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Introduction to Cumulative Distribution
Functions (CDFs)

Understanding the behavior and characteristics of random variables is fundamental in
probability theory and statistics. One of the key tools for analyzing continuous random
variables is the cumulative distribution function (CDF). The CDF provides a complete
description of the probability distribution of a random variable, encapsulating the
probabilities that the variable takes on values less than or equal to a specific point.

In our specific case, the CDF of the continuous random variable \(X\) is given by:

\[
F(x) =
\begin{cases}
0, & x < 0 \\
23, & x \geq 0
\end{cases}
\]

This piecewise function suggests a rather unusual distribution, which warrants a thorough
analysis to interpret its meaning, properties, and implications.

---

Deciphering the Given CDF

Understanding the Structure of \(F(x)\)

The function \(F(x)\) is defined in two parts:

- For all values less than zero (\(x < 0\)), \(F(x) = 0\). This indicates that the probability



that \(X\) takes on a value less than 0 is zero.
- For all values greater than or equal to zero (\(x \geq 0\)), \(F(x) = 23\). This suggests that
the probability that \(X\) is less than or equal to any value \(x \geq 0\) is 23.

However, this raises an immediate concern: the values of a CDF are typically within the
interval \([0, 1]\), representing probabilities. The value \(23\) exceeds 1, which suggests
that the provided function might contain a typographical error or a misinterpretation.

---

Interpreting the CDF in Context

Possibility 1: Typographical Error

Given that CDFs are non-decreasing functions bounded between 0 and 1, a value of 23 is
infeasible for a valid CDF. It is likely that the intended value was 1 instead of 23. If so, the
corrected CDF would be:

\[
F(x) =
\begin{cases}
0, & x < 0 \\
1, & x \geq 0
\end{cases}
\]

This represents a degenerate (or deterministic) distribution concentrated at a point,
specifically at \(x = 0\). In this case, the random variable \(X\) takes the value 0 with
probability 1, as the CDF jumps from 0 to 1 at \(x=0\).

---

Possibility 2: Alternative Interpretation

If the "23" is not a typo, the only way for the CDF to take the value 23 is if it is
representing a scaled or unnormalized measure, or perhaps the problem involves a non-
standard or generalized distribution, such as a cumulative measure that does not strictly
adhere to probability axioms.

In conventional probability theory, however, such a function would not qualify as a proper
CDF. Therefore, the most reasonable assumption is that the provided function is either
incomplete or contains a typo, and the proper form should be:

\[
F(x) =



\begin{cases}
0, & x < 0 \\
1, & x \geq 0
\end{cases}
\]

---

Properties of the Distribution Based on the CDF

Assuming the corrected form \(F(x) = 0\) for \(x<0\) and \(F(x) = 1\) for \(x \geq 0\), the
distribution is a degenerate distribution at zero. Let's analyze its properties.

Type of Distribution

- Degenerate Distribution: All probability mass is concentrated at a single point \(x=0\).
- Implication: The random variable \(X\) equals 0 with probability 1.

Probability Mass Function (PMF)

Since the distribution is degenerate at 0, the PMF (which, for discrete distributions,
assigns probabilities to points) is:

- \(P(X=0) = 1\)
- \(P(X=x) = 0\) for all \(x \neq 0\)

Expected Value and Variance

- Expected value \(E[X]\): Since \(X\) is always 0,

\[
E[X] = 0
\]

- Variance \(\text{Var}(X)\): Since there is no variability,

\[
\text{Var}(X) = 0
\]

---



Visual Representation of the Distribution

A CDF plot for this distribution would be a step function:

- Horizontal segment at 0 for \(x < 0\),
- Jumping from 0 to 1 at \(x=0\),
- Remaining at 1 for \(x > 0\).

This step function indicates the probability mass is fully concentrated at a single point.

---

Implications and Applications of a Degenerate
Distribution

Deterministic Nature

A degenerate distribution models deterministic outcomes where the random variable's
value is known with certainty. Examples include:

- A measurement device that always reads a fixed value.
- A process with a fixed, non-random parameter.

Use Cases

- Testing and calibration: When a measurement instrument is perfectly calibrated.
- Theoretical models: As limiting cases in probability theory.
- Conditional analysis: When conditioning on certain events reduces randomness to a
single point.

Limitations

- Cannot model randomness or variability.
- Not suitable for real-world phenomena with inherent uncertainty.

---



Alternative Distributions and Generalizations

If the original function with the value 23 was intentional or part of a more complex
context, it could imply a generalized measure or unnormalized distribution. For example:

- Unnormalized measures: In measure theory, functions that assign values beyond 1 can
represent measures prior to normalization.
- Scaling factors: The '23' could be a scaling factor, needing normalization to interpret as a
probability distribution.

In such cases, normalization involves dividing by the total measure to ensure the total
probability sums to 1.

---

Conclusion

The given CDF \(F(x) = 0\) for \(x<0\) and \(23\) for \(x \geq 0\) appears inconsistent with
standard probability theory principles, primarily because CDF values are bound between 0
and 1. The most logical and conventional interpretation is that this represents a
degenerate distribution at \(x=0\), with the cumulative probability jumping from 0 to 1 at
that point. This distribution models a deterministic random variable, always taking the
value zero.

Understanding such degenerate distributions is crucial in probability theory, as they serve
as boundary cases and are useful in theoretical derivations and simulations. They also
emphasize the importance of correctly interpreting and verifying the properties of the
functions that define probability distributions.

If the original function was a typographical error, correcting it to \(F(x) = 1\) for \(x \geq
0\) would align it with the properties of a proper CDF for a degenerate distribution.
Otherwise, further context is needed to understand the significance of the value 23 in this
setting.

---

In summary:

- The standard form of the CDF for a degenerate distribution at zero is a step function
jumping from 0 to 1 at \(x=0\).
- The probability mass is concentrated at a single point, making the variable deterministic.
- Proper interpretation of the CDF requires adherence to the properties of functions
representing probabilities, notably being non-decreasing and bounded between 0 and 1.
- Any deviations or anomalies should be examined carefully, considering possible
typographical errors or special contexts.

---
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Frequently Asked Questions

What does the given cumulative distribution function
(CDF) F(x) tell us about the behavior of the continuous
random variable X?
The CDF indicates that X has a probability of 0 for all values less than 0 and a probability
of 1 for all values greater than or equal to 0, suggesting a degenerate distribution at X =
0.

Is the random variable X discrete or continuous based
on the provided CDF F(x) = 0 for x<0 and 1 for x≥0?
It is a degenerate continuous random variable concentrated at a single point x=0,
effectively behaving like a discrete random variable at that point.

What is the probability that the random variable X takes
a value less than 0?
The probability is 0, since the CDF F(x) = 0 for all x < 0.

What is the probability that the random variable X is
greater than or equal to 0?
The probability is 1, as F(x) = 1 for all x ≥ 0.

How would you interpret the point mass at X=0 based
on the CDF F(x) = 0 for x<0 and 1 for x≥0?
This indicates that the entire probability mass is concentrated at X=0, making it a
degenerate distribution with X always equal to 0.

Additional Resources
The Cumulative Distribution Function Of Continuous Random Variable X Is Given By F(x)
= 0, X < 0; 2/3, 0 ≤ X < 3; 1, X ≥ 3



---

Introduction

The Cumulative Distribution Function (CDF) of a continuous random variable is a
fundamental concept in probability theory, serving as a bridge between raw probabilities
and the distribution's overall behavior. In this article, we explore the CDF of a specific
continuous random variable \( X \), defined as follows:

\[
F(x) = \begin{cases}
0, & \text{if } x < 0 \\
\frac{2}{3}, & \text{if } 0 \leq x < 3 \\
1, & \text{if } x \geq 3
\end{cases}
\]

At first glance, this CDF suggests a distribution with a jump at \( x=3 \), indicating a point
mass, or "mass point," at that location. The piecewise nature hints at a mixed
distribution—partly continuous, partly discrete. This article aims to decode this structure,
interpret its implications, and explore the underlying probability distribution that it
characterizes.

---

Understanding the CDF: Basic Concepts

Before delving into the specific form of \( F(x) \), it’s essential to revisit what a CDF
represents in probability theory.

What Is a CDF?

The CDF of a random variable \( X \), denoted as \( F(x) \), provides the probability that \( X
\) takes on a value less than or equal to \( x \):

\[
F(x) = P(X \leq x)
\]

Key properties of a CDF include:

- Non-decreasing: \( F(x) \) never decreases as \( x \) increases.
- Right-continuous: The limit from the right at any point equals the function's value.
- Limits at infinity: \( \lim_{x \to -\infty} F(x) = 0 \) and \( \lim_{x \to \infty} F(x) = 1 \).

These properties ensure that the CDF is a valid probability distribution descriptor.

Continuous vs. Discrete Distributions

- Continuous distributions have CDFs that are continuous functions, often smooth and
differentiable, with derivatives called probability density functions (PDFs).



- Discrete distributions have jumps (or points of discontinuity) at specific values,
representing point masses or "atoms."

In many cases, a distribution can be a mixture, combining continuous parts with discrete
jumps, which appears to be the case here.

---

Deciphering the Given CDF

Given:

\[
F(x) = \begin{cases}
0, & x < 0 \\
\frac{2}{3}, & 0 \leq x < 3 \\
1, & x \geq 3
\end{cases}
\]

Let’s analyze it step by step.

Behavior for \( x < 0 \)

- \( F(x) = 0 \).
This indicates that the probability \( P(X \leq x) \) is zero for all \( x < 0 \).
So, the variable \( X \) cannot take values less than zero; the support of \( X \) is at least \(
0 \).

Behavior for \( 0 \leq x < 3 \)

- \( F(x) = \frac{2}{3} \).
This constant value suggests that, as \( x \) increases from 0 to just before 3, the
probability that \( X \) is less than or equal to \( x \) remains at \( 2/3 \).
Importantly, since the CDF jumps at \( x=3 \), the probability mass accumulated before 3
is \( 2/3 \).

Behavior for \( x \geq 3 \)

- \( F(x) = 1 \).
At \( x = 3 \), the CDF jumps from \( 2/3 \) to 1, indicating that the total probability mass
sums to 1, confirming \( X \) is a well-defined distribution.

---

Interpreting the Distribution: Discrete and Continuous Components

The structure of \( F(x) \) reveals a mixed distribution comprising:

- A continuous component over the support \( (0, 3) \), with zero probability density (since
\( F(x) \) is flat there).



- A discrete mass point (an atom) at \( x=3 \), where the CDF jumps by \( 1 - 2/3 = 1/3 \).

Let's break down these components:

Discrete Mass at \( x=3 \)

The jump at \( x=3 \):

\[
P(X=3) = F(3) - \lim_{x \to 3^-} F(x) = 1 - \frac{2}{3} = \frac{1}{3}
\]

This indicates that there's a point mass of probability \( 1/3 \) at \( x=3 \).

Continuous Part

Since \( F(x) \) is constant (\( 2/3 \)) between 0 and 3, the distribution has no density in this
interval — the probability is concentrated at the point \( x=3 \) and possibly over some
other support starting from 0.

But, because \( F(x) \) is zero for \( x<0 \), and jumps to \( 2/3 \) at \( 0 \), it suggests the
following:

- The "mass" of \( 2/3 \) is attributed to the interval \( [0, 3) \), but since the CDF is flat
there, this indicates that the probability is concentrated at the point \( x=0 \) or spread
over an interval with zero density.

However, the flat segment at \( 2/3 \) suggests that the distribution includes a mass at \(
x=0 \).

Let's verify this:

\[
P(X=0) = F(0) - \lim_{x \to 0^-} F(x) = \frac{2}{3} - 0 = \frac{2}{3}
\]

Thus, there is a point mass of \( 2/3 \) at \( x=0 \).

Similarly, at \( x=3 \):

\[
P(X=3) = 1 - \frac{2}{3} = \frac{1}{3}
\]

Therefore, the distribution has:

- A point mass \( 2/3 \) at \( x=0 \),
- A point mass \( 1/3 \) at \( x=3 \),
- No probability mass in between \( 0 \) and \( 3 \).

---



Final Distribution Description

The distribution characterized by the given CDF is a discrete mixture:

- Mass at \( x=0 \): \( P(X=0) = 2/3 \),
- Mass at \( x=3 \): \( P(X=3) = 1/3 \),
- Support: \( X \) takes only the values 0 and 3, with respective probabilities.

This is a discrete probability distribution with two atoms, often called a two-point
distribution.

Visual Representation

A probability mass function (PMF) for \( X \):

| \( x \) | \( P(X=x) \) |
|---------|--------------|
| 0 | 2/3 |
| 3 | 1/3 |

The CDF can be visualized as a step function:

- Flat at 0 for \( x<0 \),
- Jumps to \( 2/3 \) at \( x=0 \),
- Flat between \( 0 < x < 3 \),
- Jumps to 1 at \( x=3 \),
- Remains at 1 thereafter.

---

Broader Implications and Uses

Understanding such a distribution is vital in various contexts, such as:

- Modeling discrete events: When outcomes are limited to specific points, like
success/failure or specific categories.
- Mixture models: Combining continuous and discrete parts to model complex phenomena.
- Risk assessment: For example, where certain outcomes occur with fixed probabilities
(like defaults at specific times).

---

Summary and Key Takeaways

- The given CDF describes a discrete distribution with two atoms: one at \( x=0 \) with
probability \( 2/3 \), and one at \( x=3 \) with probability \( 1/3 \).
- The support of \( X \) is confined to these two points.
- The cumulative probabilities increase in steps, reflecting the point masses, with no
continuous density component.
- This illustrates how a CDF's shape reveals the underlying distribution's structure,
whether discrete, continuous, or mixed.



---

Final Remarks

While the initial form of the CDF might seem to suggest a complex distribution, careful
analysis reveals a straightforward structure: a simple two-point distribution. Such
distributions are common in probability theory, especially when modeling scenarios with
only a few possible outcomes, each with assigned probabilities.

Understanding these foundational concepts not only aids in interpreting probability
models but also underpins applications across statistics, engineering, economics, and data
science—where discrete and mixed distributions are frequently encountered
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