for each category (A, B, C). For example:

| Category | Observed Frequency (O) |

|------------|------------------------|

| A | O₁ |

| B | O₂ |



| C | O₃ |

Step 2: Determine Expected Frequencies

Calculate expected counts based on total observations (N) and the hypothesized probabilities:

- Expected count for category A: E₁ = N × 0.40

- Expected count for category B: E₂ = N × 0.40

- Expected count for category C: E₃ = N × 0.20

Step 3: Calculate the Chi-Square Statistic

Use the formula:

\[

X^2 = \sum_{i=1}^{k} \frac{(O_i - E_i)^2}{E_i}

\]

where:

- \(O_i\) = observed frequency for category i

- \(E_i\) = expected frequency for category i

- \(k\) = number of categories (here, 3)

---

Performing the Calculation: An Example

Suppose you have the following observed data:



| Category | Observed Frequency (O) |

|------------|------------------------|

| A | 50 |

| B | 45 |

| C | 25 |

Total observations: N = 50 + 45 + 25 = 120

Calculate Expected Frequencies

| Category | Expected Frequency (E) |

|------------|------------------------|

| A | 120 × 0.40 = 48 |

| B | 120 × 0.40 = 48 |

| C | 120 × 0.20 = 24 |

Compute the Chi-Square Statistic

\[

X^2 = \frac{(50 - 48)^2}{48} + \frac{(45 - 48)^2}{48} + \frac{(25 - 24)^2}{24}

\]

Calculations:

- Category A: \(\frac{(2)^2}{48} = \frac{4}{48} \approx 0.0833\)

- Category B: \(\frac{(-3)^2}{48} = \frac{9}{48} = 0.1875\)

- Category C: \(\frac{(1)^2}{24} = \frac{1}{24} \approx 0.0417\)

Sum:



\[

X^2 \approx 0.0833 + 0.1875 + 0.0417 = 0.3125

\]

---

Interpreting the Results

Step 4: Determine the Degrees of Freedom

For a goodness of fit test with k categories, degrees of freedom:

\[

df = k - 1 = 3 - 1 = 2

\]

Step 5: Find the Critical Value

Using Chi-Square distribution tables, find the critical value for \(df=2\) at a chosen significance level

(commonly α=0.05):

| Significance Level | Critical Value (X²) |

|----------------------|---------------------|

| 0.05 | 5.991 |

Step 6: Make a Decision

Compare the calculated \(X^2\) to the critical value:



- If \(X^2 \leq 5.991\), fail to reject H₀ (data fits the expected distribution).

- If \(X^2 > 5.991\), reject H₀ (data does not fit the expected distribution).

In our example, \(X^2 \approx 0.3125 < 5.991\), so we do not reject H₀, implying the observed data

aligns with the hypothesized probabilities.

---

Applications of the Chi-Square Goodness of Fit Test

The Chi-Square Goodness of Fit Test is useful in many real-world scenarios, including:

Market Research

Evaluating whether customer preferences across product categories match expected market share

distributions.

Biology and Genetics

Testing if observed genetic trait distributions conform to Mendelian ratios.

Quality Control

Assessing whether defect types occur with expected frequencies in manufacturing processes.

Political Science

Determining if voting patterns align with predicted distributions based on demographic data.



---

Common Challenges and Considerations

While performing the Chi-Square Goodness of Fit Test, keep in mind:

Sample Size

- Adequate sample size is essential; expected frequencies should ideally be at least 5 in each category

to ensure the approximation is valid.

Data Accuracy

- Ensure observed data is accurate and representative.

Choosing the Significance Level

- Select an appropriate α (e.g., 0.05) to balance Type I and Type II errors.

Multiple Testing

- When conducting multiple tests, account for increased false-positive risk.

---



Conclusion

The Chi-Square Goodness of Fit Test is a powerful statistical tool for validating whether observed

categorical data align with expected probabilities, such as P A=0.40, P B=0.40, and P C=0.20. By

following systematic steps—collecting data, calculating expected frequencies, computing the test

statistic, and comparing it with the critical value—you can make informed decisions about the

conformity of your data to theoretical distributions.

Whether in research, quality assurance, or business analytics, understanding and correctly applying

this test enhances the robustness of your conclusions and supports data-driven decision-making.

Remember to consider sample size requirements and interpret results within the context of your

specific application for the most reliable insights.

---
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Frequently Asked Questions

What is the primary purpose of the Chi-Square Goodness of Fit Test in

testing hypotheses about proportions?

The Chi-Square Goodness of Fit Test is used to determine whether observed categorical data match

expected proportions, thereby testing if the hypothesized distribution fits the observed data.

In the given hypotheses with P_A=0.40, P_B=0.40, and P_C=0.20,



what are the null and alternative hypotheses?

The null hypothesis (H0) states that the true proportions are P_A=0.40, P_B=0.40, and P_C=0.20. The

alternative hypothesis (Ha) suggests that the observed data do not conform to these proportions.

How do you calculate the expected frequencies for each category

when using the Chi-Square Goodness of Fit Test?

Expected frequencies are calculated by multiplying the total sample size by each hypothesized

proportion. For example, if total N=100, expected for category A is 100 × 0.40 = 40.

What are the key assumptions to check before performing the Chi-

Square Goodness of Fit Test?

Key assumptions include independent observations, a sufficiently large sample size (expected counts

generally ≥5), and categorical data fitting the specified distribution.

How do you interpret the results of a Chi-Square Goodness of Fit Test

in the context of testing P_A=0.40, P_B=0.40, and P_C=0.20?

If the calculated Chi-Square statistic exceeds the critical value at a chosen significance level, we reject

H0, indicating the data do not fit the specified proportions. Otherwise, we fail to reject H0, suggesting

the data are consistent with the hypothesized proportions.

Additional Resources

Test The Following Hypotheses By Using the Chi-Square Goodness of Fit Test: An In-Depth Analysis

The Chi-Square Goodness of Fit Test is a fundamental statistical tool used to determine how well

observed data conform to an expected distribution. When researchers or analysts formulate

hypotheses about categorical data, this test offers a rigorous method to assess whether the observed



frequencies significantly deviate from what is anticipated under a specific null hypothesis. In this article,

we delve into the application of the Chi-Square Goodness of Fit Test to evaluate hypotheses involving

three categories with specified probabilities: P_A = 0.40, P_B = 0.40, and P_C = 0.20. We examine

the theoretical background, step-by-step procedures, assumptions, and interpretative strategies

associated with this testing method, providing a comprehensive guide for both novice and experienced

statisticians.

---

Understanding the Null and Alternative Hypotheses

The Null Hypothesis (H₀)

The null hypothesis in a Chi-Square Goodness of Fit Test asserts that the observed data follow the

specified distribution. In the context of the current problem, the null hypothesis is:

- H₀: The observed frequencies of categories A, B, and C align with their expected probabilities of

0.40, 0.40, and 0.20 respectively.

Mathematically, if the total number of observations (n) is known, then the expected counts for each

category are:

- Expected count for A: n 0.40

- Expected count for B: n 0.40

- Expected count for C: n 0.20

The Alternative Hypothesis (H₁)

The alternative hypothesis states that the observed data do not follow the specified distribution.



Formally:

- H₁: The observed frequencies differ significantly from the expected frequencies based on P_A=0.40,

P_B=0.40, and P_C=0.20.

The essence of this test is to evaluate whether deviations from expected frequencies are due to

random chance or indicate a genuine difference in the distribution.

---

Setting Up the Test: Data Collection and Expectations

Gathering Observed Data

Before performing the test, collect the observed frequencies for each category. For example, suppose

a survey yields the following counts:

- A: 50

- B: 35

- C: 15

Total observations (n) = 50 + 35 + 15 = 100

Calculating Expected Frequencies

Based on the hypothesized probabilities:

- Expected for A: 100 0.40 = 40

- Expected for B: 100 0.40 = 40



- Expected for C: 100 0.20 = 20

These expected counts serve as benchmarks to compare against the actual observed data.

---

The Chi-Square Goodness of Fit Test: Methodology

Step 1: Computing the Chi-Square Statistic

The core of the test involves calculating the Chi-Square statistic (χ²), which quantifies the discrepancy

between observed and expected frequencies:

\[

\chi^2 = \sum_{i=1}^{k} \frac{(O_i - E_i)^2}{E_i}

\]

Where:

- \( O_i \) = observed frequency for category i

- \( E_i \) = expected frequency for category i

- \( k \) = number of categories (here, 3)

Applying the example data:

\[

\chi^2 = \frac{(50 - 40)^2}{40} + \frac{(35 - 40)^2}{40} + \frac{(15 - 20)^2}{20}

\]

\[

\chi^2 = \frac{100}{40} + \frac{25}{40} + \frac{25}{20} = 2.5 + 0.625 + 1.25 = 4.375



\]

This value measures how much the observed frequencies deviate from the expected ones, scaled by

the expected frequencies.

Step 2: Determining Degrees of Freedom

For the goodness of fit test with specified probabilities, degrees of freedom (df) are:

\[

df = k - 1

\]

In this case:

\[

df = 3 - 1 = 2

\]

This reflects the number of independent comparisons that can be made among categories.

Step 3: Choosing the Significance Level and Critical Value

Decide on a significance level (α), typically 0.05, which determines the threshold for statistical

significance. Using Chi-Square distribution tables or software, find the critical value for df=2 at α=0.05,

which is approximately 5.991.

Step 4: Making a Decision

- If the calculated χ² exceeds the critical value, reject H₀.



- If χ² is less than or equal to the critical value, fail to reject H₀.

In the example, χ² = 4.375 < 5.991, so we would not reject the null hypothesis at the 0.05 significance

level.

---

Assumptions and Conditions for Validity

Ensuring the validity of the Chi-Square Goodness of Fit Test hinges on several key assumptions:

1. Independence of observations: Each observation should be independent of others; the outcome of

one does not influence another.

2. Categorical data: The data should be categorized into mutually exclusive categories.

3. Sample size adequacy: Expected frequencies should generally be at least 5 in each category to

justify the approximation to the Chi-Square distribution.

4. Correct specification of probabilities: The hypothesized probabilities must be specified a priori,

based on theoretical or empirical reasoning.

Failure to meet these conditions may compromise the test's reliability, leading to inaccurate

conclusions.

---

Interpreting the Results: Practical Implications and Limitations



Implications of Rejecting H₀

Rejecting the null hypothesis suggests that the observed data significantly deviate from the

hypothesized distribution. This could imply:

- The actual probabilities differ from the assumed 0.40, 0.40, and 0.20.

- There are underlying factors influencing the distribution that the model does not account for.

- The data collection process may have biases or errors.

In applied contexts, such findings could prompt further investigation into the causes of deviation, such

as sampling biases, changes in underlying populations, or inaccuracies in the assumed probabilities.

Implications of Failing to Reject H₀

Failing to reject H₀ indicates that the observed frequencies are consistent with the hypothesized

distribution within the limits of sampling variability. This supports the validity of the assumed

probabilities, at least for the current sample.

Limitations and Considerations

- The Chi-Square test does not indicate the direction or magnitude of deviations, only their statistical

significance.

- Small expected counts can distort the test; alternative methods or combining categories might be

necessary.

- The test assumes that the probabilities are specified in advance; data-driven adjustments can

invalidate the results.

- Large samples may detect trivial differences as significant, emphasizing the importance of context

and effect size.

---



Applications and Broader Contexts

The Chi-Square Goodness of Fit Test finds diverse applications across fields:

- Market research: Testing whether consumer preferences align with expected market shares.

- Genetics: Assessing whether observed genotype frequencies conform to expected Mendelian ratios.

- Quality control: Evaluating whether defect types occur in proportions consistent with historical data.

- Ecology: Comparing observed species distributions to theoretical models.

In each scenario, the test provides a statistical basis for validating assumptions, guiding decision-

making, and designing further studies.

---

Conclusion: The Power and Precision of the Chi-Square

Goodness of Fit Test

The Chi-Square Goodness of Fit Test remains a cornerstone of statistical analysis for categorical data.

Its ability to objectively assess whether observed data align with expected distributions makes it

invaluable across scientific disciplines and industry applications. When testing hypotheses such as

P_A=0.40, P_B=0.40, and P_C=0.20, researchers can confidently determine the compatibility of their

data with these probabilities, provided the assumptions are met and the sample size is adequate.

By understanding its methodology, assumptions, and interpretative nuances, analysts can employ the

Chi-Square test to derive meaningful insights, support robust conclusions, and inform strategic

decisions. As with any statistical tool, careful application and contextual awareness are essential to

harness its full potential and avoid misinterpretation. Ultimately, the Chi-Square Goodness of Fit Test

exemplifies the intersection of statistical rigor and practical relevance, underpinning evidence-based



approaches in diverse domains.

---
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