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Phase-Locked Loops (PLLs) are fundamental components in modern communication
systems, enabling synchronization of signals, carrier recovery, and timing adjustments.
Understanding the limitations of different PLL configurations is crucial for designing robust
systems. One critical insight is that a simple first-order PLL with a transfer function H(s) = 1
cannot effectively track an incoming signal, a fact that can be demonstrated through small-
error analysis. This article explores this limitation in depth, explaining why such a loop
cannot achieve phase lock with an incoming signal, and providing a comprehensive
understanding of the underlying principles.

Understanding Phase-Locked Loops (PLLs)

What Is a PLL?
A Phase-Locked Loop is a control system that generates an output signal whose phase is
aligned with a reference input signal. It typically consists of three main components:

Phase Detector (PD): Compares the phase of the input signal with that of the
controlled oscillator (VCO) and produces an error signal proportional to the phase
difference.

Loop Filter: Processes the error signal to produce a control voltage that adjusts the
VCO.

Voltage-Controlled Oscillator (VCO): Generates the output signal whose phase
and frequency are controlled by the filtered error signal.

First-order vs. Higher-order PLLs
- First-order PLLs: Contain a single integrator or a simple transfer function in the loop filter,
often characterized by H(s) = 1.
- Higher-order PLLs: Incorporate additional filtering elements, such as proportional-integral
(PI) filters, enabling more sophisticated control and better tracking capabilities.

Understanding the transfer function H(s) of the loop filter is essential in analyzing the PLL's
behavior, especially in small-error conditions.



Small-error Analysis in PLLs

What Is Small-error Analysis?
Small-error analysis involves linearizing the PLL equations around a small phase error (Δθ),
assuming that the system operates close to a locked condition. This approach simplifies the
nonlinear phase detector characteristic into a linear approximation, making it easier to
analyze stability, dynamic response, and tracking performance.

Linearized Model of a PLL
- The phase detector output is proportional to the phase difference:
\[
v_{pd} \approx K_{d} \Delta \theta
\]
- The loop filter produces a control voltage:
\[
v_{f} = H(s) v_{pd}
\]
- The VCO responds to this control voltage:
\[
\Delta \omega_{vco} = K_{v} v_{f}
\]
- The phase error dynamics are captured by the transfer function:
\[
\Delta \theta(s) = \frac{K_{d} K_{v} H(s)}{s} \times \text{(input)}
\]

In steady state, the loop attempts to minimize the phase error, but the loop’s ability to do
so hinges on the properties of H(s).

Why A First-order Loop [H(s) = 1] Cannot Track
An Incoming Signal

Implication of H(s) = 1
- The transfer function H(s) = 1 indicates a purely proportional control element with no
integral or derivative components.
- Such a loop filter lacks memory or accumulative behavior, which are essential for
correcting steady-state phase errors.



Analyzing the Small-error Loop Dynamics
- The small-error transfer function becomes:
\[
\Delta \theta(s) = \frac{K_{d} K_{v}}{s} \times v_{pd}
\]
- Since H(s) = 1, the control action is directly proportional to the phase error without any
integration.

Limitations of a First-order [H(s)=1] Loop
- No Steady-State Error Correction: Without an integral component, the loop cannot
eliminate steady-state phase errors caused by frequency offsets or phase perturbations. It
cannot "remember" past errors to correct persistent offsets.
- Inability to Track Frequency Variations: The loop cannot adapt to changes in the input
signal's frequency; it only responds proportionally to the instantaneous phase difference.
- Susceptibility to Loss of Lock: When the input signal drifts or is noisy, the loop cannot
maintain lock because it lacks the means to accumulate error information over time.

Mathematical Demonstration Using Small-error
Analysis

Deriving the Loop Response
- The small-error phase dynamics are governed by:
\[
\frac{d\Delta \theta(t)}{dt} = \Delta \omega_{input} - K_{v} v_{f}(t)
\]
- For H(s) = 1, the control voltage:
\[
v_{f}(t) = K_{d} \Delta \theta(t)
\]
- Substituting:
\[
\frac{d\Delta \theta(t)}{dt} = \Delta \omega_{input} - K_{v} K_{d} \Delta \theta(t)
\]
- This differential equation describes a first-order system with no integrator, and its solution
depends on the initial conditions and input frequency variation.

Steady-State Error Analysis
- In the case of a constant input frequency offset (Δω_input ≠ 0), the steady-state phase
error is:
\[
\Delta \theta_{ss} = \frac{\Delta \omega_{input}}{K_{v} K_{d}}
\]



- Since this is non-zero, the loop does not achieve phase lock; the phase difference persists
indefinitely.

Implication for Signal Tracking
- The persistent phase difference indicates the loop cannot synchronize with the input
signal if there is any frequency offset or drift.
- Without an integral component, the system cannot correct for this offset over time,
leading to continuous phase error and failure to track.

Practical Examples and Intuitive Understanding

Carrier Recovery in Communication Systems
- In digital communication, carrier recovery PLLs are used to synchronize local oscillators
with incoming modulated signals.
- A first-order PLL with H(s) = 1 is inadequate for this task because it cannot eliminate
carrier frequency offsets, leading to poor demodulation performance.

Frequency Offset Compensation
- When the input signal has a slight frequency deviation, a loop with only proportional
control cannot adapt, resulting in the loss of lock.
- Higher-order loops with integral action are required to accumulate phase errors over time
and correct frequency offsets effectively.

Design Implications
- For reliable tracking, especially in environments with frequency variations or noise, a PLL
must include an integrator in the loop filter.
- This ensures zero steady-state phase error and robust frequency tracking capabilities.

Conclusion: Limitations of First-order PLLs and
the Need for Higher-Order Designs

Small-error analysis provides a fundamental understanding of why a first-order PLL with
H(s) = 1 cannot track an incoming signal effectively. The absence of an integral component
in the loop filter prevents the system from correcting steady-state phase errors and
adapting to frequency offsets. As a result, such a loop can only maintain lock under ideal
conditions with no frequency deviation or noise, which is rarely the case in practical
scenarios.



For real-world applications requiring reliable signal tracking, especially in the presence of
frequency offsets, noise, or signal variations, higher-order PLLs that incorporate integral
control elements are essential. These designs enable the system to accumulate phase
errors over time, eliminate steady-state errors, and dynamically adapt to changing input
conditions.

In essence, the small-error analysis underscores that the simplicity of a first-order PLL with
H(s) = 1 comes at the cost of limited tracking ability, emphasizing the importance of more
sophisticated loop filter designs in modern communication and signal processing systems.

Frequently Asked Questions

Why does small-error analysis indicate that a first-order
PLL with H(s)=1 cannot track an incoming signal
effectively?
Small-error analysis shows that the steady-state phase error in a first-order PLL with H(s)=1
does not converge to zero but remains bounded, indicating the loop cannot perfectly track
the input signal's phase, especially in the presence of frequency offsets.

What role does the open-loop transfer function H(s)=1
play in the inability of a first-order PLL to track signals?
With H(s)=1, the open-loop transfer function lacks the necessary phase and gain
characteristics to correct phase errors effectively, resulting in a steady-state error and
preventing the loop from perfectly tracking the incoming signal.

How does small-error analysis help demonstrate the
limitations of a first-order PLL in tracking signals?
Small-error analysis examines the behavior of the phase error around equilibrium, showing
that for H(s)=1, the error remains non-zero in steady state, thus confirming the loop's
inability to fully lock onto the input signal.

Can a first-order PLL with H(s)=1 achieve phase lock
with a signal that has frequency offset? Why or why
not?
No, because the small-error analysis reveals that such a loop cannot correct frequency
offsets effectively, leading to a persistent phase error and preventing the loop from
achieving perfect phase lock.

What is the significance of the loop transfer function



being unity (H(s)=1) in the context of phase tracking
performance?
A unity transfer function implies no dynamic correction or filtering capability within the
loop, resulting in an inability to reduce phase error beyond a certain bound, thus hindering
effective tracking of incoming signals.

How does the concept of steady-state error relate to
the inability of a first-order PLL with H(s)=1 to track
signals?
The steady-state error remains non-zero in a first-order PLL with H(s)=1, as shown by small-
error analysis, indicating the loop cannot eliminate phase discrepancies, and therefore
cannot perfectly track the incoming signal.
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Introduction

Phase-Locked Loops (PLLs) are fundamental components in communication systems,
frequency synthesis, and signal synchronization applications. They serve the critical
function of synchronizing a local oscillator’s phase and frequency with an incoming signal.
The ability of a PLL to track the phase variations of an input signal depends heavily on its
structure and dynamics. Among the various types of PLLs, the first-order PLL—characterized
by having a simple proportional control element (with transfer function H(s)=1)—is often
the starting point for understanding phase tracking limitations.

This review explores, through the lens of small-error analysis, why a first-order PLL with
H(s)=1 cannot effectively track an incoming signal that exhibits phase variations or
frequency offsets. The core insight hinges on the fundamental dynamics of the loop and the
limitations imposed by its structure, which can be revealed through linearized small-error
models.

---

Basics of PLL Operation and Structure



Components of a Typical PLL

A standard PLL consists of:

- Phase Detector (PD): Compares the phase of the incoming signal with the local oscillator
(VCO) output, producing an error signal proportional to their phase difference.
- Loop Filter: Processes the error signal to generate a control voltage/input for the VCO. It
influences the loop dynamics.
- Voltage-Controlled Oscillator (VCO): Produces an output frequency and phase controlled
by the loop filter’s output.

The goal of the PLL is to lock the VCO’s phase and frequency to the incoming signal,
minimizing the phase error over time.

First-Order PLL with H(s)=1

In a first-order PLL, the loop filter is simply a proportional gain element (or sometimes
considered as unity gain), making the overall open-loop transfer function:

\[ G_{OL}(s) = K_{d} \cdot H(s) = K_{d} \]

where \( K_{d} \) is the phase detector gain, and \( H(s) = 1 \).

This configuration results in a loop with a single integrator or proportional dynamics, which
has specific stability and tracking characteristics.

---

Understanding Small-Error Analysis

Concept of Small-Error Approximation

Small-error analysis involves linearizing the nonlinear PLL equations around a nominal
locked state. When the phase error \( \phi_e(t) \) is small—meaning the PLL is close to
lock—the system dynamics can be approximated by linear differential equations. This
approach simplifies the analysis and allows us to derive insights about stability, transient
response, and tracking capability.

Linearized Model Formulation

Assuming the phase error \( \phi_e(t) \) remains small, the PLL's behavior can be described
by:



\[ \frac{d}{dt} \phi_e(t) \approx \Delta \omega(t) \]

where \( \Delta \omega(t) \) is the frequency difference between the incoming signal and
the VCO output.

The phase detector output \( v_{PD} \) in the small-error regime is proportional to the
phase error:

\[ v_{PD}(t) \approx K_{d} \phi_e(t) \]

The loop filter, with transfer function \( H(s)=1 \), simply passes this to the VCO control
input:

\[ v_{VCO}(t) = v_{PD}(t) \]

The VCO frequency deviation is directly proportional to the control voltage:

\[ \omega_{VCO}(t) = K_{V} v_{VCO}(t) = K_{V} K_{d} \phi_e(t) \]

which leads to the phase evolution:

\[ \frac{d}{dt} \phi_e(t) = \Delta \omega(t) = \omega_{in} - \omega_{VCO}(t) \]

By combining these, the linearized differential equation for phase error becomes:

\[ \frac{d}{dt} \phi_e(t) = \Delta \omega_{in} - K_{V} K_{d} \phi_e(t) \]

where \( \Delta \omega_{in} \) is the input frequency offset.

---

Dynamic Analysis of the First-Order PLL with
H(s)=1

Deriving the Differential Equation

The small-error model simplifies to:

\[ \frac{d}{dt} \phi_e(t) + K_{V} K_{d} \phi_e(t) = \Delta \omega_{in} \]

This is a first-order linear differential equation:

\[ \frac{d}{dt} \phi_e(t) + \alpha \phi_e(t) = \beta \]

where:



- \( \alpha = K_{V} K_{d} \)
- \( \beta = \Delta \omega_{in} \)

The solution to this differential equation is:

\[ \phi_e(t) = \left( \phi_e(0) - \frac{\beta}{\alpha} \right) e^{-\alpha t} +
\frac{\beta}{\alpha} \]

which describes how the phase error evolves over time, given initial conditions.

Steady-State Behavior

In steady state (\( t \to \infty \)), the exponential term diminishes, leaving:

\[ \phi_e(\infty) = \frac{\Delta \omega_{in}}{K_{V} K_{d}} \]

This indicates that the phase error approaches a constant proportional to the input
frequency offset. The key implication is:

- If \( \Delta \omega_{in} \neq 0 \), the phase error does not go to zero but stabilizes at a
non-zero value.
- Therefore, the PLL does not lock perfectly; it maintains a phase error proportional to the
input frequency offset.

---

Why a First-Order Loop Cannot Track an Incoming
Signal

Limitations Imposed by Loop Dynamics

The primary reason a first-order PLL with H(s)=1 cannot track a varying input signal lies in
its inherent dynamics:

1. No Integral Action:
Unlike higher-order PLLs with integrators, the first-order loop lacks an integrator in the loop
filter. This means it cannot accumulate phase errors over time to correct for persistent
frequency offsets.

2. Steady-State Phase Error for Frequency Offsets:
As derived, the phase error in steady state is:

\[ \phi_e(\infty) = \frac{\Delta \omega_{in}}{K_{V} K_{d}} \]



which is non-zero unless \( \Delta \omega_{in} = 0 \). In practical terms, the loop cannot
eliminate a frequency offset, only maintain a constant phase error.

3. Limited Response to Dynamic Changes:
Because the loop's transfer function is purely proportional, its response to changes in the
input phase or frequency is limited. It cannot adjust its frequency to match a changing
input; it only responds proportionally, which can lead to phase slips or loss of lock.

4. No Ability to Track Time-Varying Frequencies:
When the incoming signal’s frequency varies with time (chirps, Doppler shifts, etc.), the
first-order PLL cannot adapt unless the frequency variation is slow enough for the
proportional control to approximate tracking—but even then, the steady-state phase error
persists.

Effect of Loop Bandwidth and Gain

While increasing the loop gain \( K_{d} \) and \( K_{V} \) can reduce the steady-state phase
error for a fixed frequency offset, it cannot fundamentally eliminate the error in the
presence of actual frequency changes. Furthermore:

- High gains can cause instability or excessive noise sensitivity.
- Limited bandwidth constrains the loop’s ability to respond to rapid frequency changes.

Hence, the first-order PLL with H(s)=1 is inherently limited to tracking signals with
negligible frequency variation—a scenario practically unattainable in many real-world
applications.

---

Implications for Practical Signal Tracking

Tracking Steady-State Frequency Offsets

In scenarios where the input signal exhibits a constant frequency offset, the first-order PLL
reaches a steady-state phase error proportional to the offset. This is often acceptable in
systems where a fixed frequency difference is tolerable or can be compensated elsewhere.

Tracking Time-Varying Frequencies

However, for signals with time-varying frequencies, the limitations become evident:

- The loop cannot adapt to changing frequencies dynamically.
- The phase error accumulates or oscillates, often leading to cycle slips or loss of lock.



- The loop’s proportional nature means it cannot integrate the phase error over time to
correct for persistent frequency deviations.

Comparison with Higher-Order PLLs

Higher-order PLLs include integral or proportional-integral (PI) filters that introduce an
integrator into the loop:

- These loops can eliminate steady-state phase errors caused by constant frequency
offsets.
- They can track frequency changes more effectively, especially when designed with
appropriate bandwidths and filter characteristics.

Thus, the absence of an integrator in a first-order PLL fundamentally restricts its tracking
capabilities.

---

Conclusion

Through small-error analysis, it becomes clear that a first-order PLL with \( H(s) = 1 \)
cannot effectively track an incoming signal with a frequency
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