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Use Convolution Notation With And Set Up The Integral To Write The Final Answer Of The
Following Initial is a fundamental concept in mathematical analysis, especially when dealing with
systems characterized by linear time-invariant (LTI) properties. Convolution provides a powerful
framework for understanding how input signals are transformed by systems to produce outputs.
Whether you're studying engineering, physics, or applied mathematics, mastering convolution
notation and the associated integral setup is essential for solving a wide array of problems involving
system responses, signal processing, and differential equations. In this article, we'll explore the core
principles of convolution, demonstrate how to set up the convolution integral, and guide you through
the process of deriving the final answer for initial value problems using convolution notation.

Understanding Convolution and Its Significance

What Is Convolution?

Convolution is a mathematical operation that combines two functions to produce a third function
expressing how the shape of one is modified by the other. In the context of signals and systems, if
you have an input signal \( x(t) \) and an impulse response \( h(t) \) of a system, the output \( y(t) \)
can be expressed as the convolution of \( x(t) \) and \( h(t) \):

\[
y(t) = (x h)(t)
\]

This operation reflects how the system responds over time to the input signal, considering the
system's inherent characteristics.

Why Is Convolution Important?

Convolution is crucial because it simplifies the analysis of linear systems. Instead of solving
differential equations directly for each input, you can use the system's impulse response to
determine the output for any arbitrary input. This approach is particularly useful in:

- Signal processing

- Control systems

- Electrical engineering
- Mechanical systems

- Physics

By mastering convolution notation and integral setup, you can efficiently analyze complex systems



and predict their behavior.

Mathematical Foundations of Convolution

Continuous-Time Convolution
For continuous-time signals, the convolution of functions \( x(t) \) and \( h(t) \) is defined as:
\[

¥)(t) = x h)(t) = \int_{-\infty} ~ {\infty} x(\tau) h(t - \tau) d\tau
\]

This integral sums the product of the input signal \( x(\tau) \) and the time-shifted impulse response
\( h(t - \tau) \) over all \( \tau \).

Discrete-Time Convolution

In discrete-time systems, the convolution sum is expressed as:

\[
y[n] = (x h)[n] = \sum_{k=-\infty}~{\infty} x[k] hin - k]
\]

Here, the sum accumulates the contributions from the input and impulse response at discrete points.

Setting Up the Convolution Integral for Initial Value
Problems

When solving initial value problems (IVPs), especially differential equations with given initial
conditions, convolution provides a method to express the solution explicitly. The typical steps
include identifying the impulse response, formulating the convolution integral, and evaluating it
considering the initial conditions.

Step 1: Determine the Impulse Response \( h(t) \)

The impulse response is the system's output when the input is a Dirac delta function \( \delta(t) \). To
find \( h(t) \):

- Solve the differential equation with \( x(t) = \delta(t) \)
- Incorporate initial conditions into the solution
- The resulting \( h(t) \) fully characterizes the system



Step 2: Write the Convolution Integral
Once \( h(t) \) is known, the output \( y(t) \) for an arbitrary input \( x(t) \) is:

\[
y(t) = \int {-\infty}~{\infty} x(\tau) h(t - \tau) d\tau
\]

In initial value problems, the input \( x(t) \) may include forcing functions, and the integral limits are
often adjusted based on the causality of the system (usually from \( 0\) to \( t )).

Step 3: Incorporate Initial Conditions

Initial conditions influence the limits and the form of \( h(t) \). For causally stable systems, the
integral simplifies to:

\[
y(t) = \int {0}~ {t} x(\tau) h(t - \tau) d\tau
\]

and the solution may also include terms accounting for initial displacement or velocity.

Practical Example: Solving a Differential Equation
Using Convolution

Let's consider an initial value problem:

\[
\frac{d"2 y(t)}{dt"2} + 3 \frac{dy(t) }{dt} + 2 y(t) = x(t)
\]

with initial conditions:

\[
y(0) =y 0, \quad y'(0) =y_1
\]

Our goal is to find \( y(t) \) using convolution notation.

Step 1: Find the Impulse Response \( h(t) \)

- Take the Laplace transform of the differential equation:
\[

72 Y(s) - s y(0) - y'(0) + 3 (s Y(s) - y(0)) + 2 Y(s) = X(s)
\



- Solve for \( Y(s) \):

\[

Y(s) = \frac{X(s) + sy(0) + y'(0) + 3y(0)}{s™2 + 3s + 2}
\]

- The homogeneous equation's roots are \( s = -1, -2'\), so the impulse response is:

\[

h(t) = \text{Inverse Laplace of } \frac{1}{s”2 + 3s + 2} = \text{Inverse Laplace of }
\frac{1}{(s+1)(s+2)}

\]

which simplifies to:

\[
h(t) = Ae~{-t} + Be~{-2t}
\l

with constants determined by the inverse transform.

- For initial conditions corresponding to \( \delta(t) \), the impulse response becomes:

\[
h(t) = \frac{1}{\text{determinant}} \times (\text{appropriate partial fractions})

\]

(Details depend on the specific problem setup.)

Step 2: Set Up the Convolution Integral

Assuming causality and zero initial displacement for simplicity:

\[
y(t) =\int {0}~ {t} x(\tau) h(t - \tau) d\tau + \text{terms for initial conditions}

\]

If \( x(t) \) is a known forcing function, plug it into the integral along with \( h(t) \).

Step 3: Write the Final Solution

The complete solution combines the convolution integral with terms derived from initial conditions:

\[
y(t) = y_h(t) + y_p(t)
\]

where \(y h(t) \) is the homogeneous solution accounting for initial conditions, and \( y p(t) \) is the
particular solution obtained from convolution.



Summary of Key Steps in Using Convolution Notation

To effectively use convolution notation and set up the integral for solving initial value problems:

1. Determine the impulse response \( h(t) \):
- Solve the system with \( \delta(t) \) as input.
- Incorporate initial conditions.

2. Express the output \( y(t) \) as a convolution:
- Use the integral \( y(t) = \int {0} ~{t} x(\tau) h(t - \tau) d\tau \) for causal systems.
- Adjust limits if necessary based on system causality.

3. Evaluate the integral:
- Substitute the known \( x(t) \) and \( h(t) \).
- Compute the integral, considering initial conditions and system behavior.

4. Combine with homogeneous solutions:
- Add the solution to the homogeneous differential equation to account for initial conditions properly.

Conclusion

Mastering the use of convolution notation and the setup of the integral is vital for analyzing linear
systems and solving differential equations with initial conditions. It transforms complex differential
problems into manageable integral calculations and provides deep insight into system behavior. By
understanding the process—from determining the impulse response to setting up and evaluating the
convolution integral—you can confidently analyze a wide array of systems across engineering and
physics. Practice with various initial value problems to strengthen your understanding and become
proficient in applying convolution techniques for solving real-world problems.

Frequently Asked Questions

What is the importance of convolution notation in solving
integral problems?

Convolution notation simplifies the process of computing the integral of the product of two
functions, especially in systems analysis and signal processing, by providing a structured way to set
up the integral for the convolution operation.

How do you set up the convolution integral using notation for
two functions f(t) and g(t)?

The convolution integral is set up as (f g)(t) = f/ {a}~{b} (1) g(t - T) dt, where the limits a and b
depend on the functions' support, effectively summing the overlapping areas of f and a time-reversed

g.



What are the typical steps to convert a convolution problem
into an integral using notation?

First, identify the functions involved, write the convolution integral using the notation (f g)(t) = [ f(t
g(t - 1) dt, determine the limits based on the functions' support, and then evaluate the 1ntegra1
accordingly.

How do the limits of the convolution integral change based on
the support of the functions?

The limits are determined by the intervals where both functions are non-zero. Generally, for
functions with finite support, the integral limits are from max(0, t - support of g) to min(t, support of
f), adjusting for the overlap at each t.

Can you provide a quick example of setting up the convolution
integral using notation?

Yes, for example, if f(t) =1 for0 <t <2and 0 otherwise and g(t) =1 for 0 =t =< 3 and 0 otherwise,
then the convolution at time t is set up as (f g)(t) = [ {t} f(7) g(t - T) dt with limits from max(0, t - 3)
to min(t, 2), depending on t.

What is the final step after setting up the convolution integral
to find the answer?

The final step is to evaluate the integral within the established limits, simplifying the expression to
obtain the convolution result as a function of t.

Additional Resources

Use Convolution Notation With And Set Up The Integral To Write The Final Answer Of The
Following Initial

Introduction

In the realm of advanced calculus and signal processing, the concept of convolution stands as a
fundamental operation, bridging the gap between pure mathematical theory and practical
applications such as systems analysis, image processing, and differential equations. The process of
convolution involves integrating the product of two functions after one is reversed and shifted,
encapsulating how one function modifies or influences another.

This article aims to undertake a detailed exploration of how convolution notation can be effectively
utilized, and how to set up the relevant integrals to derive the final convolution result given initial
functions. By delving into the theoretical foundations, notation conventions, and practical
implementation strategies, we aim to provide a comprehensive guide suitable for students,
educators, and practitioners seeking clarity in convolution operations.



Understanding Convolution: Basic Concepts and Notation
What is Convolution?

At its core, convolution is a mathematical operation that combines two functions to produce a third
function expressing how the shape of one is modified by the other. It is formally defined as:

\[
(f g)(t) = \int_{-\infty}~{\infty} f(\tau) g(t - \tau) \, d\tau
\]

where:

- \(f(t)\) and \(g(t)\) are functions representing signals, probability distributions, or other quantities.
- The integral computes the area under the product of \(f(\tau)\) and \(g(t - \tau)\).

In many applications, the functions are causal (i.e., zero for \(t < 0\)), which simplifies the limits of
integration.

Convolution Notation and Variants
The notation \(f g\) is standard, but understanding its components and variations is crucial:

- Symmetric convolution: When both functions are defined over negative and positive domains.
- Causal convolution: Often used in signal processing, with limits from 0 to \(t\):

\[
(fg)(t) =\int 0"t f(\tau) g(t - \tau) \, d\tau
\]

- Distributions: Convolution extends to distributions (generalized functions), useful in differential
equations and Fourier analysis.

Significance of Convolution

- System response: In engineering, convolution models how a system's impulse response affects an
input signal.

- Probability: The convolution of two probability density functions yields the distribution of the sum
of independent random variables.

- Differential equations: Solutions often involve convolution integrals, especially in Green's function
methods.

Setting Up the Convolution Integral for Given Functions

Suppose initial functions are provided, such as \(f(t)\) and \(g(t)\). To compute their convolution:



1. Identify the domain and properties of the functions: Are they causal? Are they zero outside certain
intervals?

2. Determine the limits of integration: Based on causality or the support of the functions.

3. Replace the functions into the convolution integral: Using the appropriate notation.

4. Simplify the integral: Through substitution, recognizing regions where the integrand is non-zero.

Step-by-Step Guide to Computing Convolution with Initial Functions
Step 1: Clarify the Initial Functions
Suppose the initial functions are given as:

\[

f(t) =
\begin{cases}

f 1(t), & t\geq 0 \\
0,&t<0
\end{cases}
J\quad

g(t) =
\begin{cases}

g 1(t), & t\geq 0 \\
0,&t<0
\end{cases}

\]

This causal assumption simplifies the integral to:

\[

(fg)(t) =\int 0"t f(\tau) g(t - \tau) \, d\tau
\]

for \(t \geq 0\).

Step 2: Identify the Limits of Integration
The limits depend on the support of \(f\) and \(g\):

- For causal functions, the integral runs from 0 to \(t\).
- If functions are non-zero over different intervals, adjust accordingly.

Step 3: Write the Integral Explicitly
Use the convolution definition:
\[

(fg)(t) = \int 07t f(\tau) g(t - \tau) \, d\tau
\]



- Substitute the specific forms of \(f(\tau)\) and \(g(t - \tau)\).
- For example, if \(f(t) = A e”{-\alpha t}\) for \(t \geq 0\), and \(g(t) = B e™ {-\beta t}\), then:

\[
(f g)(t) = \int 0~t A e”{-\alpha \tau} \cdot B e~ {-\beta (t - \tau)} \, d\tau
\]

which simplifies to:

\[
AB e”{-\beta t} \int 0~t e™~{(\beta - \alpha) \tau} \, d\tau
\]

Step 4: Solve the Integral
Perform the integration:

\[

\int 0~t e™{(\beta - \alpha) \tau} \, d\tau =

\begin{cases}

\frac{ e~ {(\beta - \alpha) t} - 1 }{ \beta - \alpha }, & \beta \neq \alpha \\
t, & \beta = \alpha

\end{cases}

\]

Thus, the convolution becomes:

\[

(f g)(t) = AB e”{-\beta t} \times \left\{

\begin{array} {11}

\frac{ e~ {(\beta - \alpha) t} - 1 }{ \beta - \alpha }, & \beta \neq \alpha \\
t, & \beta = \alpha

\end{array}

\right.

\]

Practical Examples and Applications

Example 1: Convolution of Step Functions

Let \(f(t) = u(t)\) and \(g(t) = u(t - a)\), where \(u(t)\) is the unit step function. The convolution yields:
\[

(fg)(t) =\int 0"t u(\tau) u(t - \tau - a) \, d\tau

\]

The integral limits are constrained by the support of both functions:

- \(u(\tau)\) is 1 for \(\tau \geq 0\),



-\(u(t - \tau - a)\) is 1 when \(t - \tau - a \geq 0 \Rightarrow \tau \leq t - a\).
Therefore:

\[

(fg)(t) =\int 0~ {t-a} d\tau =
\begin{cases}

t-a, &t\geqa\l

0,&t<a

\end{cases}

\]

This illustrates how convolution models delays and overlaps in step functions.
Example 2: System Response to an Input Signal

Suppose an input \(f(t) = e™ {-\lambda t} u(t)\) passing through a system with impulse response \(g(t)
= e~ {-\mu t} u(t)\). The output is:

\[
(f g)(t) = \int 0~t e”{-\lambda \tau} e~ {-\mu (t - \tau)} \, d\tau
\]

which evaluates to:

\[
e {-\mu t} \int 0°t e”~{(\mu - \lambda) \tau} \, d\tau
\]

leading to a final expression as shown earlier.

Advanced Topics: Convolution in Multiple Dimensions and Fourier Transform Connection
Multi-dimensional Convolution

In image processing, convolution extends into two or more dimensions:

\[

(f 9)(x, y) = \iint f(\xi, \eta) g(x - \xi, y - \eta) \, d\xi d\eta

\]

The setup involves similar principles but with integrals over two variables, often computed
numerically.

Fourier Transform and Convolution Theorem

A pivotal property is that convolution in the time domain corresponds to multiplication in the
frequency domain:



\[
\mathcal{F}\{f g\}(\omega) = \mathcal{F}\{f\} (\omega) \cdot \mathcal{F}\{g\}(\omega)
\]

This relationship simplifies convolution calculations, especially for complex functions, by
transforming the problem into algebraic multiplication.

Summary and Final Considerations

- Convolution is a powerful technique for analyzing systems, signals, and probabilistic models.

- Correctly setting up the integral involves understanding the support and properties of the functions
involved.

- The integral limits are dictated by causality and the functions' domains.

- Simplification often involves substitution and recognizing standard integral forms.

- The Fourier transform provides an alternative computational approach, harnessing the convolution
theorem.

Closing Remarks

Mastering convolution notation and the setup of integrals is essential for advanced studies in
mathematics, engineering, and physics. It requires a solid grasp of function properties, integral
calculus, and domain considerations. By carefully analyzing initial functions, establishing the proper
limits, and systematically solving the integral, practitioners can accurately derive the final
convolution result, unlocking insights into system behavior and signal interactions.

Whether dealing with simple exponential functions or complex multidimensional signals, the
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