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In the realm of combinatorial mathematics and number theory, one intriguing problem
involves determining the number of distinct sums that can be formed from a given set of
coins. This question not only has theoretical significance but also practical applications in
areas like financial planning, vending machine design, and game theory. Specifically,
when given a collection of coins, the challenge is to figure out how many different
monetary amounts can be achieved using one or more coins from that collection. This
problem becomes especially interesting when considering various constraints, such as the
denominations involved, the number of coins available, and whether repetitions are
allowed. In this article, we explore the underlying principles, methods, and mathematical
tools used to solve such problems, providing a comprehensive understanding of how to
compute the number of achievable sums from a given set of coins.

Understanding the Basic Concepts

What Is the Problem About?

The core of the problem is to analyze a set of coin denominations and determine all
possible sums that can be formed using at least one coin from the collection. For example,
consider a set of coins like {1, 2, 5}. The question is: how many unique amounts of money
can be formed by selecting one or more coins from this set? The answer involves
identifying all distinct sums that can be generated and counting them.

Key Definitions

e Coin Set: A collection of coin denominations, e.g., {1, 2, 5}.
e Sum of Coins: The total monetary value obtained by selecting a subset of coins.

e Achievable Sum: A sum that can be formed by one or more coins from the set.



¢ Repetition: Whether coins can be used multiple times (unlimited supply) or only
once (limited supply).

Scenario 1: Unlimited Supply of Coins

Understanding the Problem

When an unlimited number of each coin denomination is available, the problem reduces to
finding all sums that can be formed using combinations with repetitions. This is often
modeled as the classic "Coin Change" problem in computer science, where the goal is to
determine the number of different sums obtainable with unlimited coins.

Mathematical Approach

For a set of denominations \(\{d 1, d 2, ..., d n\}\), the task is to find all sums \(S\) such
that:

e\(S=a 1\timesd 1 +a 2\timesd 2 + ... + a n\times d n\)

e Where \(a_i\geq 0\) are integers (number of coins of each denomination)

Using Dynamic Programming

A common technique to solve this is dynamic programming (DP). The approach involves
creating a boolean array that tracks reachable sums:

1. Initialize an array \(reachable\) of size equal to the maximum sum of interest, with all
entries set to false.

2. Set \(reachable[0] = true)), since sum zero is always achievable with no coins.

3. For each coin denomination \(d i\), iterate through the array and mark sums as
reachable when they can be formed by adding \(d _i\) to previously reachable sums.

4. The total number of achievable sums (excluding zero) is the count of true entries in
the array.



Example

For the set {1, 2, 5}, assuming an unlimited supply, the possible sums start from 1 and go
up to a certain maximum (for example, 20). Using DP, one can find all the sums achievable
and then count them.

Scenario 2: Limited Supply of Coins

Understanding the Changes

When each coin denomination is limited to a certain number of coins, the problem
becomes more complex. The sums achievable depend not only on the denominations but
also on the number of each coin available.

Approach to Solve

One method is to use recursive backtracking or dynamic programming with state variables
that track the number of coins used of each denomination. The goal remains to identify all
sums that can be formed with the constraints.

Example

If the collection is {1, 2, 5} with only one coin of each, the possible sums are limited to
sums like 1, 2, 3, 4, 5, 6, 7, 8, 10, etc., but not higher sums that would require multiple
coins of each type.

Mathematical Tools and Formulas

Number of Distinct Sums in the Unbounded Case

In the case of unlimited coins, the set of achievable sums is closely related to the
Frobenius coin problem and the concept of the coin denominations' greatest common
divisor (gcd).

e If the gcd of all denominations is 1, then beyond a certain point, all sums are
achievable, and the number of distinct sums is infinite.

e If the gcd is greater than 1, then only multiples of the gcd can be formed, limiting the
set of sums.



Counting the Number of Achievable Sums

For finite sets and limited supplies, combinatorial counting methods are used, often
involving generating functions or recursive formulas to enumerate all possible sums.

Practical Examples and Applications

Change-Making Problem

One familiar application is determining all possible amounts of change that can be given
using a set of coin denominations. For instance, with coins {1, 5, 10}, how many different
amounts can be formed?

Designing Vending Machines

Vending machines need to recognize which sums are possible with the coins inserted.
Understanding which sums are achievable helps in designing efficient coin validation and
change dispensing systems.

Game and Puzzle Design

Many puzzles involve forming specific sums with limited coins, requiring players to think
strategically about which coins to use to reach a target amount.

Summary and Key Takeaways

e Determining the number of different amounts of money that can be made from a
collection of coins involves analyzing the set of denominations and supply
constraints.

e Unlimited coin supply simplifies the problem and allows for the use of dynamic
programming and number theory concepts.

e Limited supply scenarios require more complex combinatorial approaches, often
involving recursive algorithms or generating functions.

e Understanding the gcd of the coin denominations is crucial in predicting whether the
set of achievable sums is finite or infinite.

e Practical applications span finance, vending machine design, and recreational
mathematics, illustrating the problem's wide relevance.



Concluding Remarks

The question of how many different amounts of money can be made from a collection of
coins is more than just an academic exercise; it underscores fundamental principles of
counting, optimization, and number theory. Whether dealing with unlimited or limited
supplies, the methods employed—dynamic programming, recursive algorithms, and
mathematical analysis—offer powerful tools for solving these problems. As coin systems
become more complex, these techniques help us understand the boundaries of achievable
sums, enabling better design of systems that depend on coin-based transactions and
resource allocation. Ultimately, this exploration reveals the rich interplay between simple
combinatorial problems and deep mathematical concepts, demonstrating the elegance and
utility of mathematical reasoning in everyday scenarios.

Frequently Asked Questions

How can I determine the number of different amounts
of money that can be made using a specific set of coins?

You can determine this by using combinatorial methods or dynamic programming
techniques to count all unique sums that can be formed from the given coins, considering
each coin's value and quantity.

What is the typical approach to solve problems involving
making different amounts with multiple coins?

A common approach is to use a variation of the coin change problem, often solved with a
bottom-up dynamic programming algorithm that tracks all achievable sums as you iterate
through the coins.

If I have unlimited coins of certain denominations, how
does that affect the number of different amounts I can
make?

Unlimited coins of a denomination increase the number of possible sums, often allowing
for a larger set of unique amounts. This scenario simplifies to the classic unbounded
knapsack problem where multiple combinations can produce the same sum.

How does limiting the number of each coin type impact
the total number of different amounts that can be
formed?

Limiting the quantity of each coin reduces the total number of possible sums, as you
cannot use more coins than allowed. This constraint must be incorporated into your
calculations, often by adjusting the dynamic programming approach.



Can the problem of finding how many different sums
can be made from a collection of coins be solved
analytically?

In some cases, yes, especially with small or specific sets of coins, but generally, it is more
practical to use computational methods like dynamic programming to accurately count all
possible sums.

What are common pitfalls when calculating the number
of different amounts from a collection of coins?

Common pitfalls include double counting sums, ignoring coin quantity limits, and not
accounting for whether coins are limited or unlimited, which can lead to incorrect counts
of achievable amounts.

Are there any real-world applications of knowing how
many different amounts of money can be made from a
set of coins?

Yes, this concept applies to financial planning, vending machine design, cash register
algorithms, and coin system optimizations where understanding possible sums helps
improve efficiency and accuracy.

How can dynamic programming help in solving the
problem of counting different amounts of money from
coins?

Dynamic programming builds up solutions incrementally by recording achievable sums as
each coin is considered, allowing you to efficiently count all distinct amounts without
redundant calculations.

Additional Resources

Using One Or More Coins, How Many Different Amounts Of Money Can Be Made From A
Collection Of Coins

Introduction

The question of how many different amounts of money can be made from a collection of
coins is a classic problem in combinatorics and number theory, often encountered in
recreational mathematics, computer science, and financial modeling. It combines elements
of subset sum problems, coin change problems, and dynamic programming approaches to
combinatorial enumeration. Understanding this problem not only deepens our grasp of



mathematical concepts but also has practical applications in currency systems, vending
machine design, and algorithm development.

This investigative article aims to thoroughly explore the problem of determining the
number of distinct sums achievable from a collection of coins, especially when using one
or more coins. We will analyze the problem's mathematical foundation, review methods for
solving it, examine related variations, and discuss implications and applications.

Defining the Problem
Basic Setup and Terminology

Suppose you have a collection of coins, each with a certain denomination. For simplicity
and clarity, assume the collection contains multiple coins of specific denominations,
possibly with repetitions. The primary question is:

Given a collection of coins, how many distinct sums of money can be formed using one or
more coins?

Key points to clarify:

- Collection of Coins: A multiset of denominations, e.g., [1¢, 1¢, 2¢, 5¢, 10¢].

- Use of Coins: Each coin can be used at most once unless specified otherwise (e.g.,
unlimited supply).

- Goal: Count the number of unique total amounts that can be created by summing any
subset of these coins, with the restriction of using at least one coin.

This problem can be approached in various contexts, from finite sets with limited coins to
infinite supplies.

Mathematical Foundations
The Subset Sum Problem

At its core, the problem resembles the classic subset sum problem: given a set of numbers,
determine which sums can be formed from subsets. The subset sum problem is well-
studied, especially in computational complexity, where it is known to be NP-complete in
the general case.

However, for counting the number of achievable sums, especially with small or structured
sets, dynamic programming approaches are effective.

Coin Change and Its Variants
The coin change problem, often posed as "how many ways to make change for a given

amount,"” differs in that it typically asks for the total number of combinations for a specific
sum, rather than the total number of distinct sums obtainable from a set of coins.



Our focus differs slightly: we want the total number of distinct sums that can be formed
from any subset of the collection, excluding the case of zero (no coins used).

Methods for Determining the Number of Achievable Sums
1. Enumeration via Dynamic Programming

One of the most effective approaches for small to moderate-sized collections involves
dynamic programming (DP). The general idea is:

- Initialize a boolean array "reachable[] indexed by possible sums.

- Set "reachable[0] = True" (sum of zero with no coins, but since we exclude zero in the
final count, handle accordingly).

- For each coin, update the array to mark sums achievable by including that coin.

Algorithm Outline:

1. Start with an array "reachable’ of size equal to the maximum possible sum, initialized to
False, except reachable[0] = True".

2. For each coin denomination "d’, iterate through the array:

- For sums 's’ from the maximum sum down to "d’, set "reachable[s] = reachable[s] or
reachable[s - d] .

3. After processing all coins, count the number of "True" entries in "reachable’, excluding
Zero.

This method efficiently computes the total number of achievable sums.
2. Mathematical Approach for Special Cases

- Distinct denominations without repetition: When all coins are distinct and used once, the
problem reduces to subset sums, which can be analyzed via generating functions.

- Generating Functions:
For a collection with denominations "d 1, d 2, ..., d n’, the generating function is:

\[
G(x) = \prod {i=1}"n (1 +x~{d i})
\]

The exponents in the expansion indicate sums achievable, and the coefficient counts the
number of ways to form each sum. The total number of distinct sums is the number of

exponents with non-zero coefficients, excluding the constant term (which corresponds to
sum zero).

Practical Examples and Case Studies

Example 1: Small Collection



Suppose the collection is "[1¢, 2¢, 5¢] . Using dynamic programming:
- Possible sums:

- Using 1¢: 1

- Using 2¢: 2

- Using 5¢: 5

-1¢ + 2¢: 3

-1¢ + 5¢: 6

-2¢ + 5¢: 7

-1¢ + 2¢ + 5¢: 8

- Total sums (excluding zero): 1, 2, 3, 5, 6, 7, 8

- Count: 7

This straightforward example illustrates the process and confirms the approach.

Example 2: Larger Collection with Repetition

Consider [1¢, 1¢, 2¢, 5¢] . Here, the multiset includes duplicates. The counting method
must account for multiple combinations leading to the same sum.

- For this, generating functions are particularly useful.

Variations and Extensions

Unlimited Coin Supply

When coins are available in unlimited quantities (e.g., any number of 1¢ coins), the
problem simplifies to coin change with unlimited coins, and the set of achievable sums

tends to be continuous from a certain point.

- For example, with unlimited 1¢ and 2¢ coins, all amounts =1 can be formed, leading to
an infinite number of sums.

- To keep the problem finite, the total number of coins or maximum sum can be bounded.
Using Zero Coins

The sum zero (no coins) is usually excluded since the question specifies "one or more
coins." If included, it adds one to the count of achievable amounts.

Challenges and Computational Complexity

- Scalability: As the number of coins or the magnitude of their denominations grows, the
problem becomes computationally challenging.



- NP-Completeness: The subset sum problem's NP-complete nature indicates that no
known polynomial-time algorithm exists for the general case.

However, for coin collections with small sizes or bounded denominations, efficient
algorithms exist.

Applications and Practical Implications
Currency System Design

Understanding which amounts can be formed from a set of coins informs the design of
currency denominations to maximize flexibility and minimize "unreachable" amounts.

Vending Machines and Cash Register Optimization

Ensuring that transactions can be made with available coins relies on understanding the
sums achievable with current change.

Algorithm Design and Cryptography

Subset sum and coin change problems underpin many cryptographic protocols and
algorithmic challenges in computer science.

Conclusion

The problem of determining how many different amounts of money can be made from a
collection of coins using one or more coins is rich in mathematical structure and
computational complexity. Approaches such as dynamic programming, generating
functions, and combinatorial enumeration provide effective tools for small to medium-sized
collections. For larger or more complex collections, computational constraints necessitate
heuristic or approximate methods.

The implications of these findings extend beyond theoretical curiosity, impacting practical
systems involving currency, resource allocation, and algorithm design. As we continue to
explore the vast landscape of combinatorial enumeration, this problem remains a
quintessential example of how simple questions can lead to profound mathematical
insights and technological applications.
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Note: The detailed exploration above underscores the importance of combining
computational methods with mathematical theory to address the problem of achievable
sums from coin collections. It highlights the necessity of choosing appropriate algorithms
based on the collection's size and properties, and illustrates the problem's relevance
across multiple disciplines.
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