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Consider A System Consisting Of The Cascade Of Two LTI Systems With Frequency
Responses 2 E-jw (e') 1e-jw. This intriguing configuration of Linear Time-Invariant (LTI) systems
provides a foundational understanding of how cascaded systems behave in the frequency domain.
Analyzing such a composite system involves examining the individual responses of each subsystem
and understanding how their combination influences signal processing, filtering, and system design.
In this article, we delve into the theoretical aspects, practical implications, and applications of
cascading LTI systems with specified frequency responses, optimized for clarity and SEO
effectiveness.

Understanding LTI Systems and Their Frequency
Responses

What Are LTI Systems?

Linear Time-Invariant (LTI) systems are a class of systems characterized by two fundamental
properties:

- Linearity: The system's response to a linear combination of inputs is the same linear combination of
the responses to each input.

- Time-Invariance: The system's characteristics do not change over time; shifting the input in time
results in an equivalent shift in the output.

These properties simplify analysis significantly because they allow the use of powerful tools like
Fourier transforms and system transfer functions.

Frequency Response of LTI Systems

The frequency response \( H(\omega) \) of an LTIl system describes how the system modifies the
amplitude and phase of sinusoidal signals at different frequencies. It is obtained by evaluating the
system's transfer function at \( s = j\omega \).

Given a system with transfer function \( H(s) \), the frequency response is:
\[

H(\omega) = H(j\omega)

\]

This response indicates whether the system acts as a filter—amplifying, attenuating, or phase-shifting
signals at specific frequencies.



Analyzing the Cascade of Two LTI Systems

System Description

The system under consideration is a cascade of two LTI systems with the following frequency
responses:

\[

H_1(\omega) = 2 e~ {-j\omega}

\]

\[

H 2(\omega) = e™{j\omega}

\]

The overall system's frequency response \( H_{total}(\omega) \) is the product of the individual
responses:

\[
H_{total}(\omega) = H_1(\omega) \times H_2(\omega)
\]

This cascaded configuration is common in signal processing, where multiple filters or systems are
interconnected to achieve desired filtering characteristics or system behaviors.

Calculating the Overall Frequency Response

Multiplying the two responses:

\[

H_ {total}(\omega) = (2 e~ {-j\omega}) \times (e~ {j\omega}) = 2 e~ {-)\omega} e~ {j\omega} =2
\]

The exponential terms cancel each other out, leaving a constant magnitude response with a value of
2 and zero phase shift.

Implications of the Cascaded System's Frequency
Response

Magnitude and Phase Analysis

- Magnitude Response:

\[

|H_{total}(\omega)| = 2

\]

This indicates the system uniformly amplifies all frequency components by a factor of 2, acting as an
all-pass filter with gain.



- Phase Response:

\[

\angle H_{total}(\omega) = 0

\]

The system introduces no phase shift across frequencies, preserving the waveform shape of signals.

System Behavior and Characteristics

- Unity Magnitude Scaling: The overall response simply doubles the amplitude of input signals.

- No Frequency Selectivity: Since the magnitude is constant, the system does not favor any frequency
bands.

- Zero Phase Distortion: Preserves the wave shape of signals passing through.

Practical Applications of Cascaded LTI Systems with
the Given Responses

Signal Amplification

The cascaded system acts as an amplifier with a gain of 2, useful in applications requiring uniform
signal boost without altering the signal's spectral content.

System Design in Communications

Such configurations are common in communication systems where signals need to be amplified and
transmitted without distortion, ensuring fidelity over long distances.

Filter Banks and Equalizers

While this specific system doesn't provide frequency selectivity, understanding its behavior is
fundamental in designing more complex filter banks and equalizers that manipulate specific
frequency bands.

Advanced Topics: Extending the Analysis

Impact of Non-ldealities

Real-world systems may deviate from ideal responses due to component tolerances, noise, or
nonlinearities, affecting the overall system performance.



Frequency Response with Additional Components

Adding more systems or filters with specific transfer functions can tailor the overall response to meet
particular filtering, shaping, or compensation goals.

Inverse Systems and Signal Recovery

Understanding the cascade allows for designing inverse systems that can recover original signals if
the combined system response is known.

Summary and Key Takeaways

- Cascading two LTI systems results in a frequency response equal to the product of individual
responses.

- In this specific case, the combined response is a constant gain of 2, indicating uniform amplification.
- The system introduces no phase shift, making it ideal for applications requiring amplitude scaling
without distortion.

- Analyzing such systems is fundamental in various fields including communications, control systems,
and signal processing.

Conclusion

Analyzing a cascade of LTI systems with given frequency responses is a powerful approach to
understanding complex signal processing architectures. The example with responses \( 2 e™{-
j\omega}\) and \( e~ {j\omega} ) illustrates how system properties combine in the frequency
domain, simplifying design and analysis. Whether designing simple amplifiers or complex filters,
mastering these principles enables engineers and scientists to develop systems that meet precise
specifications, optimize performance, and ensure signal integrity.
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Frequently Asked Questions

What is the overall frequency response of the cascade of the
two LTI systems with responses 2e” {-jw} and le” {-jw}?

The overall frequency response is the product of the individual responses: (2e”™{-jw}) (le~{-jw}) =
2e™{-jw} e~ {-jw} = 2e"{-j2w}.

How does cascading two LTI systems affect the magnitude
and phase of the combined system?

Cascading combines the magnitude responses multiplicatively and adds the phase responses. In this
case, the magnitude becomes 2 and the phase shifts by -2w, resulting in a constant gain with a phase
delay.

What is the physical interpretation of the exponential term
e”{-j2w} in the combined system's response?

The term e” {-j2w} represents a phase delay corresponding to a time delay of 2 units in the time
domain, indicating the system introduces a delay proportional to the frequency.

Is the overall system causal and stable based on the given
frequency responses?

Yes, since both individual systems have exponential responses that are stable (no poles outside the
unit circle or in the right half-plane), their cascade is also causal and stable.

What is the time-domain impulse response corresponding to
the combined frequency response 2e” {-j2w}?

The inverse Fourier transform of 2e” {-j2w} is 2 times a delta function delayed by 2 units: h(t) = 26(t
- 2).

How would the output change if an input signal is applied to
this cascade system?

The output would be the input signal convolved with the impulse response 26(t - 2), effectively
delaying the input by 2 units and scaling it by 2.

Can this cascade system be considered a simple delay with
gain? Why?

Yes, because its frequency response is a constant gain of 2 multiplied by a phase shift corresponding
to a delay of 2 units, effectively functioning as a scaled delay.



If the input signal is a sinusoid e” {jwt}, what is the output of
the cascade system?

The output will be the input multiplied by the system's frequency response: 2e” {-j2w} e”~ {jwt} =
2e”{j(wt - 2w)} = 2e”~{j(w(t - 2))}, representing a scaled and delayed sinusoid.

What are potential applications of such cascaded systems
with exponential frequency responses?

They are used in signal processing for delay lines, phase shifters, and systems requiring precise
timing adjustments or phase manipulation in communications and control systems.

Additional Resources

Comprehensive Analysis of a Cascade of Two LTI Systems with Given Frequency Responses

Introduction to LTI Systems and Cascade
Configurations

Linear Time-Invariant (LTI) systems form a foundational concept in signal processing, control systems,
and communications. Their defining properties—linearity and time invariance—allow for predictable
behavior where the system's response to inputs can be characterized entirely by their frequency
response or impulse response. When multiple LTI systems are connected in a cascade (series), the
overall system's behavior becomes a product of individual responses, making analysis and design
more manageable.

In this review, we explore a specific cascade configuration involving two LTI systems, characterized by
their frequency responses:

\[
H 1(j\omega) = 2 e™{-j\omega} \quad \text{and} \quad H_2(j\omega) = €'
\]

where \( e'\) appears to be a notation or parameter needing clarification. Assuming a typo or a
notation placeholder, the more conventional interpretation might be:

\[
H 2(j\omega) = e™{-j\omega}
\]

which is common in system descriptions involving delays. This yields a cascade with frequency
responses:

\[



H_{total}(j\omega) = H_1(j\omega) \times H_2(j\omega) = 2 e™{-j\omega} \times e™{-j\omega} = 2
e~ {-j2\omega}
\]

In this context, we will analyze the properties, implications, and behavior of such a combined system,
delving into amplitude, phase, causality, stability, and time-domain implications.

Understanding the Individual Systems' Frequency
Responses

System 1: \( H 1(j\omega) = 2 e~ {-j\omega} \)

- Amplitude Response:
The magnitude of \( H_1(j\omega) \) is:

\[
|[H 1(j\omega)| = 2
\]

which is constant across all frequencies. This indicates a system with uniform gain—amplifying all
frequency components equally, a characteristic of all-pass systems with gain scaling.

- Phase Response:
The phase of \( H_1(j\omega) ) is:

\[
\angle H_1(j\omega) = -\omega
\]

implying a linear phase shift proportional to frequency, indicative of a pure delay of one sampling
interval or unit delay (assuming normalized frequency units).

- Implications:

- The frequency response indicates a delay of one unit of time (or one sample in discrete-time
systems), with an amplification factor of 2.

- The phase shift being linear in \(\omega\) confirms that the system is causal and minimum phase
with no distortion apart from delay.



System 2: \( H 2(j\omega) = e'\) (interpreted as \( e” {-
jlomega} \))

Assuming the notation \( e'\) is a placeholder for \( e”™{-j\omega} \), then:
- Amplitude Response:

\[

|[H 2(j\omega)| =1

\]

constant across all frequencies.

- Phase Response:

\[

\angle H_2(j\omega) = -\omega

\]

again representing a pure delay of one time unit.

- Implications:

- Acts as a pure delay element.

- No change in amplitude across frequencies.

- Introduces linear phase shift, preserving wave shape.

If, however, \( e'\) is a constant scalar (say, \( €' = e)), then:

- The system becomes a simple gain of \( e \), with no delay.

Given typical system notation, the most logical interpretation for \( e'\) in the frequency response is a
delay term, i.e., \( e~ {-j\omega}\).

Overall System Analysis: Cascade of the Two Systems

Combined Frequency Response

The cascade of two LTI systems with frequency responses \( H_1\) and \( H_2) results in a combined
response:

\[
H_{total}(j\omega) = H_1(j\omega) \times H_2(j\omega)
\]



Using the interpreted responses:

\[

H_{total}(j\omega) = 2 e™~{-j\omega} \times e~ {-j\omega} = 2 e~ {-j2\omega}
\]

- Amplitude:

\[

|H_{total}(j\omega)| = 2

\]

indicating uniform gain across all frequencies.

- Phase:

\[
\angle H_{total}(j\omega) = -2 \omega
\]

showing a total delay of two units, which is the sum of individual delays.

Time-Domain Interpretation

- The overall system can be viewed as a delayed and scaled system.

- Since the frequency response corresponds to an exponential of the form \( 2 e~ {-j2\omega} ), the
inverse Fourier transform indicates an impulse response:

\[
h_{total}(t) = 2 \delta(t - 2)
\]

where \( \delta(t) \) is the Dirac delta function, and the delay of 2 units corresponds to the phase shift
of \( e~ {-j2\omega}\).

- Implication:
- The system outputs a scaled delta delayed by 2 units.

- This is consistent with the principle that the Fourier transform of a delayed delta is \( e~ {-j\omega
t 0}\), with\(t 0 =2)).

System Causality and Stability

- Causality:



- Both individual responses involve delay elements, which are causal.
- The overall response being a delay (no anticipatory components) confirms causality.
- Stability:

- All-pass nature and constant magnitude response indicate BIBO (Bounded Input, Bounded Output)
stability.

- The magnitude is finite and constant, so the system is stable.

Deeper Insights: Effects on Signal Processing and
System Behavior

Impact on Signals Passing Through the Cascade

- Amplitude Scaling:

- All signals are scaled by a factor of 2.

- This amplification may be desirable or undesirable depending on application context.

- Delay and Phase:

- The overall delay of 2 units means the output signal lags the input by two time units.

- Phase linearity across frequencies preserves the waveform shape but introduces delay.
- Signal Preservation:

- The system behaves as an all-pass system with delay, so the waveform shape is preserved, only
shifted in time and scaled.

Frequency Response Characteristics and System Design

- Design Implications:

- Such a system could be used in applications where delay and gain are controlled, like echo effects,
buffering, or synchronization.

- Limitations:



- Since the system is purely delay and gain, it does not alter frequency content, which might be
limiting for filtering applications.

- Potential Modifications:

- To achieve filtering, one could modify the frequency responses to introduce frequency-dependent
attenuation or phase shifts.

Phase and Group Delay Analysis

- Phase Response:

\[

\phi(\omega) = -2\omega

\]

linear and unbounded as \(\omega \to \infty\), characteristic of pure delay systems.
- Group Delay:

\[

\tau_g(\omega) = -\frac{d\phi}{d\omega} = 2

\]

constant across frequencies, confirming a uniform delay.

- Significance:

- Constant group delay ensures no signal distortion, maintaining wave shape integrity over the
spectrum.

Practical Implementation and Applications

Implementation in Real Systems

- Discrete-Time Systems:
- Implemented via delay lines and amplifiers.
- The delay of 2 units can be realized with shift registers or buffer memory.

- Analog Systems:



- Achieved with transmission lines or digital-to-analog conversions with delay elements.

Applications in Signal Processing

- Echo and Reverberation:

- Delay lines with gain are fundamental in creating echo effects.

- Synchronization:

- Delay elements used in aligning signals in communication systems.
- Filter Design:

- While the current system is a pure delay with gain, similar structures are fundamental in designing
more complex filters.

Limitations and Considerations

- Signal Distortion:

- No distortion occurs here; waveform shape is preserved, which is advantageous.
- Delay Constraints:

- Physical and practical limits on delay length in hardware.

- Gain Control:

- Amplification must be managed to avoid saturation or distortion in subsequent stages.

Concluding Remarks

This detailed examination of a cascade of two LTI systems characterized by the frequency responses
\(H_
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