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TRIANGLE

THe SuM OF THE LENGTHS OF ANY Two Sipes OF A TRIANGLE MusT BE GREATER THAN THE THIRD SIDE. IF A TRIANGLE IS
A FUNDAMENTAL PRINCIPLE IN GEOMETRY THAT DEFINES THE VERY ESSENCE OF WHAT MAKES A SHAPE A TRIANGLE. THIS
INEQUALITY, KNOWN AS THE TRIANGLE INEQUALITY THEOREM, PLAYS A CRUCIAL ROLE IN UNDERSTANDING THE PROPERTIES OF
TRIANGLES AND HAS NUMEROUS APPLICATIONS IN MATHEMATICS, ENGINEERING, ARCHITECTURE, AND EVERYDAY PROBLEM-
SOLVING. IN THIS COMPREHENSIVE ARTICLEI WE WILL EXPLORE THE SIGNIFICANCE OF THIS THEOREM, ITS GEOMETRIC PROOF,
VARIOUS TYPES OF TRIANGLES, APPLICATIONS, AND HOW TO DETERMINE WHETHER THREE GIVEN LENGTHS CAN FORM A VALID
TRIANGLE.

UNDERSTANDING THE TRIANGLE INEQUALITY THEOREM

WHAT Is THE TRIANGLE INEQUALITY THEOREM?

THE TRIANGLE INEQUALITY THEOREM STATES THAT FOR ANY TRIANGLE, THE SUM OF THE LENGTHS OF ANY TWO SIDES MUST BE
GREATER THAN THE LENGTH OF THE REMAINING THIRD SIDE. MATHEMATICALLY, IF A TRIANGLE HAS SIDES OF LENGTHS A, B, AND C
THEN:

1

-A+tB>C
-At+tC>B
-Bt+tC>A

THESE INEQUALITIES ENSURE THAT THE THREE SIDES CAN COME TOGETHER TO FORM A CLOSED FIGURE, WHICH IS THE DEFINING
CHARACTERISTIC OF A TRIANGLE.

WHY Is THIS INEQUALITY IMPORTANT?

THIS INEQUALITY IS ESSENTIAL BECAUSE IT:

- GUARANTEES THE EXISTENCE OF A TRIANGLE FOR GIVEN SIDE LENGTHS.

- PREVENTS DEGENERATE TRIANGLES, WHERE THE THREE POINTS LIE ON A STRAIGHT LINE.

- HELPS IN CALCULATING POSSIBLE TRIANGLE DIMENSIONS WHEN ONLY PARTIAL DATA IS AVAILABLE.

- SERVES AS A FOUNDATION FOR FURTHER GEOMETRIC CONCEPTS, SUCH AS TRIANGLE INEQUALITY IN COORDINATE GEOMETRY,
TRIGONOMETRY, AND VECTOR ANALYSIS.

GEOMETRIC PROOF OF THE TRIANGLE INEQUALITY

INTUITIVE EXPLANATION

IMAGINE TRYING TO CONNECT THREE POINTS TO FORM A TRIANGLE. |F ONE SIDE IS TOO LONG, THE OTHER TWO SIDES CANNOT
MEET TO CLOSE THE FIGURE. FOR EXAMPLE, IF YOU HAVE TWO SEGMENTS, AND THEIR COMBINED LENGTH IS LESS THAN THE THIRD
SIDE, THEY CANNOT SPAN THE SAME DISTANCE, AND THE POINTS WILL BE COLLINEAR RATHER THAN FORMING A TRIANGLE.



ForMAL ProoF UsING COORDINATES

ConsIDER POINTS A, B, AND C IN A COORDINATE PLANE WITH LENGTHS:

-AB=c
-BC=a
-AC=8

USING THE DISTANCE FORMULA, THE LENGTH OF SIDE AC CAN BE EXPRESSED AS:
B=|A-C|

SUPPOSE WE WANT TO PROVE THAT C + B > A. WITHOUT LOSS OF GENERALITY, PLACE POINTS A AND B ON A COORDINATE
PLANE AND ANALYZE THE POSSIBLE POSITIONS OF C TO ESTABLISH THE INEQUALITY.

THE KEY IDEA IS THAT THE SHORTEST PATH BETWEEN TWO POINTS IS A STRAIGHT LINE, WHICH IMPLIES THAT THE SUM OF TWO
SIDES CONNECTING POINTS A To C AND C TO B MUST BE GREATER THAN THE DIRECT DISTANCE FROM A To B.

TYPES OF TRIANGLES AND THEIR PROPERTIES

BASED ON SIDE LENGTHS

TRIANGLES CAN BE CATEGORIZED INTO THREE MAIN TYPES DEPENDING ON THEIR SIDE LENGTHS:

o EQUILATERAL TRIANGLE: ALL THREE SIDES ARE EQUAL IN LENGTH.
o |SOSCELES TRIANGLE: T\WO SIDES ARE EQUAL IN LENGTH.

o SCALENE TRIANGLE: ALL THREE SIDES HAVE DIFFERENT LENGTHS.

BASED ON ANGLE MEASURES

TRIANGLES ARE ALSO CLASSIFIED BY THEIR ANGLES:

e ACUTE TRIANGLE: ALL ANGLES ARE LESS THAN 90°.
o RIGHT TRIANGLE: ONE ANGLE IS EXACTLY 90°.

o OBTUSE TRIANGLE: ONE ANGLE IS GREATER THAN 90°.

UNDERSTANDING THESE TYPES HELPS IN APPLYING THE TRIANGLE |NEQUALITY THEOREM APPROPRIATELY, ESPECIALLY WHEN
DEALING WITH REAL-\WORLD PROBLEMS OR GEOMETRIC PROOFS.



CoNDITIONS FOR VALID TRIANGLES

CHECKING THE TRIANGLE INEQUALITY

GIVEN THREE SIDE LENGTHS, DETERMINING WHETHER THEY CAN FORM A TRIANGLE INVOLVES VERIFYING THE TRIANGLE INEQUALITY
THEOREM:

1. ARRANGE THE SIDE LENGTHS IN ORDER: LET’S SAY, A <B < C.
2. CHECKIFA +B > C:

- IF YES, THEN A, B, C CAN FORM A TRIANGLE.

- IF NO, THEN THESE LENGTHS CANNOT CREATE A VALID TRIANGLE.

ExAMPLES

ExAaMPLE 1: VALID TRIANGLE

- Sipes: 3,4, 5

-CHeck: 3+4=7>5[]F VALD
-SIMILARLY, 3+ 5=8>4, A0 4 +5=9>3.

ExAMPLE 2: INVALID TRIANGLE

-Sipes: 1, 2,3

-CHeck: 1+2=3 EQUAL, NOT GREATER THAN 3
- THEREFORE, THESE CANNOT FORM A TRIANGLE.

APPLICATIONS OF THE TRIANGLE INEQUALITY THEOREM

IN GEOMETRY AND TRIGONOMETRY

- DETERMINING POSSIBLE SIDE LENGTHS FOR TRIANGLES IN GEOMETRIC CONSTRUCTIONS.
- SOLVING FOR UNKNOWN SIDES OR ANGLES WHEN PARTIAL INFORMATION IS GIVEN.
- PROVING PROPERTIES RELATED TO TRIANGLE CONGRUENCE AND SIMILARITY.

IN ENGINEERING AND ARCHITECTURE

- ENSURING STRUCTURAL STABILITY BY VERIFYING THAT COMPONENTS CAN FORM PROPER TRIANGULAR SUPPORTS.
- CALCULATING LOAD DISTRIBUTIONS ACROSS TRIANGULAR FRAMEW ORKS.

IN CoMPUTER GRAPHICS AND NAVIGATION

- CALCULATING DISTANCES AND PATHS IN DIGITAL MODELING.
- PATHFINDING ALGORITHMS OFTEN RELY ON TRIANGLE INEQUALITIES TO OPTIMIZE ROUTES.

IN REAL-LIFE PROBLEM SOLVING

- DETERMINING IF THREE MEASUREMENTS CAN FORM A TRIANGLE, SUCH AS IN SURVEYING OR LAND MEASUREMENT.
- VALIDATING THE FEASIBILITY OF DESIGN SPECIFICATIONS INVOLVING TRIANGULAR COMPONENTS.



EXTENDING THE CONCEPT: THE TRIANGLE INEQUALITY IN DIFFERENT CONTEXTS

IN COORDINATE GEOMETRY

W/HEN POINTS ARE REPRESENTED IN THE COORDINATE PLANE, THE DISTANCE BETWEEN POINTS CAN BE CALCULATED USING THE
DISTANCE FORMULA!

D=0 [(xy- %)%+ (vy-vy)?]

UsING THIS, THE TRIANGLE INEQUALITY THEOREM CAN BE VERIFIED FOR ANY THREE POINTS BY CHECKING IF THE SUM OF THE
DISTANCES BETWEEN TWO PAIRS EXCEEDS THE THIRD DISTANCE.

IN VECTOR ANALYSIS

THe TRIANGLE INEQUALITY ALSO APPLIES TO VECTORS, WHERE FOR VECTORS U AND V:
lu+ vl <ul+ v

THIS PROPERTY IS UTILIZED IN PHYSICS AND ENGINEERING TO ANALYZE FORCES, VELOCITIES, AND OTHER VECTOR QUANTITIES.

SUMMARY AND KEY T AKEAWAYS

- THE TRIANGLE INEQUALITY THEOREM STATES THAT IN ANY TRIANGLE, THE SUM OF THE LENGTHS OF ANY TWO SIDES MUST BE
GREATER THAN THE THIRD SIDE.

- THIS INEQUALITY ENSURES THAT THE THREE SIDES CAN COME TOGETHER TO FORM A CLOSED, VALID TRIANGLE.

- VERIFYING THIS CONDITION IS ESSENTIAL WHEN GIVEN SIDE LENGTHS TO DETERMINE IF THEY CAN FORM A TRIANGLE.

- THE THEOREM HAS BROAD APPLICATIONS ACROSS VARIOUS FIELDS, INCLUDING GEOMETRY, ENGINEERING, COMPUTER GRAPHICS,
AND EVERYDAY PROBLEM-SOLVING.

- UNDERSTANDING THE PROPERTIES OF DIFFERENT TYPES OF TRIANGLES AND HOW THIS INEQUALITY APPLIES HELPS IN SOLVING
COMPLEX GEOMETRIC PROBLEMS EFFICIENTLY.

CoNCLUSION

THE PRINCIPLE THAT THE SUM OF ANY TWO SIDES OF A TRIANGLE MUST BE GREATER THAN THE THIRD SIDE IS MORE THAN JUST A
RULE; IT IS A CORNERSTONE OF GEOMETRIC REASONING. \W/HETHER YOU'RE CONSTRUCTING A PHYSICAL MODEL, SOLVING A
MATHEMATICAL PROBLEM, OR DESIGNING A STRUCTURE, THIS INEQUALITY PROVIDES THE NECESSARY CRITERIA TO ENSURE YOUR
FIGURES ARE VALID AND FEASIBLE. MASTERY OF THIS CONCEPT DEEPENS YOUR UNDERSTANDING OF THE FUNDAMENTAL PROPERTIES
OF TRIANGLES AND ENRICHES YOUR PROBLEM-SOLVING TOOLKIT ACROSS NUMEROUS DISCIPLINES.

IF YOU WANT TO EXPLORE FURTHER, CONSIDER PRACTICING WITH VARIOUS SIDE LENGTHS, VISUALIZING DIFFERENT TRIANGLES, OR
APPLYING THE INEQUALITY IN COORDINATE SYSTEMS TO ENHANCE YOUR GEOMETRIC INTUITION.



FREQUENTLY AskeD QUESTIONS

\WHAT IS THE TRIANGLE INEQUALITY THEOREM?

THE TRIANGLE INEQUALITY THEOREM STATES THAT IN ANY TRIANGLE, THE SUM OF THE LENGTHS OF ANY TWO SIDES MUST BE
GREATER THAN THE LENGTH OF THE REMAINING SIDE.

\WHY IS THE CONDITION ‘SUM OF TWO SIDES GREATER THAN THE THIRD' IMPORTANT IN
TRIANGLES?

THIS CONDITION ENSURES THAT THE THREE SIDES CAN FORM A VALID TRIANGLE;, WITHOUT IT, THE SIDES CANNOT MEET TO FORM
A CLOSED SHAPE.

CAN A TRIANGLE HAVE SIDES WHERE THE SUM OF TWO EQUALS THE THIRD SIDE?

NO, IF THE SUM OF TWO SIDES EQUALS THE THIRD, THE FIGURE IS DEGENERATE AND DOES NOT FORM A PROPER TRIANGLE.

How CAN THE TRIANGLE INEQUALITY BE USED TO DETERMINE IF THREE LENGTHS CAN
FORM A TRIANGLE?

BY CHECKING IF THE SUM OF ANY TWO LENGTHS IS GREATER THAN THE THIRD FOR ALL THREE PAIRS; IF ALL ARE TRUE, THE
LENGTHS CAN FORM A TRIANGLE.

\WHAT HAPPENS IF THE SUM OF TWO SIDES OF A TRIANGLE IS LESS THAN OR EQUAL TO
THE THIRD SIDE?

THE SIDES CANNOT FORM A VALID TRIANGLE;, THEY EITHER FORM A STRAIGHT LINE (DEGENERATE TRIANGLE) OR NO TRIANGLE AT
ALL.

IS THE TRIANGLE INEQUALITY THEOREM APPLICABLE TO ALL TYPES OF TRIANGLES?

YES/ IT APPLIES TO ALL TRIANGLES, INCLUDING SCALENE, ISOSCELES, AND EQUILATERAL TRIANGLES, AS IT ENSURES THEIR SIDES
CAN MEET TO FORM A PROPER SHAPE.

How DOES THE TRIANGLE INEQUALITY HELP IN SOLVING GEOMETRIC PROBLEMS?

[T HELPS VERIFY THE POSSIBILITY OF TRIANGLE FORMATION, SOLVE FOR UNKNOWN SIDE LENGTHS, AND PROVE PROPERTIES
RELATED TO TRIANGLE CONSTRUCTION AND CONGRUENCE.

ADDITIONAL RESOURCES

THe SuM OF THE LENGTHS OF ANY Two Sipes OF A TRIANGLE MusT BE GREATER THAN THE THIRD SIDE. IF A TRIANGLE IS
A FUNDAMENTAL PRINCIPLE IN GEOMETRY THAT UNDERPINS THE VERY DEFINITION OF A TRIANGLE. THIS INEQUALITY, KNOWN AS
THE TRIANGLE INEQUALITY THEOREM, IS ESSENTIAL FOR UNDERSTANDING HOW TRIANGLES ARE CONSTRUCTED AND CLASSIFIED.
ITS SIGNIFICANCE EXTENDS BEYOND SIMPLE GEOMETRIC EXERCISES, IMPACTING FIELDS LIKE ARCHITECTURE, ENGINEERING, COMPUTER
GRAPHICS, AND EVEN IN VARIOUS PROOFS WITHIN MATHEMATICS ITSELF. IN THIS COMPREHENSIVE REVIEW, WE WILL EXPLORE THE
THEOREM’S STATEMENT, ITS GEOMETRIC INTUITION, PROOFS, APPLICATIONS, LIMITATIONS, AND THE IMPORTANCE IT HOLDS IN THE
BROADER MATHEMATICAL LANDSCAPE.



UNDERSTANDING THE T RIANGLE INEQUALITY THEOREM

STATEMENT OF THE THEOREM

THE TRIANGLE INEQUALITY THEOREM STATES THAT FOR ANY TRIANGLE, THE SUM OF THE LENGTHS OF ANY TWO SIDES MUST BE
GREATER THAN THE LENGTH OF THE REMAINING SIDE. FORMALLY, IF A TRIANGLE HAS SIDES oF LENGTHS \(a\), \(8\), ano \(c)),
THEN:

-\(a+B8>c\)
-\(a+c>8\)
-\(B+c>a))

THIS SET OF INEQUALITIES MUST ALL HOLD TRUE SIMULTANEOUSLY FOR THE FIGURE TO BE A VALID TRIANGLE.

GEOMETRIC INTUITION

THE THEOREM CAN BE INTUITIVELY UNDERSTOOD BY IMAGINING ATTEMPTING TO “FLATTEN” A TRIANGLE INTO A STRAIGHT LINE. IF
ONE SIDE IS TOO LONG RELATIVE TO THE SUM OF THE OTHER TWO, THE POINTS CANNOT CONNECT TO FORM A CLOSED FIGURE.
|NSTEAD, THE “LONGER” SIDE WOULD STRETCH BEYOND THE POTENTIAL CONNECTION POINTS, PREVENTING THE FORMATION OF A
TRIANGLE.

For EXAMPLE, IF ONE SIDE, SAY \(C\), IS EQUAL TO OR LONGER THAN THE SUM OF THE OTHER TWO SIDES, THEN THE LINES FROM
THE ENDPOINTS OF \(A\) AND \(8\) WOULD NOT MEET TO FORM A CLOSED SHAPE. INSTEAD, THEY WOULD EITHER BE COLLINEAR
(IF EQUAL) OR FAIL TO CONNECT PROPERLY (IF LONGER), WHICH MEANS THE SHAPE WOULD NOT BE A TRIANGLE.

PROOFS OF THE TRIANGLE INEQUALITY THEOREM

THERE ARE SEVERAL METHODS TO PROVE THE TRIANGLE INEQUALITY THEOREM, RANGING FROM GEOMETRIC TO ALGEBRAIC
APPROACHES. HERE, WE WILL DISCUSS TWO COMMON PROOFS.

GEOMETRIC PROOF

Consiper A TRIANGLE \(ABC\) wiTH sipes \(a, g, c\), opposiTe To anGLES \(A, B, C\), RESPECTIVELY.

1. ConsTrUCT A TRIANGLE \(ABC\).

2. DrAW A LINE SEGMENT FROM VERTEX \(A\) To poINT \(D\) on sipe \(BC\) sucH THAT \(D\) Is cHosen so THAT \(BD =
A\).

3. USE THE PROPERTIES OF TRIANGLES AND THE FACT THAT THE SUM OF ANGLES IN A TRIANGLE IS \( 180" \crc\) To
DEMONSTRATE THAT THE LENGTH oF THE SIDE \(BC\) MUST BE LESS THAN THE SUM OF THE OTHER TWO SIDES.

THIS GEOMETRIC APPROACH RELIES ON VISUALIZING HOW THE SIDES RELATE TO EACH OTHER AND HOW THE TRIANGLE'S SHAPE
CONSTRAINS THEIR LENGTHS.

ALGEBRAIC PROOF

SuPPOSE, FOR CONTRADICTION, THAT \(A + B \LEQ c\). PLACE THE POINTS \(A, B,\) AND \(C\) ON A COORDINATE SYSTEM
TO ANALYZE THEIR DISTANCES ALGEBRAICALLY.

- Assume \(A = (0, 0)\), \(B = (g, 0)\), anp \(C = (x, Y)\).
- THE DISTANCES ARE:

-\(AB =8\),



-\(AC = \sqrT{x"2 + v"2}\),
-\(BC = \s@rT{(x - 8)"2 + v"2}\).

UsING THE TRIANGLE INEQUALITY, IF \(a = AC\), \(8 = AB\), anp \(c = BC\), THen:

\[
AC + AB = \s@rT{x"2 + Y 2} +8
\]

\[
BC = \sqrT{(x -B)"2 + v"2}
\]

Suppose \(AC + AB \Leq BC\), THen:

\[
\sQrT{x"2 + v"2} + B \LEQ \s@rT{(x - 8)"2 + v"2}

\]

SQUARING BOTH SIDES AND SIMPLIFYING LEADS TO A CONTRADICTION UNLESS THE INEQUALITY IS STRICT, CONFIRMING THE
THEOREM'S VALIDITY.

APPLICATIONS OF THE TRIANGLE INEQUALITY THEOREM

THE THEOREM’S IMPLICATIONS REACH FAR BEYOND THEORETICAL GEOMETRY. HERE ARE SOME KEY APPLICATIONS:

1. TRIANGLE CONSTRUCTION AND VALIDATION

- ENSURES THAT GIVEN THREE LENGTHS, ONE CAN DETERMINE IF A TRIANGLE CAN BE CONSTRUCTED.
- USED IN GEOMETRIC MODELING AND COMPUTER GRAPHICS TO VERIFY SHAPE VALIDITY.

2. TRIANGULATION IN NAVIGATION AND MAPPING

- FUNDAMENTAL IN GPS TECHNOLOGY FOR TRIANGULATING POSITIONS.
- ENSURES THE DISTANCES USED IN CALCULATIONS ARE CONSISTENT WITH PHYSICAL CONSTRAINTS.

3. OPTIMIZATION PROBLEMS

- IN PROBLEMS INVOLVING SHORTEST PATHS OR MINIMAL DISTANCES, THE TRIANGLE INEQUALITY HELPS ELIMINATE IMPOSSIBLE
SOLUTIONS.

4. MATHEMATICAL PROOFS AND THEOREMS

- SERVES AS A BUILDING BLOCK FOR PROOFS INVOLVING TRIANGLES, POLYGONS, AND MORE COMPLEX STRUCTURES.

5. ENGINEERING AND ARCHITECTURE

- CRITICAL IN ENSURING STRUCTURAL INTEGRITY WHEN DESIGNING FRAMEW ORKS INVOLVING TRIANGULAR COMPONENTS.



FEATURES AND CHARACTERISTICS

- UNIVERSALITY: THE INEQUALITY HOLDS FOR ALL TRIANGLES IN EUCLIDEAN GEOMETRY.

- NECESSARY AND SUFFICIENT CONDITIONS: IT NOT ONLY DESCRIBES WHEN A SET OF THREE LENGTHS CAN FORM A TRIANGLE BUT
ALSO HELPS CLASSIFY TRIANGLES.

- RELATION TO TRIANGLE TYPES: |T UNDERPINS THE CLASSIFICATION INTO ACUTE, RIGHT, OR OBTUSE TRIANGLES BASED ON SIDE
LENGTHS.

LiMITATIONS AND SPeciAL CASES

W/HILE THE TRIANGLE INEQUALITY THEOREM IS ROBUST, THERE ARE SOME NUANCES AND LIMITATIONS TO CONSIDER:

- DEGENERATE TRIANGLES: W/HEN THE SUM OF TWO SIDES EQUALS THE THIRD (E.G., \(A + 8 =C\)), THE FIGURE IS DEGENERATE
— ESSENTIALLY A STRAIGHT LINE, NOT A TRUE TRIANGLE.

- NoN-EUCLIDEAN GEOMETRIES: IN SPHERICAL OR HYPERBOLIC GEOMETRIES, THE INEQUALITY DOES NOT HOLD IN ITS EUCLIDEAN
FORM, AND TRIANGLE PROPERTIES ARE MODIFIED.

- MEASUREMENT PRECISION: IN PRACTICAL APPLICATIONS, MEASUREMENT ERRORS CAN LEAD TO VIOLATIONS OF THE
INEQUALITY, RESULTING IN INVALID SHAPES OR COMPUTATIONAL ERRORS.

Pros AND CoNs

Pros:

- PROVIDES A CLEAR AND SIMPLE CRITERION FOR TRIANGLE VALIDITY.
- ESSENTIAL FOR GEOMETRIC CONSTRUCTIONS AND PROOFS.

- WIDELY APPLICABLE ACROSS DISCIPLINES.

Cons:

- LIMITED TO EUCLIDEAN GEOMETRY; DIFFERENT IN NON-EUCLIDEAN CONTEXTS.

- DOES NOT SPECIFY THE SHAPE OR ANGLES OF THE TRIANGLE, ONLY THE FEASIBILITY.

- DEGENERATE CASES CAN SOMETIMES CAUSE CONFUSION IF NOT PROPERLY INTERPRETED.

CoNcCLUSION

THE PRINCIPLE THAT THE SUM OF THE LENGTHS OF ANY TWO SIDES OF A TRIANGLE MUST BE GREATER THAN THE THIRD SIDE IS
MORE THAN A SIMPLE GEOMETRIC RULE; IT IS A CORNERSTONE OF UNDERSTANDING THE STRUCTURE AND INTEGRITY OF TRIANGLES.
[TS SIMPLICITY BELIES ITS PROFOUND IMPLICATIONS ACROSS MATHEMATICS, SCIENCE, ENGINEERING, AND TECHNOLOGY. \W/HETHER
USED TO VALIDATE A TRIANGLE’S EXISTENCE, TO FACILITATE COMPLEX CALCULATIONS, OR TO UNDERPIN ADVANCED PROOFS,
THIS INEQUALITY REMAINS AN ESSENTIAL ASPECT OF GEOMETRIC REASONING. AS WE CONTINUE TO EXPLORE THE DEPTHS OF
MATHEMATICAL RELATIONSHIPS, THE TRIANGLE INEQUALITY THEOREM STANDS AS A TESTAMENT TO THE POWER OF
FUNDAMENTAL PRINCIPLES IN SHAPING OUR UNDERSTANDING OF THE PHYSICAL AND ABSTRACT WORLDS ALIKE.
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