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Understanding the origin of cost functions in production theory is fundamental for economists, business
strategists, and policymakers. The specific cost function C=q(V1/2 +w1/2)*2, which involves a
qguadratic form of the sum of the square roots of variables V and w, has intriguing implications for
production analysis. This article explores the derivation of this cost function, focusing on its roots in
two prominent production frameworks: the Cobb-Douglas production function and the Constant
Elasticity of Substitution (CES) production function. By examining the theoretical underpinnings,
mathematical derivations, and economic interpretations, we aim to clarify the conditions under which

this cost function emerges and its significance in production economics.

Understanding the Cost Function C=q(V1/2 +w1/2)"2

Before delving into its origins, it is essential to understand the structure and implications of the cost

function itself.

Functional Form and Interpretation

The cost function is expressed as:

“plaintext



C = q (VM1/2} + wA{1/2})"2

where:
- C represents total cost,
- q is a scaling parameter or output level,

-V and w are input quantities, such as capital and labor, or other input measures.

The form involves the sum of the square roots of inputs, which are then squared, indicating a nonlinear
relationship between inputs and costs. This quadratic form suggests that increasing inputs yields
diminishing or increasing marginal costs depending on the context, and the model captures substitution

effects and input complementarities.

Economic Significance

This cost function encapsulates several key economic ideas:

- Input substitutability: The structure suggests some degree of substitutability between inputs V and w,
modulated by their square root terms.

- Symmetry: The identical functional form of V and w indicates symmetric treatment of inputs.

- Convexity: The squared sum ensures the function is convex, aligning with standard cost function

properties.

To understand the origins of this form, we explore the two main production functions from which it can

be derived.

Derivation from a Cobb-Douglas Production Function



Overview of the Cobb-Douglas Production Function

The Cobb-Douglas (CD) production function is a widely used functional form in economics,

characterized by its multiplicative structure:

“plaintext

a = A vally wnlly

where:

- Q is the output,

- A is total factor productivity,
-V and w are inputs,

- I:l and I:l are output elasticities with respect to each input.

The CD function exhibits constant returns to scale when [l + [l =1, but can also represent increasing

or decreasing returns depending on parameters.

Cost Minimization Under a Cobb-Douglas Framework

Given input prices v (for V) and w (for w), the firm's cost minimization problem is:
plaintext

Minimize C =vW +w w

Subject to Q = A va{lly waglly

The goal is to find the combination of V and w that produces a given output Q at the lowest cost.



Deriving the Cost Function

The standard approach involves:

1. Setting up the Lagrangian:

“plaintext

L=w+ww+ U (@-A vl wlly
2. First-order conditions (FOCs):
“plaintext

Oulv=v-0a0vad - 13 wrlly = 0
Oullw=w-0a 0wy wrall-13=0
Oull = q-avally wrlly =0

3. Solve the FOCs for V and w:

From the FOCs, we derive the input demand functions:
plaintext

v=(lroayypaa - Oy

w= (W7 wayOypaa-Oy

4. Expressing the cost function:

Substituting back, the total cost becomes:

“plaintext

C=vV+ww



which depends on the parameters and the output level Q.

5. Special case leading to the specific form:

If the elasticities are set such that [l = [l = 0.5, the demand functions for inputs V and w become
proportional to the square root of the inverse of input prices, and the total cost simplifies to a quadratic
form involving the sum of square roots:

“plaintext

C = q (VA{1/2} + wA{1/2})"2

This derivation shows that when the production function exhibits symmetric elasticities and the cost

minimization aligns with these parameters, the resulting cost function takes precisely this form.

Derivation from a CES Production Function

Overview of the CES Production Function

The Constant Elasticity of Substitution (CES) production function generalizes the Cobb-Douglas form,

allowing a constant but arbitrary elasticity of substitution D between inputs:
plaintext

a=Ar0vaely + 1 - Oy waely ey

where:

- [l relates to the elasticity of substitution D via:



“plaintext

O=1/¢+0

- [l is a distribution parameter, with 0 < D <1.

The CES form is flexible, capturing various degrees of substitutability, including perfect substitutes and

complements.

Cost Function Derivation from CES

The firm's cost minimization problem under a CES function involves:
“plaintext

Minimize C=vV +ww

subject to @ = A [ U vaely + (1 - Oy waely prgen/y

To derive the cost function:

1. Set up the Lagrangian:

“plaintext

L=w+ww+ 0 @-Ar0vaely + (1 - Oy waely pedly)
2. Solve the FOCs to find the optimal input demands:

This involves inverting the CES function and applying the conditions for cost minimization, leading to

expressions that relate input demands to prices and the output level.

3. Special case when the elasticity of substitution is 1 (D =1):



The CES reduces to the Cobb-Douglas case, and the derivation aligns with the previous section.
4. When D approaches infinity (perfect substitutes):

The cost function simplifies to a linear form, but for D = 0.5, the derivation leads to the quadratic form

involving square roots.
5. Emergence of the specific cost function:
In particular parameterizations, the cost function simplifies to:

“plaintext

C = q (VA{1/2} + wA{1/2})"2

This occurs when the CES parameters are calibrated such that the marginal rate of substitution results

in the sum of square roots of inputs, leading to the quadratic form.

Economic Intuition and Implications

Why Does the Cost Function Take This Form?

The quadratic form involving the sum of square roots indicates:

- Symmetric treatment of inputs.

- A specific substitution pattern where inputs can be substituted at a decreasing rate.

- Convexity ensures that the cost function respects economic rationality, such as increasing marginal

costs.



Practical Applications

Understanding when this cost function arises helps:

- Design optimal input combinations.

- Estimate production costs efficiently.

- Analyze the effects of input price changes on total costs.

- Model substitution possibilities in various industries.

Summary and Conclusion

The cost function C=q(V*1/2} + w*{1/2})"2 emerges naturally from specific configurations of both
Cobb-Douglas and CES production functions. When production elasticities are symmetric and set at
particular values, and when substitution patterns are calibrated appropriately, the cost-minimizing input
combinations lead to this quadratic form. Recognizing the conditions under which this cost function
arises enables economists and decision-makers to better model production processes, assess cost

behavior, and develop strategic operational plans.

In essence:

- From a Cobb-Douglas perspective, symmetric elasticities of 0.5 lead to this cost structure.

- From a CES perspective, specific substitution parameters produce this quadratic form as the cost

function.

By understanding these derivations, practitioners gain insights into the underlying assumptions and can

better interpret cost behavior in various economic contexts.

Frequently Asked Questions

What is the significance of the cost function C=q(V1/2 + w1/2)"2 in



economic modeling?

This cost function represents the relationship between output quantity, input prices, and input
quantities, illustrating how costs grow with input combinations, particularly in models with specific

substitution patterns like CES or Cobb-Douglas functions.

Does the cost function C=q(V1/2 + w1/2)"2 originate from a Cobb-
Douglas production function?

No, this particular quadratic form of the cost function typically arises from a CES (Constant Elasticity of
Substitution) production function, which allows for different substitution elasticities compared to Cobb-

Douglas functions.

How does the CES production function relate to the given cost
function?

The CES production function, characterized by a constant elasticity of substitution between inputs, can
lead to cost functions of the form C=q(V*{1/2} + w*{1/2})*2, capturing the substitutability between

inputs V and w.

Why does the quadratic form (V1/2 + w1/2)"2 appear in the cost
function derived from a CES production function?

This form emerges because the CES function's structure allows for a specific combination of inputs
raised to powers, leading to a quadratic expression when solving for costs under certain parameter

values.

Can the cost function C=q(V1/2 + w1/2)"2 be derived from a Cobb-
Douglas production function?

No, Cobb-Douglas production functions typically yield exponential or multiplicative cost functions, not

quadratic forms like the one given; thus, this form is more consistent with CES models.



What are the key differences between the Cobb-Douglas and CES
production functions in relation to their cost functions?

Cobb-Douglas functions imply a unitary elasticity of substitution and lead to multiplicative cost
functions, whereas CES functions allow for a constant but different elasticity of substitution, potentially

resulting in quadratic or other nonlinear cost functions like C=q(V*A{1/2} + w*1/2})"2.

How do input prices V and w influence the cost function C in the
context of CES production?

In the CES framework, changes in input prices V and w directly affect the cost function through their
contribution inside the (VA{1/2} + w™1/2})*2 term, reflecting the substitutability and relative costs of

inputs.

What does the exponent 1/2 in the cost function indicate about the
nature of input substitution?

The exponent 1/2 indicates a specific elasticity of substitution between inputs, characteristic of CES
functions, allowing for a controlled degree of substitutability different from the unitary elasticity in Cobb-

Douglas functions.

In what economic scenarios is the cost function C=q(V1/2 +
w1/2)"2 particularly useful?

This cost function is useful in modeling situations where inputs are substitutable with constant
elasticity, such as in industries with flexible input combinations, or when analyzing production

processes with specific substitution dynamics captured by CES models.



Additional Resources

The Cost Function C = q(V1/2 + w1/2)2: Origins from Different Production Function Frameworks

Introduction

The cost function plays a central role in economic theory, serving as a bridge between production
capabilities and expenditure considerations. It encapsulates the minimal cost of producing a given level
of output based on input prices, thus enabling analysts to understand firm behavior, market dynamics,

and optimal resource allocation. Among the various forms of cost functions, the expression:

\[ C = q left(VA{1/2} + wA{1/2}\right)*2 \]

has garnered attention for its intriguing structure and implications, especially when derived from
different production function frameworks. Notably, this particular form emerges from two prominent
classes of production functions: the Cobb-Douglas and the Constant Elasticity of Substitution (CES)
functions. This article delves into the derivation, economic intuition, and implications of this cost

function, examining how it arises within these foundational models of production.

Understanding the Cost Function and Its Components

Before exploring the origins, it is essential to clarify the components involved:

- C: Total cost of production, typically representing expenditure on inputs.

- : Quantity of output produced.

-V and w: Input quantities, often interpreted as labor, capital, or other productive factors.
- V1/2 + w1/2: A specific functional aggregation of inputs.

- The entire expression: The cost function depends on the sum of the square roots of inputs, squared,



scaled by output quantity q.

This particular functional form is somewhat unconventional but mathematically tractable and illustrative

of certain substitution and scale properties in production theory.

The Origin from a Cobb-Douglas Production Function

1. Overview of Cobb-Douglas Production Function

The Cobb-Douglas (CD) production function is one of the most widely used in economics due to its

simplicity and empirical relevance. It takes the form:

\[ Q = A VA{alpha} wM{\beta} \]

where:

-\(Q)) is the output,

- \(W\) and \(W\) are input quantities,

- \(A\) is total factor productivity,

- \(\alpha\) and \(\beta\) are output elasticities with respect to inputs.

The key features of this function include constant returns to scale when \(\alpha + \beta = 1\), and a

multiplicative, homogenous structure that simplifies analysis.

2. Deriving the Cost Function from Cobb-Douglas

The cost minimization problem involves choosing input quantities \(V\) and \(w\) to produce a given

output \(Q\) at minimal cost, given input prices \(v\) and \(W\). Formally:



\[
\min_{V,w}\quad C = vwW +ww
\]

subject to:

\[
Q = A VM\alpha} w*{\beta}
\]

The solution involves setting up a Lagrangian and solving for optimal inputs:

\[
\mathcal{L} = vV + w w + \lambda (Q - A V*\alpha} w*{\beta})
\]

The first-order conditions yield:

\[

v = \lambda A \alpha V*\alpha - 1} w*{\beta}
\]

\[

w w = \lambda A \beta V*{\alpha} w*{\beta - 1}
\

Dividing these equations leads to the ratio of inputs:

\[

\frac{v{w w} = \frac{\alpha}{\beta} \frac{V}{w}

\

which enables solving for \(V\) and \(w\) in terms of prices and output. The resulting cost function is:



\[

C(Q, v, w) = \text{constant} \times Q \times v*\alpha / (\alpha + \beta)} \times w”{\beta / (\alpha +
\beta)}

\]

In particular, when \(\alpha = \beta = 1/2\), the cost function simplifies to a form involving the geometric

mean of input prices and a proportionality constant:

\[
C = g \times \left( vA{1/2} + w*{1/2} \right)*2
\]

This shows that the specific form in question can be derived directly when the production function
exhibits symmetric square-root elasticities, i.e., with equal input elasticities of \(1/2\), leading to the cost

function:

\[
C = q \left( VA{1/2} + wA{1/2} \right)*2
\]

3. Economic Intuition

The square-root form indicates diminishing marginal returns and specific substitution possibilities

between inputs. The cost function derived from a symmetric Cobb-Douglas with equal input elasticities

reflects a balanced contribution of inputs, exhibiting particular aggregation properties that make the

sum of their square roots relevant.

The Origin from a CES Production Function



1. Overview of CES Production Function

The CES (Constant Elasticity of Substitution) production function, introduced by Arrow, Chenery,
Minhas, and Solow (1961), generalizes the Cobb-Douglas by allowing a constant but potentially

different elasticity of substitution (\(\sigma\)) between inputs:

\[
Q = A \left[ \delta VA{\rho} + (1 - \delta) w”{\rho} \right]*{1/\rho}
\

where:

- \(\rho = \frac{\sigma - 1}{\sigma}\),
- \(\delta \in (0,1)\) is a distribution parameter,

- \(\rho \neq 0\).

The CES form encompasses Cobb-Douglas as a special case (\(\rho \to 0\)) and allows for flexible

substitution between inputs.

2. Deriving the Cost Function from CES

The cost minimization problem involves choosing \(V\) and \(w\) to produce output \(Q\) at minimal

cost:

\[
\min_{V,w}\quad C =vwW +ww
\]

subject to:

\[
Q = A \left[ \delta VM{\rho} + (1 - \delta) w”{\rho} \right]*{1/\rho}



\

The solution employs the duality properties of CES functions. The minimal cost function, known as the

dual function, takes the form:

\[

C(Q, v, w) = \left( \left( vA{\frac{\sigma - 1}{\sigma}} \delta*{\frac{\sigma - 1}{\sigma}} + w”{\frac{\sigma -
1H\sigma}} (1 - \delta){\frac{\sigma - 1}{\sigma}} \right) \times Q*{\frac{\sigma}{\sigma - 1}} \times A/{-
\frac{1K\sigma - 1}} \right)

\

When the elasticity of substitution \(\sigma=2\), the dual cost function simplifies notably. Specifically, for

\(\sigma=2\), the exponents become:

\[
\frac{\sigma - 1}{\sigma} = \frac{1}{2}
\]

and the cost function reduces to:

\[

C = q \times \left( vA{1/2} + wA{1/2} \right)"2

\

which matches the form under consideration.

3. Economic Implications

In the CES context with \(\sigma=2\), the inputs are related via a quadratic mean, and the cost function

embodies a particular substitution elasticity (here, unitary substitution elasticity). The form indicates that

as input prices change, the cost responds according to the sum of the square roots of the input prices,



squared, scaled by the output level.

This structure captures how flexible the substitution between inputs is and offers a richer modeling

framework than Cobb-Douglas, especially when substitution elasticities deviate from unity.

Comparative Analysis: From Both Frameworks

1. Similarities

- Mathematical Structure: Both derivations lead to the same functional form:

\[

C = q \left( VA{1/2} + wA{1/2} \right)"2

\

- Implication of Input Substitution: Both models demonstrate a scenario where inputs can substitute

each other with a specific elasticity—unity in the CES case with \(\sigma=2\) and symmetric elasticities

in the Cobb-Douglas case.

- Aggregation Property: The square-root sum reflects a particular kind of aggregation that manifests in

both models under certain parameter choices.

2. Differences

- Underlying Assumptions: The Cobb-Douglas derivation assumes proportional contributions of inputs

with constant elasticities, while the CES derivation explicitly models substitution elasticities, allowing for

more flexible input substitutability.

- Parameter Flexibility: The CES framework offers a continuum of substitution elasticities (\(\sigma\)),



whereas the Cobb-Douglas has fixed elasticities.

- Economic Intuition: The CES form with \(\sigma=2\) can be interpreted as a scenario where inputs

are substitutable at a specific rate, while Cobb-Douglas reflects fixed proportional contributions.

Broader Implications and Applications

Understanding the origins of this cost function from different production models provides valuable

insights:

- Modeling Flexibility: Recognizing that the same functional form can
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