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Understanding how to solve for the missing measures in a non-right triangle
is a fundamental skill in geometry and trigonometry. Whether you're a student
preparing for exams or a professional working with geometric models,
mastering these techniques can significantly enhance your problem-solving
abilities. This article provides a comprehensive guide on how to use the
given measures of a non-right triangle to find the remaining three
measures—sides or angles—using various methods and formulas.

Understanding Non-right Triangles

Before diving into the solving methods, it's important to understand what
distinguishes non-right triangles and the types involved.

Types of Non-right Triangles

Non-right triangles are triangles that do not contain a 90-degree angle. They
are primarily classified into:

e Acute triangles: All angles are less than 90°

e Obtuse triangles: One angle is greater than 90°

Knowing the triangle type helps in choosing the appropriate formulas and
methods for solving.

Given Measures and the Goal of the Problem

When solving for the remaining measures, the typical given data includes:

e Two angles and a side (AAS or ASA)
e Two sides and a non-included angle (SSA)

e Two sides and the included angle (SAS)

The goal is to find the missing side lengths and angles that are not
provided.



Methods to Solve for Remaining Measures

Using the Law of Sines

The Law of Sines is a fundamental tool for solving non-right triangles when
you are given pairs of angles and sides that are opposite each other.

Law of Sines Formula

\

\frac{a}{\sin A} = \frac{b}{\sin B} = \frac{c}{\sin C}
\1]

Where:

- \(a, b, c\) are the side lengths

- \ (A, B, C\) are the angles opposite those sides

Application Steps

1. Identify the known angles and sides from the problem.
2. Use the Law of Sines to set up ratios with known quantities.
3. Cross—multiply and solve for the unknown side or angle.

4. Check for ambiguous cases, especially with SSA data, which may lead to
zero, one, or two possible solutions.

5. Use the sum of angles in a triangle (\(A + B + C = 180"\circ\)) to find
missing angles once sides are known.

Using the Law of Cosines

The Law of Cosines is particularly useful when you are given:

- Two sides and the included angle (SAS)
— All three sides (SSS)

Law of Cosines Formula

\ [

c”2 = a”2 + b*2 - 2ab \cos C
\]

Similarly for other sides:

\ [

a”2 = b*2 + c*2 - 2bc \cos A
\]

\ [

b*"2 = a”2 + ¢”2 - 2ac \cos B
\]

Application Steps



1. Identify the known sides and angles.
2. Choose the appropriate formula based on the given data.
3. Plug the known quantities into the Law of Cosines formula.

4. Solve for the unknown side or angle (using inverse cosine if solving for
an angle).

5. Once you have all sides or angles, verify the triangle's properties for
consistency.

Step-by-Step Example: Solving a Non-right
Triangle

Let's explore a practical example to illustrate these methods.

Given Data

Suppose you are given:

e Angle A = 50°

8 units

e Side a

e Side b = 10 units

Your goal is to find:

- Angle B
- Angle C
- Side c¢

Applying the Law of Sines

Since two sides and an angle not included between them are given (SSA), be
cautious of the ambiguous case.

1. Use Law of Sines to find \(\sin B\):

\ [

\frac{a}{\sin A} = \frac{b}{\sin B}

\1

\ [

\frac{8}{\sin 50"\circ} = \frac{10}{\sin B}
\]

2. Calculate \(\sin B\):

\ [
\sin B = \frac{10 \times \sin 50"\circ}{8}



\]
\ [
\sin B = \frac{10 \times 0.7660}{8} = \frac{7.660}{8} \approx 0.9575
\1

3. Find \ (B\):

\ [
B = \sin™{-1}(0.9575) \approx 73.7"\circ
\1

4. Determine \ (C\) :
C = 180"\circ — A - B = 180"\circ - 50"\circ - 73.7"\circ = 56.3"\circ

5. Find side \ (c\):

\ [

\frac{c}{\sin C} = \frac{a}{\sin A}

\]

\ [

c = \frac{\sin C \times a}{\sin A} = \frac{\sin 56.3"\circ \times 8}{\sin
50"\ circ}

\]

\ [

c = \frac{0.832 \times 8}{0.766} \approx \frac{6.656}{0.766} \approx 8.69
\text{ units}

\]

This example demonstrates how to apply the Law of Sines to find missing
measures in a non-right triangle.

Handling Special Cases and Ambiguities

When solving non-right triangles, especially with SSA data, the ambiguous
case may arise, leading to:

e No solution

e One solution

e Two solutions

Understanding the conditions that lead to each case is crucial:

— No solution: when the given data contradicts the triangle's possible
configurations.

— One solution: when the data leads to a unique triangle.

- Two solutions: when an angle's sine value corresponds to two different
angles (e.g., 73.7° and 106.3°).

To resolve ambiguity:



— Check the range of sine values.

- Verify if the second possible angle produces a valid triangle (sum of
angles less than 180°).

— Use the Law of Cosines if needed to confirm.

Summary of Key Formulas and Tips

To effectively solve for the remaining three measures of a non-right
triangle:

e Use the Law of Sines when given ASA, AAS, or SSA data, but be mindful of
the ambiguous case.

e Use the Law of Cosines when given SAS or SSS data.

e Always verify your answers by checking that the sum of angles equals
180° and side lengths are consistent.

e Be cautious with SSA data to avoid ambiguous solutions.

Conclusion

Mastering the techniques of solving non-right triangles using the given
measures involves understanding when and how to apply the Law of Sines and
Law of Cosines. By carefully analyzing the given data and choosing the
appropriate method, you can accurately determine all unknown measures,
completing your triangle's dimensions. Practice with various problems to
become confident in handling all types of scenarios, including ambiguous
cases, and enhance your geometry problem-solving skills.

Whether you're tackling academic coursework or applying these principles in
real-world contexts, the ability to solve non-right triangles is an essential
component of geometric proficiency.

Frequently Asked Questions

How do I find the third side of a non-right triangle
when given two sides and the included angle?

You can use the Law of Cosines: c? = a? + b? - 2ab cos(C), where a and b are
the known sides and C is the included angle. Solving for c gives the length
of the third side.

What is the method to find an unknown angle in a
triangle when two sides and a non-included angle are
known?

Use the Law of Sines: sin(A)/a = sin(B)/b = sin(C)/c. Rearrange to find the
unknown angle, for example, A = arcsin((a sin(C))/c), once you have the known



sides and angles.

How can I determine the area of a non-right triangle
using given side lengths and an angle?

Use the formula: Area = % a b sin(C), where a and b are sides and C is the
included angle between them.

What steps should I follow to solve for all missing
measures in a triangle when only two sides and a non-
included angle are given?

First, apply the Law of Sines to find an unknown angle. Then, use the Law of
Cosines or Law of Sines again to find the remaining side(s) and angle(s).
Ensure to check for ambiguous cases such as the SSA configuration.

Can the Law of Cosines be used to find an angle in a
triangle when all three sides are known?

Yes, the Law of Cosines can be rearranged to find any angle: cos(C) = (a® +
b? - c?) / (2ab). Plug in the known sides to find the measure of the angle.

What are common pitfalls when solving for the
remaining measures in a non-right triangle?

Common pitfalls include misapplying the Law of Sines when the given data
leads to ambiguous cases (SSA), forgetting to check for the existence of
solutions, and rounding errors in calculations. Always verify the triangle's
validity after each step.

Additional Resources

Using The Given Measures Of The Non-Right Triangle, Solve For The Remaining
Three Measures

When working with triangles in geometry, understanding how to utilize given
measures to find unknown ones is crucial. Using the given measures of the
non-right triangle, solve for the remaining three measures is a fundamental
skill that combines knowledge of trigonometry, the Law of Sines, and the Law
of Cosines. This guide will walk you through the process step-by-step,
providing a comprehensive approach to solving non-right triangles efficiently
and accurately.

Understanding the Problem: What Is a Non-Right Triangle?

Before diving into the solving process, it’s important to clarify what
constitutes a non-right triangle. Unlike right triangles, which have a 90-
degree angle, non-right triangles can be:

- Acute triangles with all angles less than 90°
— Obtuse triangles with one angle greater than 90°



In problems involving non-right triangles, the given measures typically
include:

- Two angles (or one angle and one side)
- One or two sides

The objective is to find the other measures — the remaining sides and angles.

Common Types of Data and Their Implications

Depending on what data is given, different methods are appropriate:

| Given Data Type | Suitable Method(s) | Notes |

|- |- | ———————- |

| Two sides and an included angle (SAS) | Law of Cosines, then Law of Sines |
First find the third side, then find remaining angles |

| Two sides and a non—-included angle (SSA) | Law of Sines (ambiguous case) |
Careful analysis needed for possible solutions |

| Three sides (SSS) | Law of Cosines | Find all angles then remaining
measures |

| Two angles and one side (AAS or ASA) | Law of Sines | Find the third angle,

then sides |

Step-by-Step Guide to Solving Non-Right Triangles
Step 1: Identify Given Measures and Determine the Type of Data
Start by carefully listing the known measures:

— Sides: labeled as a, b, c
- Angles: labeled as A, B, C

Determine whether you have:

- Two angles and one side (AAS or ASA)

- Two sides and an included angle (SAS)

- Two sides and a non-included angle (SSA)

— Three sides (SSS)

This classification will dictate your approach.

Step 2: Find Missing Angles if Not Fully Known

If you are given two angles, the third can be found using the angle sum
property:

A+ B+ C = 180°

Example: If angles A and B are given, then

- C = 180° - A - B

Step 3: Choose the Appropriate Law or Formula

Based on the data, select the correct method:



- SAS (Side-Angle-Side): Use the Law of Cosines to find the third side.

- SSA (Side-Side-Angle): Use the Law of Sines, being cautious of the
ambiguous case.

— SSS (Side-Side-Side): Use the Law of Cosines to find angles.

— AAS or ASA (Angle-Angle-Side): Use Law of Sines to find remaining sides.

Using the Law of Cosines and Law of Sines Effectively

Law of Cosines

The Law of Cosines relates sides and angles in any triangle:
\[ c*2 = a2 + b*2 - 2ab \cos C \]

Similarly,

\[ a”2 b2 + ¢”2 - 2bc \cos A \]
\[ b*2 = a2 + ¢c*2 - 2ac \cos B \]

When to use: Typically employed when you know two sides and the included
angle (SAS) or all three sides (SSS).

Law of Sines

The Law of Sines states:

\[ \frac{a}{\sin A} = \frac{b}{\sin B} = \frac{c}{\sin C} \]
When to use: Ideal when you know:

- Two angles and one side (AAS or ASA)

- Two sides and a non-included angle (SSA) — but be cautious of the ambiguous
case

Handling the Ambiguous Case (SSA)

The SSA configuration can produce:

— One solution

- Two solutions (ambiguous case)

- No solution

Approach:

1. Use Law of Sines to find the possible measures of the unknown angle.
2. Check if the sine value leads to valid angles (less than 180°, greater

than 0°).
3. Determine how many triangles are possible based on the data.

Practical Example Walkthrough



Given Data:

- Side a = 8 units
- Side b = 10 units
- Angle A = 30°

Objective: Find sides b and ¢, and angles B and C.
Step 1: Find Angle B using Law of Sines

\ [
\frac{a}{\sin A} = \frac{b}{\sin B}
\]

\ [
\frac{8}{\sin 30~\circ} = \frac{10}{\sin B}
\]

\ [
\frac{8}{0.5} = \frac{10}{\sin B}
\]

\ [
16 = \frac{10}{\sin B}
\]
\ [

\sin B = \frac{10}{16} = 0.625
\]

B = \sin™{-1}(0.625) \approx 38.68"\circ

Step 2: Find Angle C

\ [

C = 180"\circ — A - B = 180"\circ - 30"\circ - 38.68"\circ \approx
111.32"\circ

\1]

Step 3: Find side c

Using Law of Sines again:

N

\frac{a}{\sin A} = \frac{c}{\sin C}
\1]

N

\frac{8}{0.5} = \frac{c}{\sin 111.32"\circ}
\1

16 = \frac{c}{0.927}

c = 16 \times 0.927 \approx 14.83



| Measure | Value |
|—————— |————— |

| Angle A | 30° |

| Angle B | 38.68° |

| Angle C | 111.32° |

| Side a | 8 units |

| Side b | 10 units |

| Side ¢ | ~14.83 units |

Additional Tips for Accurate Triangle Solving

- Always verify the triangle's validity: The sum of angles must be 180°, and
side lengths must satisfy the triangle inequality.

— Use a calculator carefully: Inverse sine functions can produce multiple
solutions; check for the ambiguous case.

— Keep track of units: Make sure all measures are in the same units (degrees
or radians) .

- Draw a diagram: Visual representation helps clarify the problem and assists
in identifying the correct approach.

Conclusion

Using the given measures of the non-right triangle to solve for remaining
measures is a systematic process that hinges on understanding the
relationships between sides and angles. Whether dealing with SAS, SSS, ASA,
AAS, or SSA cases, applying the Law of Sines and Law of Cosines correctly
facilitates accurate solutions. Remember to analyze the given data carefully,
choose the appropriate method, and always verify your results for consistency
with the fundamental properties of triangles. With practice, solving non-
right triangles becomes an intuitive and rewarding skill essential in
geometry, trigonometry, and numerous applied fields such as engineering,
physics, and surveying.
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