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Understanding the transformation of geometric regions under complex functions
is a fundamental aspect of complex analysis. In particular, finding the image
of a specified region in the z-plane under a given transformation provides
insights into how shapes and boundaries are mapped in the complex plane. This
problem involves determining the image of a specific triangular region
bounded by the lines \ (X=0\), \(Y=0\), and \ (X + Y = 1\) under a complex
transformation. This process often entails identifying the boundary lines,
parameterizing these boundary segments, applying the transformation to these,
and then describing the resulting image region in the \ (w\)-plane.

Understanding the Problem Setup

Before delving into the transformation, it’s crucial to clearly understand
the initial region in the \(z\)-plane. The region is a triangle bounded by
three lines:

The y-axis
The x—axis

)
)
Y = 1\): The line passing through points \((1, 0)\) and \((0, 1)\)

This triangular region is located in the first quadrant of the \(z\)-plane,
bounded by the coordinate axes and the line \(X + Y = 1\).

Transforming the Region: The General Approach

The process of finding the image involves the following steps:

1. Identify the transformation function: Determine the explicit form of the
complex transformation \(w = f(z)\).

2. Parameterize the boundary lines: Express each boundary as a parametric
form in \(z\), usually in terms of a parameter \ (t\).

3. Apply the transformation to the boundary: Substitute the parametric forms
into \(f(z)\) to find the corresponding images.

4. Describe the image region: Use the transformed boundary to deduce the
shape and limits of the image region in the \ (w\)-plane.



Common Types of Transformations in Complex
Analysis

The specific transformation function greatly influences the image. Common
transformations include:

- Linear (affine) transformations: \(w = az + b\),

- Scaling and rotation: \(w = kz\),

— Inversion: \(w = 1/z\),

- Power functions: \(w = z”n\),

- Logarithmic functions: \(w = \log z\),

— Fractional linear (Mdbius) transformations: \(w = \frac{az + bl}{cz + d}\).

For this problem, the transformation is typically specified; if not, a common
choice is the Mo&bius transformation, which maps lines and circles to lines
and circles, making it suitable for such boundary mapping problems.

Step-by-Step Solution for a Typical
Transformation

Suppose the transformation is the standard complex function:

= f(z) = \frac{1l}{z}

This is a common transformation that inverts the complex plane. Let’s analyze
how this transformation maps the given triangular region.

Step 1: Parameterize the boundary lines

- Line \(X=0\): The imaginary axis, where \(z = iy\), with \(y\) from 0 to 1.
— Line \(Y=0\): The real axis, where \(z = x\), with \(x\) from 0 to 1.

- Line \ (X + Y = 1\): The line segment from \((0,1)\) to \((1,0)\),
parameterized as \(z =t + 1i(1 - t)\), for \(t\) in \([0,1]\).

Step 2: Map each boundary

- Mapping \(X=0\) (\(z = iy\), \(y \in [0,11\)):

\

w = \frac{l}{iy} = -\frac{i}{y}

\1]

As \(y\) goes from 0 to 1:

\ [

w \in \left ( -i \infty, —-i \right]

\1

- Mapping \(Y=0\) (\(z = x\), \(x \in [0,1]\)):

\ [



w = \frac{l}{x}
\]

As \(x\) goes from 0 to 1:

\ [
w \in [1, \infty)
\]

- Mapping \ (X + Y = 1\) (\N(z =t + 1(1 - t)\), \(t \in [0,11\)):
\ [

w = \frac{1}{t + 1(1 - t)}

\1

Multiply numerator and denominator by the conjugate:
w = \frac{t - 1(1 - t)}{t"2 + (1 - t)"2}

which simplifies to:

\ [
w = \frac{t - 1(1 - t)}{2t"2 - 2t + 1}
\1

As \(t\) varies from 0 to 1, this traces out a specific segment in the \ (w\)-
plane.

Step 3: Describe the image region

By analyzing the images of the boundary segments, we can sketch or describe
the transformed region:

— The images of the axes are rays extending to infinity.
— The image of the line segment \(X + Y = 1\) forms a curve connecting the
images of \((0,1)\) and \((1,0)\).

The resulting image will be a region bounded by these transformed boundaries,
typically a polygon or a curve in the \ (w\)-plane.

Interpreting the Results and Visualizing the
Image

Once the images of the boundary lines are mapped, the region enclosed by
these images can be identified. For instance:

- The images of the axes may form two rays or lines emanating from a point or
extending to infinity.

— The image of the hypotenuse \ (X + Y = 1\) forms a curve connecting the two
rays.

This combined image delineates the transformed region, often forming a sector



or a polygonal shape.

Alternative Transformations and Their Effects

If the transformation is different, such as \(w = z”n\) or \(w = e”z\), the
overall process remains similar but the nature of the boundary images
changes:

- Power functions (\(z"n\)) tend to "wrap" the boundary around the origin
multiple times, creating sectors or petals.
- Exponential functions (\(w = e”z\)) map strips and lines into sectors and

circles, often transforming straight lines into curves.

Understanding the specific transformation is wvital for accurately describing
the image.

Summary and Key Takeaways

— To find the image of a geometric region under a complex transformation,
start by parameterizing the boundary lines.

— Apply the transformation to these boundary parameterizations to see how
they are mapped.

— Use the images of the boundary segments to describe the overall shape of
the transformed region.

— Recognize that transformations like M&bius functions are particularly
useful because they map circles and lines to circles and lines, preserving
many geometric properties.

— Visualizing the images helps in understanding the nature of the
transformation and the resulting geometric configuration.

Conclusion

Understanding how a triangle in the \(z\)-plane maps into the \ (w\)-plane
under a complex transformation involves a systematic approach of boundary
parameterization, transformation application, and geometric interpretation.
Whether dealing with simple linear transformations or more complex functions
like M&bius, the core technique remains the same: analyze the boundary,
understand its image, and describe the enclosed region. Mastery of this
process is fundamental in complex analysis, with applications spanning
conformal mappings, fluid flow, electrostatics, and more.

Note: The exact image depends on the specific transformation \(f(z)\). If you
have a particular transformation in mind, such as \(w = \frac{az + b}{cz +
d}\) or \(w = e”z\), the above process can be tailored accordingly to produce



a precise mapping result.

Frequently Asked Questions

What is the geometric region bounded by the lines
X=0, ¥=0, and X+¥=1] in the XY-plane?

The region is a right triangle with vertices at (0,0), (1,0), and (0,1).

How do you find the image of the triangle region
under a complex transformation?

You substitute the coordinates of the boundary points into the transformation
function to determine their images, which define the transformed region.

What is a common complex transformation used to map a
triangle in the XY-plane?

A common transformation is a linear fractional (Mobius) transformation or an
affine transformation, depending on the context.

How do you determine the image of the boundary lines
under a complex transformation?

By substituting the boundary line equations into the transformation, then
simplifying to find the images of these lines in the Z-plane.

What role do vertices play in finding the image of a
region under a transformation?

Vertices are mapped individually to determine the shape and boundaries of the
transformed region, often forming the vertices of the image polygon.

Can you explain the steps to find the image of the
triangle bounded by X=0, ¥Y=0, and X+Y¥=1 under a
specific complex mapping?

Yes, first identify the vertices of the triangle, then apply the

transformation to each vertex, and finally connect the transformed points to
form the image region.

Why is understanding the boundary lines important
when finding the image of a region in complex
analysis?

Because the transformed boundary lines define the shape and extent of the
image region, ensuring an accurate representation of the transformed area.



Additional Resources

Find The Image Of The Triangle Region In The Z-plane Bounded By The Lines
X=0, Y=0 And X + Y=1

Introduction

In the realm of complex analysis and conformal mapping, one of the
foundational exercises involves transforming regions in the complex plane to
simpler or more canonical forms. This process often provides insights into
the geometric properties of functions and their ability to preserve angles
and structure. Among these, the problem of finding the image of a specified
region under a given transformation is a classic exercise that highlights the
power and elegance of complex functions.

This article delves into a specific problem: finding the image of the
triangular region in the Z-plane bounded by the lines X=0, Y=0, and X+Y=1
under a particular transformation, typically complex functions such as the
M&bius transformation or logarithmic maps. The triangular region, often
called the standard simplex in the real plane, is a fundamental shape that
appears frequently in mathematical analysis, and understanding its image
under various maps is both intellectually stimulating and practically
relevant.

Defining the Region in the Z-plane
Geometric Description of the Triangle

The region of interest is the triangle bounded by the lines:

- X=0 (the y-axis)
- Y=0 (the x—-axis)
- X+ Y =1 (a line passing through points (1,0) and (0,1))

Expressed in the Cartesian plane, the triangle can be described as:
N \{ (X, YY) \in \mathbb{R}”*2 \mid X \ge 0,\, Y \ge 0,\, X + Y \le 1 \} \]

This is a right triangle with vertices at:

- \(\mathbf{A} = (0, 0)\)

- \(\mathbf{B} = (1, 0)\)

- \(\mathbf{C} = (0, 1)\)

In complex notation, considering \(z = X + 1iY\), the triangle corresponds to
the set:

AN \{ z \in \mathbb{C} \mid \Re(z) \ge 0,\, \Im(z) \ge 0,\, \Re(z) + \Im(z)
\le 1 \} \]

which is a bounded region confined to the first quadrant and beneath the line
\N(\Re(z) + \Im(z) = 1\).



Objective: Mapping the Triangle via a Suitable Transformation

The principal goal is to determine the image of this triangle in the complex
plane under a specific transformation \(f(z)\). Although the problem
statement mentions "Find The Image," it often implies employing a well-chosen
conformal map to convert the complex geometry into a more manageable form.

A common choice for the transformation involves the logarithmic or Mobius
functions because they map regions like half-planes or triangles into simpler
domains such as strips or disks.

In this context, typical transformations include:

- M&bius transformations:

\[ £(z) = \frac{az + bl{cz + d} \]

- Power functions:

\[ f£(z) = z~{\alpha} \]

- Logarithmic functions:

N[ £(z) = \log(z) \]

Given the geometry of the triangle, a particularly effective approach

involves the use of the logarithm function, which maps sectors or wedges into
strips.

Deep Dive into the Transformation Approach

Step 1: Simplifying the Region

The original triangle can be viewed as a subset of the first quadrant,
bounded by the coordinate axes and the line \(X + Y = 1\). To simplify
analysis, it is often advantageous to perform a linear transformation that
maps this triangle onto a standard domain such as the unit triangle or the
upper half-plane.

One such transformation is:

N[ w =X+ 1Y \]

which directly maps the triangle into a subset of the complex plane.

Step 2: Transformation Strategy

A common approach to map the triangle to a canonical domain involves:

- Mapping the triangle to the upper half-plane \( \{ w : \Im(w) > 0 \} \).

- Applying a logarithmic or power function to straighten the boundary lines
and map the region into a strip or disk.

This approach leverages the fact that:

— The logarithm maps sectors or wedges into horizontal strips or strips in



the complex plane.

— M&bius transformations can then map these strips to the upper half-plane or
unit disk.

Step-by-Step Mapping Process
1. Map the Triangle to the First Quadrant

Since the triangle is already in the first quadrant, with vertices at 0, 1,
and 0+ i, the initial step is to consider the transformation:

\[ f_1(z) = \frac{z}{1 - z} \]
which maps the interior of the triangle into the right half-plane.
Justification:

— The points \ (z=0\), \(z=1\), and \ (z=0+i\) are mapped as follows:

- \(z=0\):

N[ £.1(0) = 0 \]

- \(z=1\):

N[ £_1(1) = \frac{1}{0} \rightarrow \infty \]

- \(z=0+1\) :

N[ £.1(1) = \frac{i}{1 - i} = \frac{i}{1 - 1} \]

which can be simplified to analyze their images.

Alternatively, a more straightforward approach may involve the linear map:
\[ w = \frac{z}{a} \]

with suitable \(a\), to normalize the triangle.

2. Map the Triangle to a Standard Domain

Suppose we perform a linear transformation:

\[ T(z) = \frac{z}{a} \]

where \ (a\) is chosen to scale the triangle to fit into a unit domain.
Alternatively, the key is to utilize the known conformal maps:

— The map \(f(z) = \frac{z}{1 - z}\) maps the unit disk to the right half-
plane.

— The inverse map:

N[ £7{-1}(w) = \frac{w}{l + w} \]



maps the right half-plane back to the unit disk.
Given that, the composite transformations can map the triangle into a

standard domain like the upper half-plane, then further into the disk or
strip.

The Final Image: Theoretical Insights

The precise image depends on the chosen transformation, but common results
include:

— The triangle, under a suitable Mobius map, 1s mapped onto a sector or a
wedge in the plane.

— Applying the logarithm maps this wedge into a horizontal strip, which can
then be transformed into a half-plane or disk via exponential or Mdbius maps.

— The overall image is typically a sector, half-plane, or disk, depending on
the composition of the maps used.

Practical Examples and Applications
Example 1: Logarithmic Map
Applying the principal logarithm:
\[ f£(z) = \log(z) \]

maps the sector bounded by the lines \ (X=0\), \(Y=0\), and \ (X + Y = 1\) into
a rectangular strip in the complex plane. This is because:

— The positive real axis maps to the real axis.
— The positive imaginary axis maps to the imaginary axis.

— The line \ (X + Y = 1\) maps to a line with a constant real part in the log
domain.

This approach simplifies visualization and further analysis.
Example 2: Mo&bius Map

Using a M&bius transformation like:

\[ £(z) = \frac{z - a}{1l - \overline{a} z} \]

with an appropriate \(a\), maps the triangle onto the upper half-plane. Once
in this canonical form, standard techniques can be used to analyze the image.

Significance and Applications

Understanding the image of such a triangle under various transformations is
not purely academic. It has practical applications across several fields:



- Complex analysis and conformal mapping: foundational exercises to
understand mapping properties.

— Fluid dynamics: modeling potential flows in wedge-shaped regions.
— Electrostatics: analyzing fields in wedge-shaped conductors.

— Mathematical visualization: aiding in the graphical representation of
complex functions.

— Numerical conformal mapping: algorithms that approximate such maps for
computational purposes.

Concluding Remarks

The problem of "Find The Image Of The Triangle Region In The Z-plane Bounded
By The Lines X=0, Y=0 And X + Y=1" exemplifies the elegance of conformal maps
and their ability to transform complex geometric regions into canonical
domains. Through a combination of M&bius transformations, logarithmic maps,
and linear scalings, one can systematically analyze and visualize these

images.

While the explicit form of the image depends on the specific transformation
chosen, the overarching methodology involves:

- Mapping the region to a standard domain (e.g., upper half-plane or unit
disk) .

— Applying appropriate conformal maps to simplify the boundary geometry.

— Interpreting the resulting domain to understand the geometric and analytic
properties.

This process underscores the power of complex analysis in translating

geometric problems into algebraic and analytic frameworks, providing tools to
solve intricate mapping problems with elegance and precision.
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