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Understanding the behavior of electric fields generated by charged objects is
fundamental in electromagnetism. When an infinitely long charged wire with a
uniform linear charge density \(\lambda\) is placed along the central axis of
a cylindrical shell, it creates a distinctive electric field pattern that is
crucial in various applications, from electrical engineering to physics
research. This comprehensive article explores the physics behind this
configuration, detailing the electric field calculation, potential
distribution, and practical implications.

Overview of the Cylindrical Charge System

The setup involves three primary components:

- An infinite line charge with a uniform charge density \(\lambda\) (charge
per unit length).

- A cylindrical shell which may be either neutral or charged.

- The spatial arrangement where the line charge lies along the central axis
of the cylindrical shell.

This configuration is significant because it exhibits symmetry properties
that simplify the analysis of the electric field and potential.

Fundamental Concepts and Assumptions

Before delving into calculations, it is essential to understand the
underlying assumptions and physical principles:

- Infinite Length: The wire extends infinitely in both directions, ensuring
uniformity and simplifying boundary conditions.

- Uniform Linear Charge Density \(\lambda\): The charge is evenly distributed
along the wire's length.

- Cylindrical Symmetry: The system is symmetric about the central axis,



leading to a radially symmetric electric field.

- Electrostatic Conditions: No changing magnetic fields, steady-state
electric fields.

- Vacuum or Uniform Dielectric Medium: The space around the wire and cylinder
is typically considered vacuum or a medium with uniform dielectric constant

\ (\varepsilon 0\).

Electric Field Due to an Infinite Line Charge

Derivation of the Electric Field

The electric field generated by an infinite line charge with charge density
\ (\lambda\) is well-known from Coulomb's law and symmetry considerations:

\ [
E(r) = \frac{\lambda}{2\pi \varepsilon 0 r}
\1

where:

- \(E(r)\) is the magnitude of the electric field at a distance \(r\) from
the wire,

- \(\varepsilon 0\) is the permittivity of free space,

- \(r\) is the radial distance from the central axis.

Key characteristics:

- The electric field points radially outward from the wire.
- The magnitude decreases inversely with the distance \(r\).

Electric Field Direction

Due to symmetry, the electric field at any point around the wire is directed
radially outward or inward (if the charge is negative). It has no component
along the axial or angular directions, only radial.

Potential Distribution Around the Line Charge



Calculating the Electric Potential

The electric potential \(V(r)\) at a distance \(r\) from the infinite 1line
charge can be derived by integrating the electric field:

\ [
V(r) = - \int E(r) dr
\1

which yields:

\ [

V(r) = \frac{\lambda}{2\pi \varepsilon 0} \ln \left( \frac{r O0}{r} \right) +
V 0o

\1

where:

( \) is a reference distance where the potential is defined or measured,

- \(r_0
- \(V_0\) is the potential at \(r 0\).

Note: The potential is logarithmic in \(r\), diverging as \(r \to 0\) and
approaching zero as \(r \to \infty\), depending on the reference point.

Electric Field and Potential in the Presence of
a Cylindrical Shell

Effect of the Cylindrical Shell

When a cylindrical shell surrounds the line charge, the electric field and
potential depend on whether the shell is:

- Neutral: No net charge,

- Charged: With a specified surface charge density \(\sigma\),

- Conductive or Insulating: Affecting boundary conditions and induced
charges.

The symmetry simplifies the analysis, especially under the assumption of an
infinitely long shell.



Regions of Interest

- Inside the Cylinder (\(r < R\)): Near the wire,

- Within the Shell (\(R < r < R {outer}\)): The region between the wire and
the shell,

- Qutside the Shell (\(r > R {outer}\)): Beyond the cylindrical shell.

Electric Field in Different Regions

Region 1: Inside the Cylinder (\(r < R\))

- The electric field is solely due to the line charge,
- Since the shell's influence is outside this region, the field remains:

\ [
E(r) = \frac{\lambda}{2\pi \varepsilon 0 r}
\1]

for \(r < R\).

Region 2: Between the Wire and the Shell (\(R < r <
R {outer}\))

- The electric field still follows the inverse relation:

\ [
E(r) = \frac{\lambda}{2\pi \varepsilon 0 r}
\1]

assuming no other charges are present.

Region 3: OQutside the Shell (\(r > R {outer}\))

- If the shell is uncharged, the net enclosed charge is only the line charge,
so the field continues as before.

- If the shell carries charge, Gauss's law accounts for the total enclosed
charge, including the shell.



Induced Charges and Boundary Conditions

The presence of a conducting or charged cylindrical shell influences the
electric field distribution via:

- Induced surface charges: In a conductor, free charges rearrange to cancel
the electric field inside, leading to induced charges on the shell's surface.
- Boundary conditions:

- The electric potential must be constant on the surface of a perfect
conductor.

- The normal component of the electric displacement field \(D\) must satisfy
Gauss's law, considering surface charges.

Implications:

- The shell may acquire an induced charge density \(\sigma {ind}\),
- The potential on the shell's surface is constant (for perfect conductors),
- Fields inside the conductor are zero.

Applications of the Infinite Charged Wire and
Cylindrical Shell System

Understanding this system has various practical applications:

- Electrostatic shielding: Cylindrical shells can shield internal regions
from external fields.

- Cable design: Coaxial cables utilize similar principles for signal
transmission.

- Particle accelerators: Beam pipes often involve cylindrical conductors with
charged particles moving along the axis.

- Capacitor design: Cylindrical capacitors are modeled using similar
electrostatic principles.

Mathematical Summary and Key Equations

- Electric field due to an infinite line charge:

\ [
E(r) = \frac{\lambda}{2\pi \varepsilon 0 r}
\1]



- Electric potential:

\ [

V(r) = \frac{\lambda}{2\pi \varepsilon 0} \ln \left( \frac{r O0}{r} \right) +
V 0o

\1

- Gauss's Law in cylindrical coordinates:

\ [
\oint \mathbf{E} \cdot d\mathbf{A} = \frac{Q {enc}}{\varepsilon 0}

\]

where \(Q _{enc}\) is the enclosed charge within a cylindrical surface.

Conclusion

The analysis of an infinite charged wire with charge per unit length

\ (\lambda\) along the central axis of a cylindrical shell reveals fundamental
insights into electrostatics involving symmetry, boundary conditions, and
induced charges. The electric field decreases inversely with the radial
distance from the wire, and the potential varies logarithmically. When a
cylindrical shell surrounds the wire, boundary conditions and charge
distributions influence the overall field and potential, enabling a wide
range of applications from shielding to electrical transmission. Mastery of
these principles is essential for engineers and physicists working with
electrostatic systems, ensuring accurate modeling and effective design of
various electrical devices and systems.

Keywords: infinite charged wire, charge per unit length, cylindrical shell,
electrostatics, electric field, electric potential, Gauss's law, induced
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Frequently Asked Questions

What is the electric field produced by an infinite
charged wire with linear charge density A at a point
at distance r from the wire?

The electric field is given by E = (A / 2n€or) directed radially outward from
the wire, where €0 is the permittivity of free space.



How does the electric field vary with distance from
an infinite charged wire?

The electric field decreases inversely with distance, following E « 1/r,
meaning it weakens as you move farther from the wire.

What is the significance of the cylindrical symmetry
in calculating the electric field of an infinite
charged wire?

Cylindrical symmetry simplifies the problem by ensuring the electric field
depends only on the radial distance r and points radially outward, allowing
the use of Gauss's law effectively.

How does the electric potential vary around an
infinite charged wire?

The electric potential V at a distance r from the wire varies as V « 1ln(r),
indicating a logarithmic dependence on the radial distance.

Can the electric field of an infinite charged wire
be considered uniform? Why or why not?

No, the electric field is not uniform; it varies with distance r, decreasing
as 1/r, so it is stronger closer to the wire and weaker farther away.

What role does the charge per unit length A play in
determining the electric field around the wire?

The linear charge density A directly influences the magnitude of the electric
field; higher A results in a proportionally stronger electric field at any
given distance.

How would the presence of a cylindrical cavity or
dielectric material around the wire affect the
electric field distribution?

The presence of a cavity or dielectric modifies the electric field
distribution depending on the dielectric's permittivity, potentially reducing
or altering the field strength compared to free space.

Additional Resources

An Infinite Charged Wire With Charge Per Unit Length A Lies Along The Central
Axis Of A Cylindrical-this scenario is a classic problem in electrostatics



that beautifully illustrates the principles of electric fields, symmetry, and
Gauss's law. Whether you're a student grappling with foundational concepts or
a professional revisiting the fundamentals, understanding this setup provides
critical insights into how charge distributions influence electric fields in
space. This detailed guide aims to walk you through the problem step by step,
explaining the underlying physics, mathematical derivations, and practical
implications.

Introduction to the Problem

Imagine an infinitely long wire carrying a uniform linear charge density,
denoted by A (lambda), which lies along the central axis of a cylindrical
coordinate system. Surrounding this wire is a hollow, coaxial cylindrical
surface with radius r and length L. The question at hand is: What is the
electric field at a point outside the wire, at a distance r from the axis?

This scenario is fundamental in electrostatics because it combines idealized
infinite charge distributions with symmetric geometries, making the
mathematics elegant and the physical insights clear. By exploring this setup,
you'll understand how charge distributions influence electric fields and how
symmetry simplifies complex problems.

Conceptual Foundations
Symmetry and Its Role

Symmetry plays a crucial role in solving electrostatics problems. When
charges are distributed uniformly and symmetrically, the electric field often
possesses certain invariances:

- Cylindrical symmetry: The electric field depends only on the radial
distance r from the axis, not on angular position or axial coordinate.

- Directionality: The field points radially outward (or inward, depending on
the sign of charge) and has no components along the axial or angular
directions in the idealized case.

Gauss's Law

Gauss's law is the primary tool used to determine electric fields in
symmetric charge distributions. It states:

> The net electric flux through a closed surface equals \(
\frac{1l}{\varepsilon 0} \) times the total enclosed charge:

\ [
\oint \mathbf{E} \cdot d\mathbf{A} = \frac{Q {\text{enc}}}{\varepsilon 0}

\]



In problems with high symmetry, choosing an appropriate Gaussian surface
simplifies the calculation dramatically.

Setting Up the Problem

Geometry and Coordinates

- The wire is infinitely long, aligned along the z-axis.

- The charge per unit length: \( \lambda \) (Coulombs per meter).

- The Gaussian surface: a coaxial cylinder of radius \( r \) and length \( L
\).

Assumptions

- The wire is uniformly charged and infinitely long, ensuring no edge
effects.

- The medium surrounding the wire is vacuum or air, characterized by

permittivity \( \varepsilon 0 \).
- The electric field is radially symmetric, depending only on \( r \).

Step-by-Step Solution
1. Choosing the Gaussian Surface

Given the symmetry, the natural choice is a cylindrical surface coaxial with
the wire:

- Radius: \( r \) (the point at which we want to find the electric field).
- Length: \( L \), matching the length of the wire segment.

This surface encloses a segment of the wire and allows us to apply Gauss's
law straightforwardly.

2. Calculating Enclosed Charge

The total charge enclosed by the Gaussian surface:

\ [
Q {\text{enc}} = \lambda L
\1

since the wire's charge per unit length is \( \lambda \), and the length of
the wire segment considered is \( L \).

3. Applying Gauss's Law

The electric field \( \mathbf{E} \) due to the symmetry points radially



outward, with magnitude \( E(r) \). The flux through the cylindrical surface
is:

\ [
\Phi E = E(r) \times ( \text{lateral surface area} ) = E(r) \times (2\pi r L)
\1

Note that the top and bottom caps contribute no flux because the electric
field is perpendicular to those surfaces, and the field lines are parallel to
the axis at the caps.

Applying Gauss's law:

\ [
E(r) \times 2\pi r L = \frac{\lambda L}{\varepsilon 0}
\1]

Simplifying:

\ [
E(r) = \frac{\lambda}{2\pi \varepsilon 0 r}
\1

Final Expression for the Electric Field

The magnitude of the electric field at a distance r from the infinite charged
wire:

\ [

\boxed{

E(r) = \frac{\lambda}{2\pi \varepsilon 0 r}
}

\1

Direction: Radially outward if \( \lambda > 0 \), inward if \( \lambda < 0
\).

Physical Insights and Implications

1. Inverse Relationship with Radius

The electric field decreases as the distance from the wire increases,
following a \( 1/r \) dependence. This indicates that the influence of the
wire's charge weakens with distance, but never fully diminishes to zero at

finite distances.

2. Line Charge Density \( \lambda \)



The strength of the electric field is directly proportional to the linear
charge density. Doubling \( \lambda \) doubles the electric field at any
given radius.

3. Potential Difference
The electric potential \( V(r) \) at a distance \( r \) (relative to some

reference point, often taken at infinity where \( V \to 0 \)) can be derived
by integrating the electric field:

\ [

V(r) = - \int \infty~{r} E(r') dr' = - \int \infty~{r} \frac{\lambda}{2\pi
\varepsilon 0 r'} dr' = - \frac{\lambda}{2\pi \varepsilon 0} \ln \left(
\frac{r}{r \infty} \right)

\1

Choosing \( r \infty \to \infty \), the potential at infinity is zero, and
the potential at \( r \):

\ [
V(r) = \frac{\lambda}{2\pi \varepsilon 0} \ln \left( \frac{r \infty}{r}

\right)
\1

Practical Considerations and Applications
1. Cable and Wire Design

Understanding the electric field around charged wires informs the insulation
requirements and safety protocols in electrical engineering.

2. Particle Acceleration

Charged wires are used in devices to generate electric fields that accelerate
particles—knowing the field's magnitude and direction is essential for
design.

3. Electrostatic Shielding

The principles guide how cylindrical shields can block or redirect electric
fields in sensitive electronic equipment.

4. Modeling in Physics and Engineering

This problem serves as a foundation for more complex systems, such as
transmission lines, coaxial cables, and plasma physics.



Extending the Analysis
1. Finite Length Effects

While the infinite wire assumption simplifies the mathematics, real wires are
finite. For finite wires:

The electric field depends on the position along the wire.
Edge effects become significant, especially near the ends.
Approximate methods or numerical simulations are often required.

N

. Multiple Wires and Charge Distributions

Complex arrangements involve superposition principles, where fields from
multiple wires or non-uniform charge distributions are combined.

3. Dielectric Mediums

Introducing a dielectric medium alters the permittivity \( \varepsilon \) and
modifies the electric field accordingly.

Summary

- The electric field around an infinite charged wire with charge per unit
length \( \lambda \) is given by:

\ [
E(r) = \frac{\lambda}{2\pi \varepsilon 0 r}
\1

- The field is purely radial and diminishes with increasing \( r \).

- The problem showcases the power of symmetry and Gauss's law in
electrostatics.

- Understanding this setup is fundamental for applications in electrical
engineering, physics, and materials science.

Final Thoughts

Mastering the scenario of an infinite charged wire along the central axis of
a cylindrical setup provides a strong foundation for tackling more intricate
electrostatic problems. It exemplifies how symmetry simplifies the
mathematics and enhances physical intuition. Whether for designing electrical
systems, understanding plasma behavior, or exploring advanced electromagnetic
phenomena, these principles remain central to the field.



Remember, while idealized, these models are the stepping stones toward
understanding the complexities of real-world systems. Always consider the
assumptions and limitations when applying these concepts to practical
situations.
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