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Understanding the intricacies of calculus, particularly the approximation of
derivatives, is crucial for students and professionals alike. When dealing
with functions such as \( f(x) = x - 3 \ln x \), accurately estimating the
derivative at a specific point, like \( x = 3 \), involves not only
calculating the derivative itself but also understanding the potential errors
involved in approximation methods. This article provides a comprehensive
overview of the actual error associated with approximating the first
derivative of the function \( f(x) = x - 3 \ln x \) at \( x = 3 \), explores
the methods used to approximate derivatives, and offers insights into
minimizing and understanding the errors involved.

Understanding the Function \( f(x) = x - 3 \ln
X \)

Before delving into derivative approximations and errors, it is essential to
understand the behavior of the function itself.

Basic Properties of \( f(x) \)

- Domain: The function \( f(x) = x - 3 \ln x \) is defined for \( x > 0 \),
since the natural logarithm \( \ln x \) is only defined for positive real
numbers.

- Continuity and Differentiability: \( f(x) \) is continuous and
differentiable for all \( x > 0 \).

- Behavior near \( x = 07+ \): As \( x \to 07+ \), \( \ln x \to -\infty \),
so \( f(x) \to -\infty \).

- Behavior at larger \( x \): As \( x \to \infty \), \( f(x) \to \infty \).

Derivative of \( f(x) \)

Calculating the derivative:



\ [

f'(x) = \frac{d}{dx} \left( x - 3 \ln x \right) = 1 - \frac{3}{x}
\]

At \( x =3 \):

\[

f'(3) =1 - \frac{3}{3} =1-1=0

\]

Thus, the actual derivative at \( x=3 \) is exactly zero.

Methods of Approximate Derivative Calculation

Various numerical methods are used to approximate derivatives, especially
when the analytical derivative is complex or unavailable. The most common
methods include:

- Forward Difference

- Backward Difference

- Centered Difference

- Higher-Order Difference Formulas

Each method has associated errors, which can be classified broadly into
truncation error and round-off error.

Forward Difference Approximation

The forward difference formula approximates \( f'(x) \) as:

\ [
f'(x) \approx \frac{f(x + h) - f(x)}{h}
\1

where \( h \) is a small step size.
Error Term:

The error (or truncation error) for the forward difference is approximately
proportional to \( h \):

\ [
\text{Error} \approx \frac{h}{2} f'"'(\xi)
\1]



for some \( \xi \) between \( x \) and \( x + h \).

Centered Difference Approximation

The centered difference provides a more accurate estimate:

\ [

' (x) \approx \frac{f(x + h) - f(x - h)}{2h}
\1

Error Term:

Centered difference has an error proportional to \( h™2 \):

\ [
\text{Error} \approx \frac{h”2}{6} f'''(\eta)
\1]

for some \( \eta \) between \( x - h \) and \( x + h \).

Choosing the Step Size \( h \)

Selecting an appropriate \( h \) is critical:

- Too large \( h \): large truncation error.
- Too small \( h \): rounding errors and loss of significance due to
subtractive cancellation.

Optimal \( h \) balances these errors and depends on the function's behavior
and the computational environment.

Calculating the Approximate Derivative at \( x
=3 \)

Given that the actual derivative \( f'(3) \) is zero, we now consider how
different approximation methods estimate this value.



Example Calculations with a Chosen Step Size \( h \)

Suppose we select \( h = 0.01 \). Let's compute the approximations:

- Calculate \( f(3 + h) \):

\ [

f(3 +0.01) = (3 +0.01) - 3 \ln(3 + 0.01)
\]

- Calculate \( f(3 - h) \):

\ [

f(3 - 0.01) = (3 - 0.01) - 3 \ln(3 - 0.01)
\]

- Calculate \( f(3) \):

\ [

f(3) =3 - 3\ln 3

\]

Using these, the approximations are:
- Forward Difference:

\ [
f' f(3) \approx \frac{f(3 + 0.01) - f(3)}{0.01}
\1

- Centered Difference:

\ [
f' c(3) \approx \frac{f(3 + 0.01) - f(3 - 0.01)}{2 \times 0.01}
\1]

The actual derivatives are known:

\ [
f'(3) =0
\]

The approximate errors are then:

\ [
\text{Error} = |\text{Approximate} - O]
\1



Analyzing Actual Error and Its Significance

The actual error in the approximation is the difference between the estimated
derivative and the true derivative:

\ [
\text{Actual Error} = |f' {\text{approx}}(3) - f'(3)|
\1]

Since \( f'(3) = 0 \), the error simplifies to the magnitude of the
approximation itself.

Factors Influencing Error Magnitude

- Choice of \( h \): As discussed, an optimal \( h \) minimizes total error.
- Function curvature: The second derivative \( f''(x) \) influences
truncation error.

- Numerical precision: Rounding and floating-point errors affect the
accuracy.

Estimating the Error Using Taylor’s Theorem

Taylor’s theorem provides a way to estimate the error:

- For the forward difference:

\ [

f'(x) = \frac{f(x+h) - f(x)}{h} - \frac{h}{2} f''(\xi)
\1

- For the centered difference:

\ [

f'(x) = \frac{f(x+h) - f(x-h)}{2h} - \frac{h”2}{6} f'''(\eta)
\]

where \( \xi \) and \( \eta \) are points in the interval.
Since \( f''(x) = \frac{3}{x"2} \), at \( x = 3 \):

\ [

f''(3) = \frac{3}{9} = \frac{1}{3}

\1]

Similarly, \( f'''(x) = -\frac{6}{x"3} \), so:



\ [
f''"(3) = -\frac{6}{27} = -\frac{2}{9}
\]

Using these, the error bounds become:
- Forward difference:

\ [
\left| \text{Error} \right| \leq \frac{h}{2} \times \frac{1}{3} = \frac{h}{6}
\1]

- Centered difference:

\ [

\left| \text{Error} \right| \leq \frac{h”2}{6} \times \frac{2}{9} =
\frac{h™2}{27}

\1

Choosing \( h = 0.01 \):
- Forward difference error bound:

\ [
\approx \frac{0.01}{6} \approx 0.00167
\1]

- Centered difference error bound:

\ [

\approx \frac{(0.01)"2}{27} \approx \frac{0.0001}{27} \approx 3.7 \times
10~{-6}

\1

This illustrates that the centered difference provides a significantly
smaller potential error.

Conclusion and Best Practices for Derivative
Approximation

Accurately approximating derivatives is an essential skill in numerical
analysis. Understanding the errors involved allows for better approximation
strategies and more reliable results.

Key Takeaways:



- The actual derivative of \( f(x) = x - 3 \ln x \) at \( x = 3 \) is zero.
- Numerical approximations using difference formulas introduce errors that
depend on the step size \( h \).

- The centered difference method generally provides higher accuracy than
forward or backward difference methods for the same \( h \).

- Selecting an optimal \( h \) balances truncation and round-off errors.

- The

Frequently Asked Questions

What is the actual error when approximating the
derivative of f(x) = x - 3ln x at x = 3?

The actual error is the difference between the exact value of the derivative
at x=3 and its approximation, often calculated using the second derivative
and the chosen approximation method.

How do you compute the first derivative of f(x) = x
- 31ln x?

The first derivative is f'(x) =1 - 3/x.

What is the value of the derivative of f(x) = x -
3ln x at x = 3?7

At x=3, f'(3) =1-3/3=1-1=0.

Which approximation methods are commonly used to
estimate the derivative in this context?

Finite difference methods, such as forward, backward, or central difference
approximations, are commonly used to estimate derivatives numerically.

Why is understanding the actual error important when
approximating derivatives?

Understanding the actual error helps assess the accuracy of the approximation
and guides the choice of step size or method to improve precision in
calculations.

Additional Resources

Understanding the Error in Approximating the First Derivative of \(f(x) = x -
3\) at \(x=3\)



When delving into the realm of calculus, particularly in the context of
numerical differentiation, understanding the nature and magnitude of
approximation errors is paramount. This article explores the intricacies of
calculating the derivative of the simple yet fundamental function \(f(x) = x
- 3\) at \(x=3\), with a focus on the error introduced by common
approximation methods. We will investigate how such errors arise, analyze
their behavior, and provide a comprehensive guide for accurately estimating
derivatives in practical scenarios.

Introduction to Derivative Approximation and
Its Significance

The derivative of a function at a point offers critical insight into its
instantaneous rate of change. For the function \(f(x) = x - 3\), the
derivative is straightforward analytically:

\ [
f'(x) =1
\]

for all \(x\), since the derivative of \(x\) is 1 and the constant term drops
out.

Why approximate derivatives?

In many real-world applications—such as physics, engineering, and data
science—analytical derivatives are not always available. Instead, derivatives
are approximated numerically using discrete data points or simple finite
difference formulas. While these methods are invaluable, they inherently
introduce errors, which can mislead analysis and decision-making.

Numerical Methods for Approximating Derivatives

Several techniques exist to approximate derivatives, each with its own
strengths and limitations. The most common are:

1. Forward Difference:

\ [

f'(x) \approx \frac{f(x + h) - f(x)}{h}
\1

2. Backward Difference:
\ [



f'(x) \approx \frac{f(x) - f(x - h)}{h}
\1]

3. Centered Difference:

\ [

f'(x) \approx \frac{f(x + h) - f(x - h)}{2h}
\1]

Here, \(h\) is a small positive number, known as the step size.

Choosing the right method depends on:
- The availability of data points

- The desired accuracy

- The computational resources

In this analysis, we mainly focus on the centered difference method, which
generally offers better accuracy due to its symmetric nature.

Applying Finite Difference Approximations to
\(f(x) = x - 3\) at \(x=3\)

Given \(f(x) = x - 3\), the derivatives are straightforward analytically:
\(f'(3) = 1\). Yet, when approximating numerically, especially with finite
differences, errors inevitably emerge.

Step size selection:
Suppose we choose a small step size \(h\). For the purpose of illustration,
let's consider \(h=0.1\), \(h=0.01\), and \(h=0.001\).

Centered Difference Approximation

\ [
f'(3) \approx \frac{f(3 + h) - f(3 - h)}{2h}
\]

Calculating \(f\) at these points:

-\(f(3 + h) = (3 +h) -3 =nh\)
-\(f(3 - h) = (3 - h) -3 =-h\)
Thus,

\ [

f'(3) \approx \frac{h - (-h)}{2h} = \frac{2h}{2h} =1
\]



Surprisingly, for this specific function, the finite difference approximation
yields the exact derivative regardless of \(h\). This is because \(f(x)\) is
linear, and the finite difference methods are exact for linear functions,
assuming no rounding errors.

However, for more complex functions, errors are inevitable. In such cases,
the approximation error depends on the choice of \(h\).

Theoretical Error Analysis

Error Components in Finite Difference Approximations
In numerical differentiation, the total approximation error comprises:

- Discretization error: Due to the finite step size \(h\)
- Round-off error: Due to finite precision in floating-point arithmetic

For the centered difference method, the leading error term is:

\ [

\text{Error} \approx -\frac{h”2}{6}f'"''(\x1i)

\1]

where \(\xi\) is some point between \(x - h\) and \(x + h\).

Since \(f(x) = x - 3\) is a linear function, its third derivative \(f'''(x) =
0\), making the leading error term zero. This explains why the centered
difference method yields the exact derivative here, regardless of \(h\).

For Non-Linear Functions

In practice, most functions are non-linear, and the errors become
significant. The error analysis guides us in choosing an optimal \(h\):

- Too large \(h\): Discretization error dominates, leading to inaccurate
approximations.

- Too small \(h\): Round-off errors become significant due to subtraction of
nearly equal numbers.

Implications for More Complex Functions

While the linear function \(f(x) = x - 3\) is an ideal case, real-world



functions often involve non-zero higher derivatives, making understanding the
error crucial.

Example:
Suppose \(f(x) = x*2\). Its derivatives are:

- \(f'(x) = 2x\)
- \(f 1 (x) = 0\)

Applying the centered difference at \(x=3\):

\ [
f(3 + h)
\]
\ [
f(3 - h)
\]

(3 + h)*2 =9 + 6h + h"2

9 - 6h + h"2

(3 - h)~2

Hence,

\ [
f'(3) \approx \frac{(9 + 6h + h"2) - (9 - 6h + h"2)}{2h} = \frac{12h}{2h} = 6
\1

which is the exact derivative \(f'(3) = 2 \times 3 = 6\). The approximation
is exact for this quadratic function when using centered differences, again
owing to the specific structure of polynomial derivatives.

In general, the error term for the centered difference becomes significant
with functions that possess higher-order derivatives.

Practical Recommendations for Accurate
Derivative Approximation

Given the theoretical insights, here are practical guidelines for minimizing
errors:

1. Choose an optimal step size \(h\):

- Use a value that balances discretization and round-off errors.

- For most functions, a rule of thumb is \(h \approx \sqrt{\varepsilon}\),
where \(\varepsilon\) is machine epsilon (~\(2.2 \times 107{-16}\) for double
precision).

2. Use higher-order methods when necessary:
- For higher accuracy, methods like the five-point stencil or Richardson



extrapolation can be employed.

3. Be mindful of function behavior:
- Functions with high curvature or discontinuities require special treatment.

4. Verify with analytical derivatives when possible:
- Always compare numerical approximations to known derivatives to assess
accuracy.

Conclusion: The Truth About Errors in
Derivative Approximation

In the special case of \(f(x) = x - 3\), the derivative is constant and the
finite difference approximation perfectly matches the analytical derivative,
regardless of the chosen step size. This is a fortunate coincidence stemming
from the linearity of the function and the properties of finite difference
methods.

However, for more complex functions, understanding the sources and behavior
of approximation errors is essential. The leading error term, often involving
higher derivatives, provides valuable insight into how the approximation will
behave and guides the selection of parameters such as \(h\).

In summary:

- Finite difference methods are powerful but inherently approximate.

- Error analysis reveals the delicate balance between step size and
precision.

- For linear functions, the approximation is exact; for others, careful
consideration is necessary.

- Always validate numerical derivatives with analytical results or refined
methods to ensure reliability.

By mastering the nuances of derivative approximation errors, practitioners
can significantly enhance the accuracy of their numerical analyses and make
informed decisions based on derivative estimates, ensuring robustness in
computational modeling and data interpretation.
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