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Understanding the dynamics of waiting-line systems is essential for efficient operations management
across various industries, including healthcare, banking, retail, and telecommunications. Specifically,
the M/M/s queuing model provides a powerful framework for analyzing multi-channel systems where
arrivals and service times are random but follow specific statistical properties. This article explores
the characteristics, assumptions, and practical implications of a waiting-line system modeled as M/M/s
with a capacity of 20 arrivals per hour and an average service time of 4 minutes per customer. By
thoroughly examining this system, organizations can optimize their resource allocation, improve
customer satisfaction, and reduce wait times.

Introduction to M/M/s Queuing Models

What is an M/M/s Queue?

An M/M/s queue is a mathematical model used in queuing theory to describe systems with multiple
servers (channels). The notation M/M/s stands for:

- First M: Markovian (Memoryless) arrivals, typically modeled as a Poisson process.

- Second M: Markovian (Memoryless) service times, usually modeled as an exponential distribution.
- s: The number of servers available in the system.

This model assumes that:

- Customers arrive randomly according to a Poisson process.

- Service times are exponentially distributed.

- The system has a limited number of servers operating in parallel.

- Customers are served on a first-come, first-served basis.

- The system operates under steady-state conditions, meaning the arrival rate and service rate are
constant over time.

Relevance of M/M/s in Real-World Applications

The M/M/s model is particularly useful in scenarios where multiple service channels operate
simultaneously, such as:

- Bank tellers managing customer transactions.

- Call centers handling incoming calls.

- Hospitals with multiple doctors or nurses providing care.

- Retail stores with several checkout counters.



Understanding these models helps in determining:

- The optimal number of servers needed.

- Expected wait times for customers.

- System utilization rates.

- Probabilities of customer waiting or being turned away.

Key Assumptions of the M/M/s Model in the Context of
a System with 20 Arrivals Per Hour and 4-Minute
Service Time

Core Assumptions Specific to the System

For the system under consideration—an M/M/s queue with an arrival rate of 20 customers per hour
and an average service time of 4 minutes—the assumptions include:

1. Poisson Arrival Process: Customers arrive randomly but at an average rate of 20 per hour, with the
time between arrivals following an exponential distribution.

2. Exponential Service Times: Each customer’s service time is exponentially distributed with an
average of 4 minutes (or 0.067 hours).

3. Multiple Servers (s): The system employs multiple servers working in parallel to serve customers,
with the goal of optimizing customer throughput and minimizing wait times.

4. Steady-State Conditions: The system operates under steady state, meaning the average arrival
rate equals the average departure rate over the long term.

5. First-Come, First-Served (FCFS): Customers are served in the order of arrival.

6. Unlimited Queue Capacity: The system can accommodate an infinite number of waiting customers,
avoiding loss due to capacity constraints.

7. Independence of Arrivals and Service Times: The arrival process and service times are
independent, with no influence on each other.

Analyzing the System: Calculations and Metrics



Step 1: Determine the Arrival Rate (A)

The arrival rate (A) is the average number of customers arriving per unit time.

- Given: 20 customers per hour.
- Therefore, A = 20 customers/hour.

Step 2: Determine the Service Rate per Server (n)

The service rate (p) is the average number of customers a single server can serve per unit time.

- Average service time = 4 minutes = 4/60 hours = 1/15 hours = 0.0667 hours.
- Service rate per server: 4 = 1/ (average service time) = 1 /(1/15) = 15 customers/hour.

Step 3: Determine the Number of Servers (s)

The number of servers is crucial for system performance.

- To meet the demand, the total service capacity should be at least equal to the arrival rate.
- Total service capacity = s .

- For stability (to prevent queues from growing indefinitely), the system must satisfy: s u > A.

Calculating the minimum number of servers:

-s15> 20
-$>20/15=1.33

Thus, at least 2 servers are needed to ensure system stability.

Step 4: System Performance Metrics

Once the number of servers (s) is determined, various performance metrics can be calculated:
- Utilization factor (p): The proportion of time servers are busy.
p=A/(su)

- Probability of zero customers in the system (Po): The likelihood that no customers are waiting or
being served.

- Average number of customers in the system (L): Total customers being served or waiting.
- Average time a customer spends in the system (W): The total time from arrival to departure.

- Average waiting time in queue (W_q): Time spent waiting before service begins.



Practical Application: Optimizing the Waiting-line
System

Choosing the Number of Servers

While two servers suffice for basic stability, it's essential to assess whether more servers are justified
to improve customer experience.

- Advantages of additional servers:

- Reduced waiting times.

- Increased customer satisfaction.

- Lower probability of customers waiting.

- Disadvantages:
- Higher operational costs.
- Underutilization during off-peak hours.

Decision-making factors:

- Cost-benefit analysis regarding customer wait times and operational expenses.
- Peak and off-peak variations in arrival rates.

- Service level targets (e.g., maximum acceptable wait time).

Calculating Expected Wait Times and Probabilities

Using queuing theory formulas, managers can estimate:
- The probability that an arriving customer has to wait.
- The expected number of customers in line.

- The average waiting time.

Example:
Suppose the system employs 3 servers (s=3).

- System parameters:

- A = 20/hour
- 4 = 15/hour
-s=3

- Utilization:

p=20/(315)=20/45=0.444
- Probability that no customers are in the system (Po):
Po=[Zn=0to s-1[( (Mu)~n)/n! T+ ((Mu)~s)/(s!(1-p))17(-1)

Calculating the above provides insight into system performance, including average wait times and
gueue lengths.



Benefits of a Well-Designed M/M/s Waiting-line System

Enhanced Customer Satisfaction

- Reduced wait times lead to improved customer experience.
- Shorter queues prevent frustration and attrition.

Operational Efficiency

- Optimal server utilization balances cost and service quality.
- Predictable wait times facilitate better staffing and resource planning.

Scalability and Flexibility

- The model allows organizations to simulate different scenarios.
- Adjustments in the number of servers can be made based on fluctuating demand.

Improved Decision-Making

- Data-driven insights support strategic planning.
- l[dentifying bottlenecks and capacity issues proactively.

Limitations and Considerations

While the M/M/s model provides valuable insights, it's essential to acknowledge its limitations:

- Assumption of exponential service times: Real-world service times may follow different distributions.
- Poisson arrivals: Arrival patterns may be skewed or seasonal.

- Unlimited queue capacity: Not always practical; some systems have capacity constraints.

- Steady-state assumptions: Not suitable during transient periods or sudden demand spikes.

To address these limitations, organizations should complement queuing models with real-world data
analysis and simulation.



Conclusion

A waiting-line system modeled as M/M/s with an arrival rate of 20 per hour and an average service
time of 4 minutes offers a robust framework for analyzing and improving service operations. By
understanding the assumptions and applying the appropriate calculations, organizations can
determine the optimal number of servers, predict customer wait times, and enhance overall service
quality. While the model simplifies real-world complexities, its strategic application can significantly
contribute to operational efficiency, customer satisfaction, and adaptability in dynamic environments.
Proper planning and continual monitoring ensure that the system remains aligned with organizational
goals and customer expectations.

Keywords: queuing theory, M/M/s queue, waiting-line system, multi-channel service, operational
efficiency, customer satisfaction, server optimization, system stability, service rate, arrival rate

Frequently Asked Questions

What are the key assumptions of an M/M/s waiting-line
system?

The key assumptions include Poisson arrivals, exponential service times, s servers working in parallel,
and a first-come, first-served queue with no customer abandonment or balking.

How is the arrival rate (A) calculated in the system with 20
customers per hour?

The arrival rate A is directly given as 20 customers per hour, which can be converted to per-minute
rate as 20/60 = 0.333 customers per minute.

What is the average service time per customer in this system?

The average service time is 4 minutes per customer, which corresponds to a service rate (u) of 1/4 =
0.25 customers per minute.

How do you determine the number of servers (s) needed for
this system?

The number of servers s is typically determined based on system demand and desired performance
metrics. Given the data, s can be calculated using traffic intensity formulas to ensure system stability
and efficiency.

Is the system stable with the given parameters, and how can



stability be checked?

Yes, if the total offered load (A/u) divided by the number of servers s is less than 1, the system is
stable. For example, with A=20/hour and p=15/hour (since 4 min per customer), we can verify if s is
sufficient to handle the load without indefinite queue growth.

Additional Resources
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Introduction

Waiting-line systems, also known as queueing systems, are fundamental models used across various
industries—from healthcare and banking to telecommunications and retail—to analyze customer flow
and optimize service efficiency. Among the diverse array of queueing models, the M/M/s model stands
out as one of the most well-understood and widely applied due to its balance of analytical tractability
and real-world relevance.

This article explores a specific waiting-line system designed to meet the assumptions of the M/M/s
model, with an arrival rate of 20 customers per hour and an average service time of 4 minutes. We
will thoroughly examine how such a system operates, its key parameters, assumptions, performance

metrics, and practical implications—serving as a comprehensive review for researchers, practitioners,
and decision-makers interested in queue management.

Understanding the M/M/s Queueing Model
What is the M/M/s Model?
The M/M/s queueing model is characterized by three key features:

- Markovian (Memoryless) Arrivals (M): Customer arrivals follow a Poisson process, meaning inter-
arrival times are exponentially distributed and independent, with a constant average rate.

- Markovian (Memoryless) Service Times (M): Service durations are exponentially distributed,
independent of past service times.

- Multiple Servers (s): There are s identical servers working in parallel, serving customers one at a
time.

This model assumes a stable system where the arrival rate is less than the combined service
capacity, ensuring the queue does not grow indefinitely.

Relevance of the Assumptions

The assumptions underpinning the M/M/s model, while idealized, often approximate real-world
systems under specific conditions:



- Poisson arrivals are common in high-volume, independent customer streams, such as calls to a call
center during peak hours.

- Exponential service times apply when service durations vary randomly but with no memory, such as
certain types of technical support or information processing.

- Multiple servers reflect real-world scenarios where resources are parallelized to improve throughput.

Understanding these assumptions enables practitioners to identify when the M/M/s model offers valid
insights and when adjustments are necessary.

System Parameters and Setup
Arrival Rate (A)

The system under review experiences an average arrival rate of 20 customers per hour. This
translates to:

- Inter-arrival time:

\( \text{Average inter-arrival time} = \frac{1}{\lambda} = \frac{1\, \text{hour}}{20} = 3\,
\textminutes \)

- Poisson process:

Customer arrivals are independent and memoryless, with arrivals happening randomly but at an
average rate of 20 per hour.

Service Time (1/u)

Each customer requires on average 4 minutes of service, which corresponds to:

- Service rate per server:

\(\mu = \frac{1}{\text{average service time}} = \frac{1} {4\, \text{minutes}} = \frac{60}{4} =
15\, \text{customers per hour} \)

- Exponential distribution:

Service durations are assumed to be exponentially distributed, with the probability of service
completion being memoryless.

Number of Servers (s)

The system’s capacity is designed to meet the assumptions of the M/M/s model, with an unspecified

number of servers s. To analyze the system effectively, we need to determine the appropriate s that
ensures stability and efficient operation.

Determining the Number of Servers (s)

Stability Condition



For an M/M/s queue, the system remains stable if:

\[

\rho = \frac{\lambda}{s \mu} <1
\]

where:

-\(\lambda = 20\) customers/hour
-\(\mu = 15\) customers/hour per server

Calculating Minimum s
To find the minimal s:

;[> \frac{\lambda}{\mu} = \frac{20} {15} \approx 1.33

\]

Since s must be an integer, the minimum number of servers to ensure stability is s = 2.

Practical Considerations

While s = 2 servers suffice for system stability, the actual performance metrics—such as average

waiting time and queue length—depend heavily on the chosen s. Increasing s reduces customer wait
times but raises operational costs.

Performance Metrics of the System
Assuming s = 2 servers, the typical performance measures for an M/M/s system include:
1. Traffic Intensity (p)

\[

\rho = \frac{\lambda}{s \mu} = \frac{20}{2 \times 15} = \frac{20} {30} = 0.6667

\]

This indicates the servers are busy 66.67% of the time, suggesting a reasonably balanced system.

2. Probability of Zero Customers in the System (PO0)

\[

P 0 = \left[ \sum_{k=0}"{s-1} \frac{(s\rho)"~k}{k!} + \frac{(s\rho)~s}{s!} \times \frac{1}{1-\rho}
\right]~{-1}

\]

Calculating:

\[



\sum_{k=0}"{1} \frac{(2 \times 0.6667)"k}{k!} =\frac{(1.3334)~0}{1} + \frac{(1.3334)~1}{1}
=1+ 1.3334 =2.3334
\]

\[
\frac{(2 \times 0.6667)"~2}{2'} = \frac{(1.3334)"2}{2} = \frac{1.7778}{2} = 0.8889

\]

\[

P_0 =\left[ 2.3334 + 0.8889 \times \frac{1}{1 - 0.6667} \right]”~{-1} = \left[ 2.3334 + 0.8889 \times
3\right]~{-1} = \left[ 2.3334 + 2.6667 \right]~{-1} = (4.9998 )~ {-1} \approx 0.2000

\]

3. Probability of Waiting (Pw)

\[

P w = \frac{ \frac{(s\rho)~s}{s!} \times \frac{1}{1-\rho} }{ P 0 } = \frac{ 0.8889 \times 3 }{ 0.2 }
= \frac{ 2.6667 }{ 0.2 } = 13.3335

\]

Since this exceeds 1, it indicates the need to refine calculations; typically, the proper formula for Pw
is:

\[

P_q = P_0 \times \frac{(s\rho)~s}{s!} \times \frac{1}{(1-\rho)}
\]

which yields:

\[
P_q = 0.2 \times 0.8889 \times 3 = 0.5333
\]

Thus,

\[

P_qg\approx 53.33\%

\]

meaning there's approximately a 53.33% chance that arriving customers will have to wait.

4. Expected Waiting Time in Queue (Wq)

\[

W _q = \frac{ P_q }{ s \mu - \lambda } = \frac{ 0.5333 }{ 30-20 } =\frac{ 0.5333}{ 10 } =
0.05333\, \text{hours} \approx 3.2\, \text{minutes}

\]

5. Expected Total Time in System (W)

\[



W =W g+ \frac{1}{\mu} = 3.2\, \text{minutes} + 4\, \text{minutes} = 7.2\, \text{minutes}
\]

6. Average Number of Customers in System (L)

\[

L = \lambda \times W = \frac{20} {60} \times 7.2 = \frac{1}{3} \times 7.2 = 2.4
\]

This suggests an average of 2.4 customers in the system at any given time.

Practical Implications and Optimization

Balancing Efficiency and Customer Experience

The calculations reveal that with 2 servers, the system has:

- A high probability (over 50%) that customers will have to wait.
- An average wait time of approximately 3.2 minutes.

- An average of 2.4 customers in the system.

While operational costs are minimized with fewer servers, customer satisfaction might suffer due to
longer wait times. Conversely, adding more servers reduces waiting time but increases staffing costs.

Adjusting the Number of Servers
To optimize, managers might consider:

- Increasing servers to s = 3 or s = 4 to reduce wait times.
- Implementing appointment or scheduling systems to smooth
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