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Understanding how to compute the discriminant of a function involving multiple variables is fundamental in
algebra, calculus, and mathematical analysis. The discriminant provides crucial information about the nature
of the roots of an equation, the behavior of a function, and the geometric properties of the related algebraic
curve. In this article, we will explore the process of calculating the discriminant D(x, Y) for the specific
function:

\[ F(x, Y) = X + Y^4 - 6x - 2y + 5 \]

and express key numbers in their exact form. We will discuss the theoretical background, step-by-step
computation, and the significance of the discriminant in various mathematical contexts.

---

Understanding the Function \(F(x, Y)\)

Before diving into the discriminant calculation, it is essential to understand the structure of the given
function.

Function Components
- Linear terms: \(X\) and \(-6x\) suggest linear behavior with respect to \(X\) and \(x\).
- Quartic term: \(Y^{4}\) introduces higher-degree behavior with respect to \(Y\).
- Linear terms in \(Y\): \(-2y\), indicating a linear influence of \(y\).
- Constant term: \(+5\), acting as an offset or shift in the function’s value.

The function combines both linear and higher-degree polynomial components, which influence the shape of the
curve or surface it defines.

Variables and Notation Clarification
- The notation appears to include both uppercase \(X\) and lowercase \(x\). For clarity:
- Assume \(X\) is the variable related to \(x\), or possibly a parameter.
- Similarly, \(Y\) and \(y\) should be distinguished if necessary.

For simplicity, we will consider the variables as \(x\) and \(Y\), consistent with standard notation, unless
otherwise specified.

---

Discriminant: Definition and Importance



What is the Discriminant?
The discriminant of a polynomial is a specific value calculated from its coefficients that indicates the nature
of its roots:
- If the discriminant is positive, the polynomial has real and distinct roots.
- If it is zero, the polynomial has multiple roots (i.e., roots with multiplicity greater than one).
- If it is negative, the polynomial has complex conjugate roots.

Why Compute the Discriminant?
- To analyze the behavior of polynomial equations.
- To determine the nature of critical points and singularities.
- To understand the topology of algebraic curves.
- To facilitate solving equations algebraically.

---

Calculating the Discriminant \(D(x, Y)\) of the Function \(F(x, Y)\)

Given the function:

\[ F(x, Y) = x + Y^{4} - 6x - 2y + 5 \]

we need to clarify the role of the variables and the specific form of the polynomial to compute its discriminant.

Assumption:
The function can be viewed as a polynomial in \(Y\), with coefficients depending on \(x\). To find the discriminant
with respect to \(Y\), treat \(x\) as a parameter.

---

Step 1: Rewrite the Function in Standard Polynomial Form in \(Y\)

Observe the given function:

\[ F(x, Y) = x + Y^{4} - 6x - 2y + 5 \]

Assuming \(y\) is independent of \(Y\), and noting that the function involves \(Y^{4}\), the polynomial in \(Y\)
is:

\[ F_Y(Y) = Y^{4} + (x - 6x + \text{terms involving } y) + \text{constants} \]

However, the presence of \(x\) and \(y\) suggests a mixed function. For the purpose of calculating the
discriminant with respect to \(Y\), fix \(x\) and \(y\) as parameters, and view \(F\) as a quartic polynomial in
\(Y\):

\[ F_Y(Y) = Y^{4} + a_3 Y^{3} + a_2 Y^{2} + a_1 Y + a_0 \]

But in the given expression, only \(Y^{4}\) appears explicitly; the rest involve constants and linear terms in
\(x\) and \(y\). There are no \(Y^{3}\), \(Y^{2}\), or \(Y\) terms explicitly, which simplifies the process.

---



Step 2: Express \(F(x, Y)\) as a Quartic Polynomial in \(Y\)

Rearranged, the function is:

\[ F(x, Y) = Y^{4} + (x - 6x) + (-2y) + 5 \]

which simplifies to:

\[ F(x, Y) = Y^{4} + (-5x) + (-2y) + 5 \]

or:

\[ F(x, Y) = Y^{4} + c \]

where:

\[ c = -5x - 2y + 5 \]

This indicates that, for fixed \(x\) and \(y\), the polynomial in \(Y\) is:

\[ P(Y) = Y^{4} + c \]

---

Step 3: Compute the Discriminant of the Quartic \(Y^{4} + c\)

The discriminant \(D\) of a quartic polynomial:

\[ Y^{4} + c \]

has a well-known formula:

\[ D = 256 c^{3} - 27 c^{4} \]

Note: The discriminant of a quartic polynomial of the form \(Y^{4} + c\) simplifies significantly because of the
absence of \(Y^{3}\), \(Y^{2}\), and \(Y\) terms.

---

Explicit Expression for the Discriminant \(D(x, y)\)

Substituting \(c = -5x - 2y + 5\) into the discriminant formula:

\[
\boxed{
D(x, y) = 256 \left( -5x - 2y + 5 \right)^{3} - 27 \left( -5x - 2y + 5 \right)^{4}
}
\]

This expression provides the discriminant explicitly in terms of \(x\) and \(y\), expressed in exact form.

---



Significance of the Discriminant \(D(x, y)\)

Understanding the value of the discriminant informs us about the nature of roots of the polynomial in \(Y\)
for given parameters \(x\) and \(y\):

- Positive discriminant (\(D > 0\)): The polynomial has four distinct real roots in \(Y\).
- Zero discriminant (\(D = 0\)): The polynomial has multiple roots, indicating potential tangencies or
singularities.
- Negative discriminant (\(D < 0\)): The polynomial has complex roots, implying certain complex conjugate pairs.

This information is critical in algebraic geometry, especially when analyzing the shape and singularities of the
algebraic curve defined by \(F(x, Y) = 0\).

---

Applications of the Discriminant in Mathematical Analysis

The computation of the discriminant is essential in various practical and theoretical contexts:

1. Algebraic Geometry and Curve Analysis
- Determining the number and nature of intersection points.
- Analyzing singular points and cusps on algebraic curves.
- Classifying the types of solutions depending on parameter values.

2. Calculus and Critical Point Analysis
- Identifying points where the function's behavior changes drastically.
- Locating maxima, minima, and saddle points by examining the discriminant of derivative polynomials.

3. Polynomial Root Behavior
- Predicting how roots vary as parameters change.
- Facilitating the solution of quartic equations in closed form.

4. Optimization and Modeling
- Understanding the stability of solutions in optimization problems involving polynomial functions.

---

Conclusion

In summary, computing the discriminant \(D(x, y)\) of the function:

\[ F(x, Y) = Y^{4} + c \quad \text{where} \quad c = -5x - 2y + 5 \]

provides a powerful insight into the nature of solutions in the variable \(Y\), for fixed parameters \(x\) and
\(y\). The discriminant's exact expression:



\[
D(x, y) = 256 (-5x - 2y + 5)^3 - 27 (-5x - 2y + 5)^4
\]

encapsulates the algebraic complexity and root behavior of the polynomial. Understanding how to derive and
interpret this discriminant is crucial for advanced studies in algebra, calculus, and geometric analysis.

By mastering discriminant calculations, mathematicians and scientists can better analyze polynomial
equations, predict solution behaviors

Frequently Asked Questions

What is the general method to compute the discriminant D(x, y) of the
function F(x, y) = x + y^4 - 6x - 2y + 5?

To compute the discriminant D(x, y), first identify the relevant quadratic form or the second derivatives
involved, then calculate the determinant of the Hessian matrix of F(x, y) at the critical points. For this
specific function, focus on the second derivatives with respect to x and y to form the Hessian.

How do we find the critical points needed for computing the discriminant D(x,
y) of the given function?

Find the critical points by setting the first partial derivatives to zero: �F/�x and �F/�y. For F(x, y) = x + y^4
- 6x - 2y + 5, solve �F/�x = 0 and �F/�y = 0 simultaneously.

What are the partial derivatives of F(x, y) = x + y^4 - 6x - 2y + 5, and
how do they relate to the discriminant?

The partial derivatives are �F/�x = 1 - 6 and �F/�y = 4y^3 - 2. Setting these equal to zero helps find critical
points. The second derivatives form the Hessian matrix, whose determinant is used to compute the discriminant
D(x, y).

How is the Hessian matrix constructed for the function, and what is its
relevance to the discriminant?

The Hessian matrix is constructed from the second partial derivatives: [[�²F/�x², �²F/�x�y], [�²F/�y�x,
�²F/�y²]]. Its determinant, evaluated at critical points, gives the discriminant D(x, y), which indicates the
nature of those points.

What is the explicit expression for the discriminant D(x, y) of the given
function?

For the function F(x, y), the second derivatives are �²F/�x² = 0, �²F/�y² = 12y^2, and mixed derivatives are
zero. Thus, the discriminant D(x, y) = (0)(12y^2) - (0)^2 = 0, indicating the nature of critical points depends
on higher-order analysis.

How can the discriminant help determine the type of critical points for the
function F(x, y)?

The discriminant D(x, y), derived from the Hessian, indicates whether a critical point is a local maximum, minimum,
or saddle point. If D > 0 and �²F/�x² > 0, it's a local minimum; if D > 0 and �²F/�x² < 0, it's a local maximum; if



D < 0, it's a saddle point. Since D = 0 here, further analysis is needed.

Additional Resources
Compute The Discriminant D(x, Y) Of The Function F(x, Y) = X + Y^4 - 6x - 2y + 5

---

Introduction

In the realm of multivariable calculus and algebraic analysis, understanding the nature of a function's critical
points, singularities, and the behavior of its level curves hinges critically on the calculation of its
discriminant. The discriminant serves as a vital algebraic invariant that encapsulates information about the
roots of equations derived from the function's derivatives, thus informing us about the function's local
extrema, saddle points, and potential degeneracies.

This article delves into a comprehensive investigation of the discriminant of the function:

\[ F(x, y) = x + y^4 - 6x - 2y + 5 \]

At first glance, the expression appears straightforward; however, its analysis reveals a rich landscape of
algebraic and geometric intricacies. Our goal is to compute the discriminant \( D(x, y) \) associated with \( F
\) and explore its implications for the critical points and the overall structure of the function.

---

Understanding the Function \( F(x, y) \)

Before proceeding toward the discriminant, it is essential to clarify the form of the function and identify its key
features.

Simplification and Clarification

The given function is:

\[
F(x, y) = x + y^4 - 6x - 2y + 5
\]

Combining like terms in \( x \):

\[
F(x, y) = (x - 6x) + y^4 - 2y + 5 = -5x + y^4 - 2y + 5
\]

Thus, the simplified form is:

\[
\boxed{
F(x, y) = -5x + y^4 - 2y + 5
}
\]

This form clearly separates the variables, highlighting linearity in \( x \) and quartic behavior in \( y \).

Geometric Perspective

The function combines a linear component in \( x \) with a quartic polynomial in \( y \), indicating that level



sets are potentially complex, involving quartic curves in the \( y \)-direction and linear shifts in \( x \). The
analysis of critical points and discriminant will involve examining the partial derivatives and their roots.

---

Critical Points and the Role of the Discriminant

Partial Derivatives

To analyze the critical points, we compute the gradient of \( F \):

\[
\frac{\partial F}{\partial x} = -5
\]
\[
\frac{\partial F}{\partial y} = 4 y^3 - 2
\]

Given \( \frac{\partial F}{\partial x} = -5 \neq 0 \), the function is strictly decreasing in \( x \), and the
critical points are solely determined by the vanishing of the \( y \)-partial derivative.

Critical Point Conditions

Critical points occur where:

\[
\frac{\partial F}{\partial y} = 0 \Rightarrow 4 y^3 - 2 = 0
\]
\[
\Rightarrow y^3 = \frac{1}{2}
\]
\[
\Rightarrow y = \sqrt[3]{\frac{1}{2}}
\]

Since the critical point in \( y \) is unique, the critical point in the \( xy \)-plane is at:

\[
x_c = \text{any real number (since partial derivative in } x \text{ is constant)}, \quad y_c =
\sqrt[3]{\frac{1}{2}}
\]

Note: The critical points form a vertical line in the \( xy \)-plane at \( y = \sqrt[3]{\frac{1}{2}} \), with \( x
\) arbitrary.

---

The Discriminant in Context

While the above analysis gives the critical points, the discriminant \( D(x, y) \) generally refers to an
algebraic expression derived from the second derivatives or the Jacobian determinant to classify these critical
points or ascertain the nature of the level curves.

The Discriminant of a Polynomial System

For functions involving multiple variables, the discriminant often involves the determinant of the Hessian
matrix:

\[



H_F =
\begin{bmatrix}
\frac{\partial^2 F}{\partial x^2} & \frac{\partial^2 F}{\partial x \partial y} \\
\frac{\partial^2 F}{\partial y \partial x} & \frac{\partial^2 F}{\partial y^2}
\end{bmatrix}
\]

The discriminant (or more precisely, the Hessian discriminant) is then:

\[
D = \det(H_F)
\]

This value indicates the nature of the critical points: whether they are minima, maxima, or saddle points.

---

Computing the Hessian and the Discriminant

Second-Order Partial Derivatives

Given:

\[
F(x, y) = -5x + y^4 - 2y + 5
\]

The second derivatives are:

\[
\frac{\partial^2 F}{\partial x^2} = 0
\]
\[
\frac{\partial^2 F}{\partial y^2} = 12 y^2
\]
\[
\frac{\partial^2 F}{\partial x \partial y} = \frac{\partial^2 F}{\partial y \partial x} = 0
\]

Thus, the Hessian matrix is:

\[
H_F = \begin{bmatrix}
0 & 0 \\
0 & 12 y^2
\end{bmatrix}
\]

Determinant of the Hessian

The discriminant:

\[
D = \det(H_F) = (0)(12 y^2) - (0)(0) = 0
\]

This indicates a degenerate Hessian everywhere in the domain, which complicates the classification of critical
points.



---

Interpretation and Implications

The zero determinant of the Hessian suggests that the critical points are degenerate, or at least that the
usual second derivative test does not provide conclusive information. This aligns with the structure of \( F \):

- The linear dependence in \( x \) implies the function does not have local extrema in the \( x \)-direction.
- The quartic in \( y \) has a single critical point at \( y = \sqrt[3]{1/2} \), but the second derivative there is
\( 12 (\sqrt[3]{1/2})^2 > 0 \), indicating a local minimum in the \( y \)-direction.

However, since the Hessian is degenerate, a more nuanced approach is necessary—considering the entire
function's behavior and level sets.

---

Discriminant as a Polynomial in \( y \)

Another perspective involves examining the polynomial in \( y \):

\[
F(x, y) = -5x + y^4 - 2y + 5
\]

Fixing \( x \), the level set:

\[
F(x, y) = c
\]
\[
\Rightarrow y^4 - 2y = c + 5x - 5
\]

This defines a quartic polynomial in \( y \):

\[
P(y) = y^4 - 2 y - d
\]
with

\[
d = c + 5x - 5
\]

The discriminant of this quartic polynomial, \( \Delta_y \), indicates the nature of the roots (real or
complex), multiple roots, and the topology of level curves.

Computing the Discriminant of the Quartic Polynomial

The quartic polynomial:

\[
P(y) = y^4 - 2 y - d
\]

has coefficients:

- \( a_4 = 1 \)
- \( a_3 = 0 \)



- \( a_2 = 0 \)
- \( a_1 = -2 \)
- \( a_0 = -d \)

The discriminant \( \Delta \) of a quartic \( y^4 + a_3 y^3 + a_2 y^2 + a_1 y + a_0 \) is given by a well-
known formula involving the coefficients.

In this case, since \( a_3 = 0 \), \( a_2 = 0 \), the discriminant simplifies significantly.

---

Discriminant of the Quartic \( P(y) = y^4 - 2 y - d \)

General Formula for Quartic Discriminant

For \( y^4 + a y^3 + b y^2 + c y + d \), the discriminant \( \Delta \) is:

\[
\Delta = 256 d^3 - 128 a^2 d^2 + 144 a c^2 d - 27 c^4 + 16 a^4 d - 4 a^3 c^2 - 4 b^3 d + b^2 c^2 - 4 a^2
b^2 + 18 a b c d
\]

In our case, \( a=0 \), \( b=0 \), \( c= -2 \), \( d= -d \) (to avoid confusion, denote the polynomial's constant
as \( D \), and the parameter as \( d \)), so:

\[
P(y) = y^
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