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When working with sorted arrays of distinct integers, a common problem is
determining whether there exists an index `i` such that `A[i] == i`. This
problem is fundamental in algorithm design, especially in search algorithms,
and has numerous applications in computer science, such as data retrieval,
database indexing, and computer vision. Efficiently solving this problem
requires leveraging the sorted and distinct nature of the array, often
leading to solutions with logarithmic time complexity.

This article provides a comprehensive overview of the problem, explores
various methods to solve it, discusses optimization strategies, and offers
practical implementation tips. Whether you're a developer, data scientist, or
computer science student, understanding this problem and its solutions is
essential for building efficient algorithms and systems.

---

Understanding the Problem

Problem Statement
Given a sorted array `A[1, ..., N]` of distinct integers, determine whether
there exists an index `i` such that:

`A[i] == i`

Here, the array is 1-based indexed, meaning indices run from 1 to N. The goal
is to identify if such an index exists, and if so, to find it.

Key Points to Consider
- The array is sorted in ascending order.
- All integers in the array are distinct.
- The indices and the values can be positive, negative, or zero.
- The problem can be extended to consider zero-based indexing if needed.



Example
Suppose we have the array:

`A = [-10, -5, 0, 3, 7, 9, 12]`

- For index 4: `A[4] = 3`, which is not equal to 4.
- For index 5: `A[5] = 7`, which is not equal to 5.
- For index 6: `A[6] = 9`, which is not equal to 6.
- For index 7: `A[7] = 12`, which is not equal to 7.

In this case, no index satisfies `A[i] == i`.

However, if the array was:

`A = [-10, -5, 2, 3, 4, 5]`

- At index 3: `A[3] = 2`, which is not equal to 3.
- At index 4: `A[4] = 3`, which equals 4? No, `3 != 4`.
- At index 5: `A[5] = 4`, which is not equal to 5.
- At index 6: `A[6] = 5`, which is not equal to 6.

Again, no match. But if the array was:

`A = [-10, 0, 2, 3, 4, 5]`

- At index 2: `A[2] = 0`, not equal to 2.
- At index 3: `A[3] = 2`, equal to 3? No, 2 != 3.
- At index 4: `A[4] = 3`, 3 != 4.
- At index 5: `A[5] = 4`, 4 != 5.
- At index 6: `A[6] = 5`, 5 != 6.

No match again. But for:

`A = [-10, 0, 2, 3, 4, 5, 6]`

- At index 6: `A[6] = 5`, no.
- At index 7: `A[7] = 6`, no.

Suppose the array is:

`A = [-10, 0, 2, 3, 4, 5, 6]`

Zero-based indexing would make the problem clearer:

- At index 2 (0-based): `A[2] = 2` — matches index 2.

This illustrates the importance of indexing conventions.

---



Approaches To Solve The Problem

Efficient solutions leverage the sorted and distinct nature of the array.
Below are common approaches, with their advantages and limitations.

1. Linear Search
- Method: Iterate through the array from the first to the last element,
checking at each index whether `A[i] == i`.
- Time Complexity: O(N)
- Use Case: When the array size is small or simplicity is preferred over
performance.

Implementation Example:
```python
def linear_search(A):
for i in range(len(A)):
if A[i] == i:
return i
return -1 No such index found
```

Pros:
- Simple to implement.
- Works for any array, regardless of sorting.

Cons:
- Inefficient for large arrays.

---

2. Binary Search (Optimized Approach)
- Method: Use binary search to exploit the sorted property. At each step:
- Calculate mid = (low + high) // 2
- Compare `A[mid]` with `mid`
- Adjust search boundaries based on comparison
- Time Complexity: O(log N)
- Advantages: Significantly faster for large arrays.

Key Insight:
- If `A[mid]` < `mid`, then `A[i] == i` can only be found on the right side.
- If `A[mid]` > `mid`, then the potential index is on the left side.
- If `A[mid] == mid`, we've found the index.

Implementation Example:
```python
def find_fixed_point(A):



low, high = 0, len(A) - 1
while low <= high:
mid = (low + high) // 2
if A[mid] == mid:
return mid
elif A[mid] < mid:
low = mid + 1
else:
high = mid - 1
return -1 No fixed point found
```

Pros:
- Efficient for large datasets.
- Leverages array's sorted property.

Cons:
- Requires the array to be sorted with distinct integers.
- Slightly more complex implementation.

---

3. Variations and Additional Conditions
- Handling arrays with duplicate elements (not covered here, as the array is
of distinct integers).
- Extending to find all such indices rather than just one.
- Considering zero-based vs one-based indexing.

---

Optimization Strategies and Practical Tips

Choosing the Right Approach
- For small arrays (N < 100), linear search may suffice.
- For large arrays, binary search is recommended.
- If multiple fixed points are required, modifications to the binary search
are necessary to explore both sides.

Handling Edge Cases
- Empty array: immediately return no fixed point.
- Arrays with all negative or positive numbers.
- Arrays where no fixed point exists.



Implementation Best Practices
- Use zero-based indexing unless specified otherwise.
- Validate input data for sorted order and distinctness if the array is user-
provided.
- Consider adding logging or debug statements for complex implementations.

---

Applications And Real-World Use Cases

Database Indexing
- Efficiently verify if a record index matches its key, aiding in data
integrity checks.

Data Validation
- Confirm whether a certain index aligns with its value, which can be useful
in data synchronization.

Computer Vision and Image Processing
- Detect fixed points or features aligned with index positions for pattern
recognition.

Algorithmic Challenges
- Used as a teaching example for binary search and divide-and-conquer
strategies.

---

Conclusion

Finding if there exists an index `i` such that `A[i] == i` in a sorted array
of distinct integers is a classic problem that exemplifies the power of
algorithm optimization. The simplest approach, linear search, is easy to
implement but inefficient for large datasets. The binary search method,
leveraging the sorted and distinct nature of the array, offers an efficient
solution with O(log N) time complexity, making it suitable for large-scale
applications.



By understanding the problem's nuances, implementing optimized algorithms,
and considering practical constraints, developers and data scientists can
effectively solve this problem, leading to more efficient systems and
algorithms. Whether used as a standalone problem or as a building block in
larger systems, mastering this task is a valuable skill in the algorithmic
toolkit.

---
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Frequently Asked Questions

What is the main goal when given a sorted array of
distinct integers in the context of finding an
index?
The main goal is to determine whether there exists an index i such that A[i]
equals some specific target value, or to find an index that satisfies certain
conditions related to the array's properties.

How can binary search be utilized to efficiently
find whether a particular value exists at an index
in a sorted array?
Binary search repeatedly divides the array in half, comparing the target
value to the middle element, reducing the search space efficiently to
determine if the value exists at some index.

What are the benefits of the array being sorted and
containing distinct integers for this problem?
A sorted array with distinct integers allows for the use of binary search
algorithms, which operate in logarithmic time, making the search process more
efficient and straightforward.



How do you handle the case when no index satisfies
the condition in the array?
If no such index exists, the search algorithm will eventually terminate
without finding a match, allowing you to return a sentinel value like -1 or
false to indicate the absence.

Can this problem be related to finding a fixed point
where A[i] = i? How would you approach it?
Yes, this is a classic fixed point problem. You can use binary search to
efficiently find an index i where A[i] = i by comparing A[mid] with mid and
adjusting the search boundaries accordingly.

What is the time complexity of searching for an
index in a sorted array of distinct integers?
The time complexity is O(log N) due to binary search, which halves the search
space with each comparison.

Are there specific edge cases to consider when
implementing this search?
Yes, edge cases include empty arrays, arrays with a single element, or
situations where the target value is less than the smallest or greater than
the largest element, which can be quickly checked to optimize the search.

How would you modify the binary search algorithm if
you need to find all indices where a certain
condition holds?
You could perform binary search to find one occurrence, then expand to
neighboring indices to find all matching indices, or modify the search to
locate boundary points if dealing with duplicates.

What are common mistakes to avoid when implementing
binary search on a sorted array of distinct
integers?
Common mistakes include off-by-one errors in the search boundaries, incorrect
termination conditions, and not properly updating the search range when the
middle element does not match the target.

Can this approach be extended to arrays with



duplicate elements, and what challenges might arise?
Yes, but handling duplicates requires modifications, such as finding the
first or last occurrence of a value, which involves additional logic to
continue searching after finding a match to locate boundary indices.

Additional Resources
Given a sorted array of distinct integers A[1, ..., N], determining whether
there exists an index i such that A[i] equals i is a classic problem in
algorithm design and analysis. This problem not only tests one's
understanding of search algorithms but also offers insights into the
properties of sorted data structures, the power of binary search, and the
nuances of algorithm optimization. As such, it has significant theoretical
importance and practical applications in fields ranging from database
indexing to computational mathematics.

---

Introduction

In the realm of computer science and algorithm development, the problem of
identifying a fixed point within a sorted array of distinct integers is both
fundamental and intriguing. The fixed point, defined as an index i such that
A[i] = i, can be viewed as a point of intersection between the array's value
and its position. This problem exemplifies how leveraging the sorted nature
of data can lead to efficient solutions, often reducing what might seem like
an exhaustive search to a logarithmic time complexity.

The core challenge lies in designing an algorithm that efficiently determines
the existence of such an index without resorting to brute-force methods,
which would entail checking each element individually—an approach with linear
time complexity, O(N). Instead, by exploiting properties inherent to sorted
and distinct arrays, algorithms such as binary search can be employed to
achieve faster results, typically in O(log N) time. This efficiency gain is
crucial in applications where data scales are large, and performance is
paramount.

---

Understanding the Problem

Clarifying the Core Question

At its heart, the problem asks: Given a sorted array A[1..N] of distinct
integers, does there exist an index i such that A[i] = i?

Let's consider an example to clarify:

- Array: A = [-10, -5, 0, 3, 7]



- Indices: 1, 2, 3, 4, 5

Check for each index:

- i=1: A[1] = -10 ≠ 1
- i=2: A[2] = -5 ≠ 2
- i=3: A[3] = 0 ≠ 3
- i=4: A[4] = 3 ≠ 4
- i=5: A[5] = 7 ≠ 5

No fixed point exists here.

Contrast with:

- Array: A = [-1, 0, 2, 4, 5]
- Indices: 1, 2, 3, 4, 5

Checking:

- i=3: A[3] = 2 ≠ 3
- i=4: A[4] = 4 = matches

In this case, a fixed point exists at index 4.

Significance of Distinctness and Sorted Order

The array's sorted nature and the fact that the integers are distinct are
pivotal. Sortedness implies an order relation that can be exploited via
binary search, while the distinctness ensures no duplicate values,
simplifying the logic of the search.

---

Theoretical Foundations and Approaches

Naive (Linear) Search

The most straightforward approach involves iterating through each element:

```plaintext
for i in 1 to N:
if A[i] == i:
return True
return False
```

Time Complexity: O(N)

While simple, this method becomes computationally inefficient for large
datasets.



Binary Search: Leveraging Sortedness

Given the array's sorted property, binary search offers a more efficient
approach.

Key insight:

- If A[mid] == mid, then a fixed point has been found.
- If A[mid] > mid, then any fixed point must be in the left subarray.
- If A[mid] < mid, then any fixed point must be in the right subarray.

This logic hinges on the array's strictly increasing nature and the
distinctness of its elements.

---

Designing the Binary Search Algorithm

Step-by-Step Logic

The binary search process involves:

1. Initialization:
- Set low = 1, high = N

2. Iteration:
- Compute mid = (low + high) // 2
- Compare A[mid] with mid:
- If A[mid] == mid, return True.
- If A[mid] > mid, set high = mid - 1.
- If A[mid] < mid, set low = mid + 1.

3. Termination:
- If low > high, no fixed point exists; return False.

Implementation

```python
def has_fixed_point(A):
low, high = 0, len(A) - 1
while low <= high:
mid = (low + high) // 2
if A[mid] == mid:
return True
elif A[mid] > mid:
high = mid - 1
else:
low = mid + 1
return False
```



Analysis

- Time Complexity: O(log N)
- Space Complexity: O(1)

This approach is optimal for the problem, owing to the logarithmic reduction
of the search space at each step.

---

Edge Cases and Variations

Handling Negative and Zero Values

The array may contain negative numbers, zero, and positive numbers. The
algorithm remains applicable because the comparisons are based on the values
and indices, regardless of their sign.

Arrays Without Fixed Points

The algorithm efficiently terminates when no fixed point exists, avoiding
unnecessary checks.

Multiple Fixed Points

The algorithm as described terminates upon finding the first fixed point,
which suffices for the problem statement. To find all fixed points,
modifications are needed.

---

Practical Applications and Relevance

Database Indexing

Databases often rely on sorted data structures. Identifying fixed points can
help optimize indexing strategies or detect anomalies where data values align
with their positions.

Computational Mathematics

In numerical analysis, fixed points are crucial in iterative algorithms,
convergence analysis, and root-finding methods.

Data Validation

Detecting fixed points can serve as a validation step in data integrity
checks, especially where data consistency expects no such coincidences.

Algorithmic Problem Solving



This problem exemplifies how understanding data properties can significantly
reduce computational complexity, influencing problem-solving strategies
across computer science disciplines.

---

Advanced Topics and Related Problems

Variations of the Fixed Point Problem

- Fixed Point in Unsorted Arrays: Without sorting, the problem becomes more
complex, potentially requiring O(N) solutions.
- Fixed Point with Duplicates: If the array contains duplicates, the logic
for binary search must be adapted, as the property that A[mid] == mid implies
fixed points becomes less straightforward.
- Multiple Fixed Points: Finding all fixed points involves scanning the
entire array or modifying the binary search to explore both sides after a
match.

Related Problems

- Find the First or Last Fixed Point: Similar binary search techniques can be
employed to find the first or last occurrence of such a fixed point.
- Fixed Points in Function Iterations: Extending the concept to functions
where fixed points are solutions to f(x) = x.

---

Conclusion

The problem of determining whether a sorted array of distinct integers
contains a fixed point (i.e., an index i where A[i] = i) is a classic example
of how algorithmic insights can dramatically improve performance. By
leveraging the array's sorted and distinct properties, binary search provides
an elegant and efficient solution, reducing the complexity from linear to
logarithmic.

This problem underscores the importance of understanding data structures'
inherent properties and demonstrates the power of well-designed algorithms in
solving seemingly complex problems efficiently. Its applications span
multiple domains, emphasizing that sometimes, the key to solving large-scale
computational challenges lies in the fundamental properties of the data
itself.

As algorithms continue to evolve, problems like these serve as foundational
learning tools, illustrating core principles that underpin more advanced
computational techniques and inspiring innovative solutions across the
technological landscape.
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