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Understanding the probability of specific arrangements when randomly
distributing objects is a fundamental concept in combinatorics and
probability theory. In this article, we delve into a classic problem: "We
randomly put 80 balls into 40 boxes," exploring the detailed steps to
determine the probability of a particular configuration occurring. This
problem exemplifies key principles in probability, including combinatorial
calculations, assumptions about randomness, and the role of symmetry. Whether
you're a student studying probability theory or someone interested in
combinatorial problems, this comprehensive guide will clarify the concepts
and methods to solve such questions efficiently.

Introduction to the Problem

The problem involves distributing 80 identical balls into 40 distinct boxes
randomly. The question typically asks: What is the probability that a certain
configuration or event occurs? For example, what is the probability that a
specific box contains exactly 3 balls? Or, what is the probability that no
box is empty? These questions help illustrate how combinatorial principles
are applied in real-world and theoretical contexts.

Understanding the Basic Setup

Before diving into calculations, it’s important to clarify the nature of the
problem:

Assumptions and Conditions
- Identical Balls: The 80 balls are indistinguishable. This simplifies
counting because arrangements are only distinguished by how many balls go
into each box, not which specific ball.
- Distinct Boxes: The 40 boxes are distinguishable (e.g., labeled Box 1, Box
2, ..., Box 40).
- Random Placement: Each possible distribution is equally likely, assuming a
uniform probability distribution over all possible arrangements.
- Constraints: The total number of balls placed must sum to 80, but there are



no restrictions such as maximum or minimum number of balls per box unless
specified.

Key Concepts
- Combinatorics: The counting of arrangements or distributions.
- Probability: The likelihood of a specific arrangement or event.
- Uniform Distribution: Each possible configuration is equally likely.

Mathematical Foundations

The core of the problem relies on combinatorial calculations involving stars
and bars (or balls and urns) methods. These techniques help count the number
of ways to distribute objects into containers under given constraints.

Number of Ways to Distribute 80 Identical Balls into
40 Boxes

When distributing \( n \) identical balls into \( k \) distinct boxes, the
total number of arrangements (assuming no restrictions on the number of balls
per box) is given by the stars and bars theorem:

\[
\text{Total arrangements} = \binom{n + k - 1}{k - 1}
\]

Applying to our problem:

\[
\text{Total arrangements} = \binom{80 + 40 - 1}{40 - 1} = \binom{119}{39}
\]

This binomial coefficient counts all possible distributions where some boxes
may be empty.

Calculating Probabilities for Specific Events

To find the probability of a particular event—such as a specific box holding
exactly \( m \) balls—we need:

1. The total number of arrangements (denominator).
2. The number of arrangements where the event occurs (numerator).

The probability is then:



\[
P(\text{event}) = \frac{\text{Number of arrangements satisfying
event}}{\text{Total arrangements}}
\]

---

Example 1: Probability that a specific box contains exactly 3 balls

Step 1: Fix the target box (say Box 1). For it to contain exactly 3 balls:

- Place 3 balls in Box 1.
- Distribute the remaining \( 80 - 3 = 77 \) balls into all 40 boxes
(including Box 1).

Since the boxes are distinguishable, but we're fixing Box 1's count, the
distribution of the remaining 77 balls into 40 boxes (with no restrictions)
is:

\[
\binom{77 + 40 - 1}{40 - 1} = \binom{116}{39}
\]

Step 2: Count total arrangements where Box 1 has exactly 3 balls:

- The count is \(\binom{116}{39}\).

Step 3: The total number of arrangements (as previously calculated):

\[
\binom{119}{39}
\]

Step 4: Compute the probability:

\[
P(\text{Box 1 has exactly 3 balls}) = \frac{\binom{116}{39}}{\binom{119}{39}}
\]

This ratio simplifies using properties of binomial coefficients.

---

Example 2: Probability that no box is empty

Step 1: Count arrangements where each box has at least 1 ball.

- Since total balls are 80, and each box has at least 1, the minimum total is
40 balls (one in each box). But we have 80, so some boxes will have more than
1.



- Remaining balls after assigning 1 to each box:

\[
80 - 40 = 40
\]

- Distribution of remaining 40 balls into 40 boxes (which can now be empty or
not, but since we've already assigned 1 in each, they can be zero or more):

\[
\binom{40 + 40 - 1}{40 - 1} = \binom{79}{39}
\]

Step 2: Total arrangements (with no restrictions):

\[
\binom{119}{39}
\]

Step 3: Probability that no box is empty:

\[
P(\text{no empty boxes}) = \frac{\binom{79}{39}}{\binom{119}{39}}
\]

---

Key Insights:

- These calculations depend heavily on combinatorial identities and binomial
coefficients.
- The symmetry of arrangements simplifies probability calculations.
- The problem generalizes to various configurations, such as specific counts
per box or the distribution's variance.

Applications of the Problem in Real Life

Understanding the probability of distributing objects randomly into
containers has numerous practical applications:

1. Quality Control and Manufacturing
- Modeling defect distribution across batches.
- Assessing the likelihood of certain defect counts in specific units.



2. Computer Science and Data Storage
- Load balancing across servers.
- Random data distribution algorithms.

3. Ecology and Population Studies
- Distribution of species across habitats.
- Estimating probabilities of certain population counts.

4. Gaming and Gambling
- Analyzing chances of specific outcomes in random events.

Advanced Topics and Variations

The basic problem can be extended or modified in several ways:

1. Different Numbers of Balls and Boxes
- Changing the total number of balls or boxes.
- Considering non-uniform probabilities.

2. Allowing Multiple or No Balls in a Box
- Imposing constraints like maximum capacity or minimum number.

3. Considering Distinguishable Balls
- Counting arrangements where each ball is unique.

4. Probabilities with Non-Uniform Distributions
- Assigning different probabilities to different boxes.

Conclusion and Summary

The problem of randomly distributing 80 balls into 40 boxes exemplifies core
principles of combinatorics and probability. By applying the stars and bars
theorem, we can compute the total number of arrangements and then determine
the probability of specific configurations, such as a box having an exact



number of balls or no boxes being empty. These calculations are fundamental
in various fields, from scientific research to computer science, and serve as
a vital tool for modeling and analyzing random processes.

Key takeaways include:

- The total number of arrangements for distributing identical objects into
distinguishable boxes is given by binomial coefficients.
- Probabilities of specific arrangements are ratios of favorable arrangements
over total arrangements.
- The method extends to many variations, including different constraints and
object distinguishability.
- Understanding these principles enhances problem-solving skills in
probability, combinatorics, and their practical applications.

By mastering these concepts, you'll be well-equipped to analyze complex
distribution problems and interpret their probabilities accurately, whether
for academic purposes or real-world scenarios.

---

For further reading and practice, explore topics such as stars and bars
theorem, binomial coefficient identities, and multinomial distributions.
These foundational concepts deepen your understanding of combinatorial
probability and expand your problem-solving toolkit.

Frequently Asked Questions

What is the probability of a specific ball ending up
in a specific box when 80 balls are randomly
distributed into 40 boxes?
The probability is 1/40, since each ball is equally likely to be in any box,
so for a specific ball and box, it's 1 divided by the total number of boxes.

How do we calculate the probability that a
particular box contains exactly k balls?
This can be modeled using the binomial distribution: P(X = k) = C(80, k)
(1/40)^k (39/40)^(80 - k), assuming each ball independently chooses a box.

What is the expected number of balls in a single
box?
The expected number is (total balls) divided by (number of boxes), so 80/40 =
2 balls on average per box.



What is the probability that a specific box is empty
after placing all 80 balls?
The probability is (39/40)^80, since each ball has a 39/40 chance of not
choosing that box, and all are independent.

How can we find the probability that a specific box
contains at least one ball?
It's 1 minus the probability that the box is empty, so 1 - (39/40)^80.

What is the probability that exactly two boxes are
empty after the random placement?
This involves complex combinatorial calculations, but generally can be
approached using the multinomial distribution and inclusion-exclusion
principles.

If we want to find the probability that no box
contains more than 3 balls, how can we approach this
problem?
This is a complex problem involving multinomial probabilities and
constraints; it can be approximated using generating functions or simulation
methods.

What is the probability distribution of the number
of balls in a given box?
It follows a binomial distribution with parameters n=80 and p=1/40, so P(X=k)
= C(80, k) (1/40)^k (39/40)^(80 - k).

How does increasing the number of balls affect the
probability that a box is empty?
As the number of balls increases, the probability that a specific box remains
empty decreases exponentially, approaching zero as the number grows large.

What assumptions are made in calculating these
probabilities in the class explanation?
The key assumptions are that each ball is independently and randomly placed
into any of the boxes with equal probability, and that the placement process
is uniform and independent for all balls.
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Introduction

Imagine a scenario where 80 identical balls are randomly distributed into 40
distinct boxes. This is a classic problem in probability theory and
combinatorics, often introduced in introductory courses to demonstrate how
randomness and counting principles interplay. The question posed — “What is
the probability?” — invites us to delve into the mathematical framework
behind such an arrangement. Whether for academic curiosity or practical
applications like resource allocation, understanding the probability of
various configurations in this setup provides valuable insights into the
behavior of random systems.

In this article, we’ll explore the problem step-by-step, unpacking the
underlying assumptions, the combinatorial methods used to count possible
arrangements, and how to compute the probability of specific outcomes. We’ll
also examine how different conditions, such as whether balls are
distinguishable or boxes are distinguishable, impact the calculations. By the
end, you’ll have a comprehensive understanding of how to approach such
problems, with clear explanations suitable for both readers new to
probability and those seeking a deeper analytical grasp.

---

The Nature of the Problem: Balls and Boxes

Distinguishability and Its Significance

A critical first step in solving any probability problem involving
distributing objects into containers is to clarify whether the objects and
containers are distinguishable:

- Identical Balls, Distinct Boxes: All balls are identical, but each box has
a unique label (e.g., Box 1, Box 2, ..., Box 40).
- Distinct Balls, Distinct Boxes: Each ball is unique, and boxes are labeled.
- Identical Balls, Indistinguishable Boxes: Less common in typical problems
unless specified.
- Distinct Balls, Indistinguishable Boxes: Rare and more complex.

In our scenario, the common interpretation (and as typically explained in
class) is that the balls are identical and the boxes are distinguishable.
This assumption simplifies the analysis and aligns with standard
combinatorial models.

The Basic Question: Probability of a Specific Configuration



Suppose we want to find the probability that, after randomly placing 80
identical balls into 40 labeled boxes, a particular distribution occurs. For
example, what is the probability that each box contains exactly 2 balls? Or,
more generally, what is the probability that a given configuration occurs?

This leads us to consider the total number of possible arrangements and the
number of arrangements consistent with the specific configuration, allowing
us to compute the probability as:

\[ \text{Probability} = \frac{\text{Number of favorable
arrangements}}{\text{Total number of possible arrangements}} \]

---

Counting the Total Number of Arrangements

Understanding the total number of arrangements is fundamental. Depending on
the interpretative assumptions, the count varies.

Case 1: Indistinguishable Balls into Distinguishable Boxes

This is the classic “stars and bars” problem in combinatorics.

Problem Restatement: How many ways to place 80 identical balls into 40
labeled boxes, with no restrictions?

Solution Approach: The problem reduces to finding the number of non-negative
integer solutions to:

\[ x_1 + x_2 + \dots + x_{40} = 80 \]

where each \( x_i \) represents the number of balls in box \( i \).

Number of solutions: The stars and bars theorem states:

\[ \binom{80 + 40 - 1}{40 - 1} = \binom{119}{39} \]

Thus, the total number of arrangements is:

\[ \boxed{\text{Total arrangements} = \binom{119}{39}} \]

This count includes all possible distributions, from all balls in one box to
evenly distributed arrangements.

Case 2: Distinguishable Balls into Distinguishable Boxes

If the balls are labeled (say, numbered from 1 to 80), each placement
corresponds to an ordered assignment.

Number of arrangements:



\[ 40^{80} \]

since each of the 80 distinguishable balls can go into any of the 40 boxes
independently.

---

Computing the Probability of Specific Events

Once the total number of arrangements is known, we can compute the
probability of particular configurations or events.

Example 1: Probability that each box contains exactly 2 balls

Feasibility Check: Since \( 40 \times 2 = 80 \), this configuration is
possible.

Number of arrangements:

- For distinguishable balls, the problem reduces to counting the number of
ways to partition 80 labeled balls into 40 groups of 2.

- The count is:

\[ \frac{80!}{(2!)^{40} \times 40!} \]

where:

- \( 80! \) accounts for permuting all individual balls,

- dividing by \( (2!)^{40} \) accounts for the order within each pair (since
balls are identical within each box; if balls are labeled, order within each
box matters, but typically we consider unordered groups),

- dividing by \( 40! \) accounts for the non-distinction of the boxes, but
since boxes are labeled, we do not divide by \( 40! \).

In this case, assuming distinguishable balls and labeled boxes, the number of
arrangements with exactly 2 balls per box is:

\[ \frac{80!}{(2!)^{40}} \]

Probability:

\[ P = \frac{\text{Number of arrangements with exactly 2 balls per
box}}{\text{Total arrangements}} \]

which simplifies to:

\[ P = \frac{\frac{80!}{(2!)^{40}}}{40^{80}} \]



---

General Approach to Probability Calculations

In general, to compute the probability that a specific configuration \(\{x_1,
x_2, ..., x_{40}\}\) occurs, where the sum is 80, you proceed as follows:

1. Calculate the number of arrangements that realize this configuration.

2. Divide by the total number of arrangements.

The specific formula depends on whether balls are labeled or unlabeled.

---

Extending to More Complex Questions

Beyond fixed configurations, probability questions can involve:

- The chance that any box contains a certain number of balls.

- The probability that all boxes have roughly equal numbers (e.g., between 1
and 3).

- The likelihood of certain patterns, like having at least one empty box.

These more complex questions often require combinatorial approximations or
probabilistic bounds, such as using the multinomial distribution or Poisson
approximations, especially when dealing with large numbers.

---

Impact of Assumptions on Probability Calculations

Assumption 1: Uniform Random Distribution

The calculations above assume each arrangement is equally likely. This is
valid if the process of placing balls is random and unbiased, with each ball
equally likely to go into any box, or the placement is truly random with
uniform probability across arrangements.

Assumption 2: Independence

When balls are distinguishable and placed independently, the total number of
arrangements becomes \( 40^{80} \), and probabilities are straightforward to
compute.

Assumption 3: Non-Uniform Probabilities

If the placement process favors certain boxes or if probabilities are non-
uniform, the calculations become more complex. The probability distribution



then depends on the specific bias, requiring the use of weighted counts or
probability mass functions.

---

Practical Applications and Real-World Analogies

Understanding the probability distributions in such models is not merely an
academic exercise. These principles underpin many real-world systems:

- Load balancing: Distributing tasks (balls) among servers (boxes).

- Resource allocation: Assigning items or resources randomly across
locations.

- Biology: Modeling the distribution of molecules or organisms across
environments.

- Computer science: Hashing functions distributing data into buckets.

In each case, knowing the likelihood of specific configurations helps in
designing efficient, resilient systems.

---

Summary and Key Takeaways

- The problem of randomly distributing 80 identical balls into 40 labeled
boxes can be modeled using combinatorics and probability theory.

- The total number of arrangements depends on whether the balls are labeled
or unlabeled, with the stars and bars theorem applicable for unlabeled balls
into labeled boxes.

- Calculating the probability of specific configurations involves counting
arrangements consistent with those configurations and dividing by the total
arrangements.

- Assumptions about distinguishability and randomness critically influence
the counting methods and resulting probabilities.

- Such models have broad applications beyond theoretical exercises, informing
practical decision-making in various fields.

---

Final Thoughts

The question “What is the probability?” in the context of randomly placing 80
balls into 40 boxes reveals the intricate dance between counting principles
and probability theory. It underscores the importance of clearly defining the



problem's assumptions and the nature of the objects involved. Whether for
theoretical insights or practical applications, mastering these concepts
equips us with powerful tools to analyze complex random systems, predict
their behavior, and make informed decisions based on probabilistic reasoning.

Understanding these principles not only enriches our mathematical intuition
but also enhances our capacity to interpret and manage the uncertainties
inherent in real-world scenarios.
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