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There Are N Letters And N Addressed Envelopes. If The Lettersare Placed In The Envelopes At Random, What
happens? This question may seem simple at first glance, but it opens the door to a fascinating realm of
probability theory, combinatorics, and mathematical reasoning. Whether you're a student preparing for exams,
a mathematician exploring permutations, or simply a curious mind interested in the nature of randomness,
understanding this problem provides insight into how arrangements work when order is involved. In this article,
we will explore the classic problem of randomly placing N distinct letters into N distinct envelopes, analyze
the different outcomes, and uncover the probabilities and implications associated with various scenarios.

---

Understanding the Basic Setup

The Scenario
Imagine you have N letters, each addressed to a different recipient, and N envelopes, each labeled with the
correct address. The letters are distinct, meaning each letter is unique and can be distinguished from the others,
and the same applies to the envelopes. The process involves randomly placing each letter into an envelope
without any predetermined order or matching, effectively creating a random permutation of the letters into
envelopes.

The Core Question
The central question is: If the letters are randomly placed into the envelopes, what are the possible
arrangements, and what is the probability of specific configurations occurring? For example:
- What is the probability that all letters go into their correct envelopes?
- What is the probability that none of the letters are in their correct envelopes?
- What is the expected number of correctly matched pairs?

Understanding these questions requires delving into the concepts of permutations, derangements, and
probability distributions.

---

Mathematical Foundations: Permutations and Derangements

Permutations of N Elements
A permutation is an arrangement of all the elements of a set in some order. When placing N distinct letters into
N envelopes at random, each possible arrangement corresponds to a permutation of N elements. The total
number of permutations is:

N! (N factorial), which is calculated as N × (N−1) × (N−2) × ... × 1.

For example, if N=3, there are 3! = 6 possible arrangements:



- (Letter 1 in Envelope 1, Letter 2 in Envelope 2, Letter 3 in Envelope 3)
- (Letter 1 in Envelope 1, Letter 2 in Envelope 3, Letter 3 in Envelope 2)
- and so on.

Derangements: The Case of No Correct Placements
A derangement is a permutation where none of the elements appear in their original position. In this context, a
derangement corresponds to an arrangement where no letter is in its correct envelope.

Calculating the number of derangements of N objects, often denoted as !N (subfactorial of N), involves the
inclusion-exclusion principle and is given by:
\[
!N = N! \times \left(1 - \frac{1}{1!} + \frac{1}{2!} - \frac{1}{3!} + \cdots + \frac{(-1)^N}{N!}\right)
\]

For example, for N=3:
\[
!3 = 3! \times \left(1 - 1 + \frac{1}{2} - \frac{1}{6}\right) = 6 \times \left(0 + 0.5 - 0.1667\right) = 6
\times 0.3333 = 2
\]
Thus, there are 2 arrangements where no letter is in its correct envelope.

---

Probabilities of Various Configurations

Probability of All Letters Being Correctly Placed
The probability that every letter is placed into its correct envelope is straightforward:
\[
P(\text{all correct}) = \frac{1}{N!}
\]
since only one permutation out of the total N! permutations results in all correct placements.

Probability That No Letters Are Correctly Placed (Derangement)
The probability that none of the letters are in the correct envelope (a derangement) is:
\[
P(\text{no correct}) = \frac{!N}{N!}
\]
Using the expression for !N:
\[
P(\text{no correct}) = \left(1 - \frac{1}{1!} + \frac{1}{2!} - \frac{1}{3!} + \cdots +
\frac{(-1)^N}{N!}\right)
\]
As N grows large, this probability approaches \(\frac{1}{e}\) (~36.8%), due to the properties of the
exponential function.

Expected Number of Correctly Matched Letters
Interestingly, the expected number of correctly placed letters in a random permutation is always 1, regardless
of N. This is a consequence of linearity of expectation and symmetry:



\[
\text{Expected number} = N \times \frac{1}{N} = 1
\]
since each letter has a \(1/N\) chance of being in its correct envelope.

---

Implications and Real-World Applications

Practical Scenarios
The problem of randomly placing letters into envelopes models various real-world situations:
- Secret Santa or gift exchanges, where participants are assigned randomly.
- Assigning tasks or resources without predetermined order.
- Random shuffling in card games or data packets.

Understanding the probabilities helps in assessing fairness, fairness, and expectations in such scenarios.

Insights for Combinatorics and Probability Theory
This problem illustrates key concepts:
- The significance of permutations and derangements.
- How inclusion-exclusion helps count arrangements with specific constraints.
- The connection between combinatorics and exponential functions.

It also highlights how unlikely perfect arrangements are in random processes but how derangements happen with
notable probability (~37%).

---

Extensions and Related Problems

Partial Correctness and Multiple Fixed Points
Beyond total correctness or total derangement, one can analyze the probability that exactly k letters are in
their correct envelopes. The number of permutations with exactly k fixed points (correct placements) is given
by:
\[
\binom{N}{k} \times ! (N - k)
\]
where \(\binom{N}{k}\) is the binomial coefficient, and \(! (N - k)\) is the number of derangements of the remaining
\(N - k\) elements.

The probability that exactly k letters are correctly placed is:
\[
P(k) = \frac{\binom{N}{k} \times ! (N - k)}{N!}
\]

This distribution follows the Poisson distribution asymptotically as N becomes large.



Random Permutations and the "Coupon Collector" Problem
Similar combinatorial models deal with collecting coupons or items, and analyzing the number of trials needed
to achieve certain arrangements. These problems deepen understanding of randomness and expected values in
permutations.

---

Conclusion
The problem of placing N letters into N envelopes at random reveals deep connections between permutations,
derangements, and probability. The key takeaways are:
- Total arrangements are N! permutations.
- The probability that all letters are correctly matched is \(1/N!\).
- The probability that no letters are correctly matched (derangement) approaches \(1/e\) as N increases.
- On average, exactly one letter is correctly placed in a random arrangement, regardless of N.

These insights are not only mathematically elegant but also practically valuable in understanding
randomness, fairness, and expected outcomes in various real-world contexts. Whether in mail sorting, secret
gift exchanges, or algorithm design, the principles derived from this classic problem continue to influence fields
across mathematics, computer science, and beyond.

---
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Frequently Asked Questions

What is the probability that no letter is placed in its corresponding
addressed envelope?

The probability that no letter is placed in its own envelope is given by the number of derangements of N items
divided by N!, which approaches 1/e as N becomes large.

How many ways can N letters be randomly placed into N envelopes such
that at least one letter is in its correct envelope?

The total number of arrangements where at least one letter is correctly placed is N! minus the number of
derangements (arrangements with no correct placements).

What is a derangement, and how does it relate to this problem?

A derangement is a permutation where none of the elements appear in their original position. In this context, it
represents arrangements where no letter is in its correct envelope.

How does the number of derangements change as N increases?

The number of derangements of N items approaches N! divided by e (Euler's number) as N becomes large, meaning the
probability of no correct placement approaches 1/e.



Is the problem related to the concept of permutations with fixed points?

Yes, arrangements where some letters are in their correct envelopes are permutations with fixed points, whereas
derangements have no fixed points.

Can we compute the expected number of correctly placed letters in a random
arrangement?

Yes. The expected number of correctly placed letters in a random arrangement of N letters and envelopes is 1.

What is the probability that all letters are placed in their correct
envelopes?

The probability that all letters are correctly placed is exactly 1 divided by N!.

How can this problem be applied in real-world scenarios?

This problem models scenarios like random seat assignments, shuffling problems, and the analysis of matching
algorithms where correct placements are critical.

Additional Resources
There Are N Letters And N Addressed Envelopes. If The Letters Are Placed In The Envelopes At Random, What?

---

In the realm of probability theory and combinatorics, problems that seem simple at first glance often reveal
deep mathematical structures and fascinating insights upon closer examination. One such classic problem
involves a set of N letters and N corresponding addressed envelopes, where each letter is randomly placed into
an envelope without regard to its intended recipient. The question that naturally arises is: What is the
probability distribution of the arrangements, and what are the expected outcomes?

This problem, often referred to as the derangement problem or the permutation problem, has been studied
extensively for centuries, providing foundational understanding for modern probability, combinatorics, and even
fields like cryptography, algorithm design, and statistical mechanics.

In this article, we will thoroughly explore the problem's formulation, mathematical modeling, known results,
and implications, providing a comprehensive review suited for both academic and practical applications.

---

Understanding the Problem: The Setup and Basic Definitions

Imagine you have N letters, each addressed to a specific recipient, and N envelopes, each addressed to the same
recipients in the same order. The process involves randomly placing each letter into an envelope, with all
arrangements equally likely.

Key points:

- The total number of possible arrangements (permutations) of N letters into N envelopes is N! (factorial of N).
- Each permutation corresponds to a unique way of assigning letters to envelopes.
- The fundamental question is: What is the probability that a particular property holds for a randomly
chosen arrangement?



---

Core Concepts: Permutations, Derangements, and Fixed Points

To analyze the problem effectively, it is essential to understand some basic combinatorial concepts:

Permutation

A permutation of N elements is an arrangement where each element appears exactly once in a new position. The
total number of permutations is N!.

Fixed Points

In the context of permutations, a fixed point is an element that remains in its original position.

- For example, if the letters are labeled 1 through N, and in a permutation, letter 3 is placed in envelope 3, then
position 3 is a fixed point.

Derangement

A derangement is a permutation with no fixed points — that is, none of the letters are placed into their correct
envelopes.

- The number of derangements of N objects is often denoted as !N or D_N.

---

The Central Question: Probabilities and Expected Values

Given the uniform random placement of the letters into envelopes, the main questions are:

1. What is the probability that none of the letters are placed in their correct envelopes?
(The probability of a derangement)

2. What is the expected number of fixed points in a random permutation?
(Expected number of letters correctly placed)

3. What is the distribution of the number of fixed points?
(Probability of exactly k fixed points)

4. Are there known formulas or approximations for these probabilities?

---

Mathematical Modeling of the Problem

Total Possible Arrangements

Since each letter can be independently assigned to any envelope, and each assignment is equally likely, the total
number of arrangements is:

\[ \text{Total arrangements} = N! \]



Probability of a Derangement

The probability that none of the letters are in their correct envelope is:

\[ P(\text{derangement}) = \frac{!N}{N!} \]

where \( !N \) is the number of derangements of N elements.

Number of derangements:
The exact count of derangements of N objects is given by:

\[
!N = N! \sum_{k=0}^{N} \frac{(-1)^k}{k!}
\]

which leads to the probability:

\[
P(\text{derangement}) = \sum_{k=0}^{N} \frac{(-1)^k}{k!}
\]

This sum converges quickly to \( e^{-1} \) as N grows large, implying that:

\[
P(\text{derangement}) \approx \frac{1}{e} \approx 0.3679
\]

for large N.

---

Expected Number of Fixed Points: Insights and Formulas

Expected Fixed Points in a Random Permutation

One of the elegant results in permutation theory is that the expected number of fixed points in a uniformly
random permutation of N elements is exactly 1, regardless of N:

\[
E[\text{number of fixed points}] = 1
\]

Intuition:
Since each position has an equal chance of being a fixed point, and the total number of permutations is
symmetric, the expected fixed points per permutation averages out to 1.

Distribution of Fixed Points

The distribution of the number of fixed points in a random permutation follows a Poisson distribution with
parameter 1 in the limit of large N:

\[
P(\text{exactly } k \text{ fixed points}) \approx \frac{e^{-1}}{k!}
\]

This result aligns with the fact that fixed points are approximately independent in large permutations.



---

Implications and Variations of the Problem

The basic problem extends beyond the classical derangement scenario, leading to several interesting variations:

1. Exactly k Fixed Points

- Question: What's the probability that exactly k letters are correctly placed?
- Answer:

\[
P(\text{exactly } k \text{ fixed points}) = \frac{\binom{N}{k} ! (N-k)}{N!}
\]

where \( ! (N-k) \) is the number of derangements of \( N-k \) elements.

2. Expected Number of Correctly Placed Letters

As noted, the expected number is always 1, regardless of N.

3. Probability of No Correct Placements (Derangement)

As N increases, the probability approaches \( 1/e \). This asymptotic behavior has practical significance in
understanding the likelihood of complete mismatches.

4. Asymptotic Behavior for Large N

For large N, the distribution of fixed points becomes approximately Poisson(1), simplifying calculations and
providing practical approximations.

---

Real-World Applications and Implications

The mathematical insights derived from this problem have far-reaching applications:

- Cryptography: Understanding permutations and derangements aids in designing secure cipher systems.
- Error Correction: Random shuffling models can simulate error scenarios in data transmission.
- Algorithm Design: Randomized algorithms often rely on properties of permutations.
- Psychology and Social Science: Analyzing "mismatch" probabilities in matching problems.
- Operations Research: Planning and optimizing matching processes.

---

Conclusion: What Happens When Letters Are Placed Randomly?

The seemingly simple problem of placing N letters into N envelopes at random reveals profound mathematical
principles:

- The probability that no letter is in its correct envelope (a derangement) approaches approximately 36.8% as
N grows large.



- The expected number of correctly matched letters in a random arrangement is always exactly 1.
- The distribution of fixed points approximates a Poisson distribution with mean 1 for large N.

These results underscore the elegance of combinatorial probability, illustrating how complex behaviors emerge
from simple random processes. Whether applied to theoretical mathematics or practical scenarios,
understanding the nature of permutations and derangements provides valuable insights into randomness,
matching, and the structure of arrangements.

As research continues, the fundamental questions posed by this problem persist as a cornerstone of
combinatorial probability, inspiring new lines of inquiry and applications across disciplines.

---

In summary, when N letters are randomly placed into N addressed envelopes, approximately 36.8% of
arrangements result in no correctly matched letter, on average exactly one letter is correctly matched per
random permutation, and the distribution of correct matches follows a Poisson(1) pattern for large N. These
insights exemplify the rich interplay between randomness and structure inherent in combinatorial problems.
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