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Understanding how the mass of water in a leaking container changes over time is a fundamental
problem in fluid dynamics and applied physics. Whether for engineering applications, environmental
studies, or everyday scenarios, modeling such a process involves analyzing the rate at which water is
added and lost. This article provides an in-depth exploration of how to derive the function \( M(t) \),
representing the mass of water at any given time, when water is poured into a container that has a
leak.

---

Introduction to the Problem

When water is poured into a container with a leak, the mass of water inside does not increase
indefinitely. Instead, it reaches a dynamic equilibrium governed by the rates of inflow and outflow.
The key factors influencing this process include:
- The rate at which water is added.
- The rate at which water leaks out.
- The properties of the leak (size, shape).
- The initial amount of water in the container.

The goal is to develop a mathematical model that describes \( M(t) \), the mass of water in the
container at any time \( t \), given these parameters.

---

Fundamental Concepts and Assumptions

Before deriving the function, it's important to clarify the assumptions and concepts involved:

Assumptions

The inflow rate of water is known and possibly constant or a known function of time.

The leak is characterized by a known or measurable outflow rate, which depends on the water
level or mass inside the container.



The water density \( \rho \) is constant (usually approximately 1000 kg/m\(^3\)).

The effects of evaporation, splashing, and other external factors are negligible.

The system is well-mixed; the water level is uniform throughout the container.

Variables and Parameters

\( M(t) \): mass of water in the container at time \( t \) (kg)

\( V(t) \): volume of water in the container at time \( t \) (m\(^3\))

\( \rho \): density of water (kg/m\(^3\))

\( Q_{in}(t) \): volumetric inflow rate (m\(^3\)/s)

\( Q_{out}(t) \): volumetric outflow rate due to leak (m\(^3\)/s)

Since \( M(t) = \rho V(t) \), the problem reduces to analyzing the volume change over time.

---

Mathematical Modeling of Water Mass Dynamics

The core of the analysis involves setting up a differential equation based on the principle of
conservation of mass:

\[
\frac{dM}{dt} = \text{Inflow rate} - \text{Outflow rate}
\]

Expressed in terms of volume:

\[
\frac{dV}{dt} = \frac{Q_{in}(t)}{\rho} - \frac{Q_{out}(t)}{\rho}
\]

which simplifies to:

\[
\rho \frac{dV}{dt} = Q_{in}(t) - Q_{out}(t)
\]

Given that \( M(t) = \rho V(t) \), then:



\[
\frac{dM}{dt} = Q_{in}(t) - Q_{out}(t)
\]

---

Modeling the Inflow and Outflow Rates

To derive \( M(t) \), explicit expressions for \( Q_{in}(t) \) and \( Q_{out}(t) \) are essential.

Inflow Rate \( Q_{in}(t) \)
- Constant Inflow: If water is poured at a constant rate, then:

\[
Q_{in}(t) = Q_{0}
\]

where \( Q_{0} \) is a constant volumetric flow rate (m\(^3\)/s).

- Time-Dependent Inflow: If the inflow varies, \( Q_{in}(t) \) is a known function, e.g., \( Q_{in}(t) =
Q_{0} \cdot f(t) \).

Outflow Rate \( Q_{out}(t) \)
The outflow through the leak depends on the physics of fluid flow, usually modeled using Torricelli's
law:

\[
Q_{out}(t) = A_{leak} \cdot v(t)
\]

where:
- \( A_{leak} \): cross-sectional area of the leak (m\(^2\))
- \( v(t) \): velocity of water leaving the leak (m/s)

Applying Bernoulli's principle, the velocity \( v(t) \) relates to the height of water \( h(t) \):

\[
v(t) = \sqrt{2 g h(t)}
\]

with:
- \( g \): acceleration due to gravity (~9.81 m/s\(^2\))
- \( h(t) \): water height at time \( t \)

Since the volume relates to height via the cross-sectional area \( A_{container} \):



\[
V(t) = A_{container} \cdot h(t)
\]

and so:

\[
h(t) = \frac{V(t)}{A_{container}}
\]

Therefore,

\[
Q_{out}(t) = A_{leak} \sqrt{2 g \frac{V(t)}{A_{container}}} = C \sqrt{V(t)}
\]

where

\[
C = A_{leak} \sqrt{\frac{2 g}{A_{container}}}
\]

Expressed in terms of mass:

\[
Q_{out}(t) = \tilde{C} \sqrt{M(t)}
\]

with

\[
\tilde{C} = \frac{A_{leak}}{\rho} \sqrt{\frac{2 g}{A_{container}}}
\]

---

Deriving the Differential Equation for \( M(t) \)

Combining the above, the differential equation becomes:

\[
\frac{dM}{dt} = \rho Q_{in}(t) - \rho Q_{out}(t)
\]

or, substituting the expressions for \( Q_{in} \) and \( Q_{out} \):

\[
\frac{dM}{dt} = \rho Q_{in}(t) - \tilde{C} \sqrt{M(t)}
\]



In the case of constant inflow \( Q_{0} \):

\[
\frac{dM}{dt} = \rho Q_{0} - \tilde{C} \sqrt{M(t)}
\]

This is a nonlinear first-order differential equation, which can be tackled using standard methods.

---

Solving the Differential Equation

Let's focus on the constant inflow case:

\[
\frac{dM}{dt} = a - b \sqrt{M(t)}
\]

where:

\[
a = \rho Q_{0}
\]
\[
b = \tilde{C}
\]

This ODE can be solved using substitution:

1. Let \( N(t) = \sqrt{M(t)} \), then \( M(t) = N(t)^2 \).

2. Derive \( dM/dt \):

\[
\frac{dM}{dt} = 2 N(t) \frac{dN}{dt}
\]

3. Substitute into the differential equation:

\[
2 N(t) \frac{dN}{dt} = a - b N(t)
\]

4. Rearrange:

\[
2 N \frac{dN}{dt} + b N = a
\]



5. Divide both sides by \( N \):

\[
2 \frac{dN}{dt} + b = \frac{a}{N}
\]

6. Rearrange:

\[
2 \frac{dN}{dt} = \frac{a}{N} - b
\]

7. Write as:

\[
\frac{dN}{dt} = \frac{1}{2} \left( \frac{a}{N} - b \right)
\]

This is a Bernoulli-type differential equation, which can be solved by separation of variables:

\[
2 dN / (a/N - b) = dt
\]

or equivalently:

\[
2 dN = (a/N - b) dt
\]

But it's easier to write as:

\[
\frac{dN}{dt} = \frac{a - b N}{2 N}
\]

which simplifies the process.

---

Solution of the Differential Equation

Rearranged:

\[
\frac{dN}{dt} = \frac{a}{2 N} - \frac{b}{2}
\]

Multiply both sides by \( 2 N \):



\[
2 N \frac{dN}{dt} = a - b N
\]

Now, write as:

\[
\frac{

Frequently Asked Questions

How does the leak in the container affect the mass of water
over time?
The leak causes the mass of water to decrease over time, typically following a rate dependent on the
size and nature of the leak, resulting in a decreasing function M(t).

What mathematical models can describe the mass of water in
the container as a function of time?
Models such as exponential decay or differential equations based on the leak rate can describe M(t),
for example, M(t) = M0 e^{ -kt } where k is the leak constant.

How can we determine the leak rate from the given mass
function M(t)?
By differentiating M(t) with respect to time, dM/dt, and analyzing its form, we can estimate the leak
rate constant and understand how quickly water escapes from the container.

What initial conditions are necessary to fully determine the
function M(t)?
The initial mass of water, M(0), at the start of observation is essential, along with the leak rate or
related parameters, to explicitly define M(t).

How does the shape of the function M(t) change if the leak
rate varies over time?
If the leak rate is not constant, M(t) may follow a more complex function, possibly requiring
piecewise or variable-rate models to accurately describe the mass decrease.

What practical applications can this model of water leakage



have?
This model is useful in engineering for designing leak-proof containers, in environmental science for
water conservation studies, and in physics for understanding fluid dynamics and decay processes.

Additional Resources
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Understanding the behavior of water in a leaking container is a classic problem in fluid dynamics
and mathematical modeling. When water is poured into a container that has a leak, the mass of
water inside does not increase indefinitely; instead, it depends on the rate of inflow and outflow.
Analyzing how the mass \( M(t) \) varies over time provides insights into steady-state conditions,
transient phases, and the influence of various parameters such as leak size and inflow rate. This
situation has practical applications in engineering systems, environmental studies, and even in
designing efficient water management strategies.

---

Introduction to the Problem

The core of the problem revolves around a container into which water is being poured continuously
(or intermittently), while simultaneously losing water through a leak. The key variables include:

- Inflow rate (\( R_{in} \)): the rate at which water is added to the container.
- Leak rate (\( R_{out} \)): the rate at which water escapes through the leak.
- Mass \( M(t) \): the amount of water in the container at any time \( t \).

The primary goal is to derive the function \( M(t) \), representing how the mass of water evolves over
time considering these competing processes.

---

Formulating the Mathematical Model

Basic Assumptions

To simplify the analysis, certain assumptions are typically made:

- The inflow rate \( R_{in} \) is constant.
- The leak rate \( R_{out} \) depends on the water height, which in turn depends on the mass \( M(t)
\).



- The cross-sectional area \( A \) of the container is constant.
- The fluid is incompressible, and gravity acts downward.
- The leak’s characteristics remain constant over time.

Deriving the Differential Equation

Let’s denote:

- \( M(t) \): mass of water at time \( t \).
- \( V(t) \): volume of water at time \( t \), related to \( M(t) \) by \( V(t) = \frac{M(t)}{\rho} \), where
\( \rho \) is the density of water.
- \( h(t) \): height of water in the container, related to volume by \( V(t) = A h(t) \).

The rate of change of mass is given by:

\[
\frac{dM}{dt} = R_{in} - R_{out}
\]

Since the leak rate depends on the water height, a common model for \( R_{out} \) uses Torricelli’s
law:

\[
R_{out} = C \sqrt{2 g h(t)}
\]

where:

- \( C \): a discharge coefficient related to the leak size and shape.
- \( g \): acceleration due to gravity.
- \( h(t) = \frac{V(t)}{A} = \frac{M(t)}{\rho A} \).

Replacing \( R_{out} \):

\[
\frac{dM}{dt} = R_{in} - C \sqrt{2 g \frac{M(t)}{\rho A}}
\]

This yields a nonlinear differential equation:

\[
\boxed{
\frac{dM}{dt} = R_{in} - K \sqrt{M(t)}
}
\]

where:

\[



K = C \sqrt{\frac{2 g}{\rho A}}
\]

---

Analysis of the Differential Equation

Steady-State Solution

At equilibrium, the mass does not change with time:

\[
\frac{dM}{dt} = 0
\]

which implies:

\[
R_{in} = K \sqrt{M_{ss}}
\]

Solving for \( M_{ss} \):

\[
M_{ss} = \left( \frac{R_{in}}{K} \right)^2
\]

This steady-state mass indicates the maximum amount of water the container maintains over time,
balancing inflow and leak loss.

Features:

- The steady-state mass is proportional to the square of the inflow rate.
- Increases in leak severity (larger \( C \)) reduce the steady-state mass.

Transient Behavior and General Solution

The differential equation:

\[
\frac{dM}{dt} = R_{in} - K \sqrt{M}
\]

is a Bernoulli-type equation, which can be solved via substitution:



Let \( u = \sqrt{M} \), then \( M = u^2 \) and:

\[
\frac{dM}{dt} = 2 u \frac{du}{dt}
\]

Substituting:

\[
2 u \frac{du}{dt} = R_{in} - K u
\]

Dividing through by \( 2 u \):

\[
\frac{du}{dt} = \frac{R_{in}}{2 u} - \frac{K}{2}
\]

This is a nonlinear differential equation in \( u(t) \), but it can be further manipulated or integrated
numerically to find \( M(t) \).

---

Features and Implications of the Model

Key Features

- Nonlinear Dynamics: The dependence on \( \sqrt{M} \) introduces nonlinearity, which complicates
analytical solutions but accurately captures real-world physics.
- Steady-State Behavior: The model predicts a finite maximum mass, preventing indefinite
accumulation of water.
- Time to Reach Steady State: The transient solution describes how quickly the container approaches
equilibrium, depending on initial conditions and parameters.

Practical Implications

- Design Optimization: By understanding \( M(t) \), engineers can optimize container size and leak
tolerances.
- Leak Detection: Monitoring \( M(t) \) and its approach to steady state can help identify leak
severity.
- Water Conservation: In environmental contexts, such models inform water management in leak-
prone systems.

---



Pros and Cons of the Model

Pros:

- Realistic Representation: Incorporates physics-based leak laws, capturing the nonlinear
relationship between water height and outflow.
- Predictive Power: Enables calculation of transient and steady-state behaviors.
- Flexibility: Parameters \( R_{in} \), \( C \), and \( A \) can be varied to simulate different scenarios.

Cons:

- Simplifying Assumptions: Assumes constant discharge coefficient and neglects factors like
turbulence or changing leak size.
- Limited to Idealized Conditions: Does not account for evaporation, temperature changes, or
complex leak geometries.
- Analytical Complexity: The nonlinear equations often require numerical methods for solutions,
especially for arbitrary initial conditions.

---

Applications and Broader Context

The analysis of water pouring into a leaking container extends beyond academic curiosity. Its
applications include:

- Tank Design: Ensuring storage tanks can maintain desired water levels despite leaks.
- Hydraulic System Monitoring: Detecting leaks based on changes in water mass over time.
- Environmental Management: Understanding natural water bodies with seepage or leakage.
- Industrial Processes: Managing fluids in pipelines and containers with potential leaks.

Furthermore, the principles behind this model are analogous to electrical circuits (charge
accumulation with leakage), chemical reactors (reactant input vs. outflow), and economic models
(capital inflow vs. outflow).

---

Conclusion

The problem of Water Is Poured Into A Container That Has A Leak, The Mass M Of The Water Is
Given As A Function Of Time is a rich example of applying differential equations to real-world
scenarios. By modeling the inflow and outflow dynamics, especially considering the nonlinear
dependence of leak rate on water height, we gain valuable insights into the transient and steady-
state behaviors of such systems. Although simplified assumptions are necessary for analytical
tractability, these models serve as foundational tools for engineers and scientists working to
optimize water storage, detect leaks, and understand fluid behavior in complex environments. The



balance between inflow and outflow, encapsulated mathematically, provides a critical understanding
of how systems stabilize over time and how parameter variations influence system performance.
Understanding these dynamics not only satisfies academic curiosity but also delivers practical
benefits across a range of engineering and environmental applications.
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