
Consider An Erlang Loss System. The
Average Processing Time Is 4 Minutes. A
Denial Of Service Probability
Consider An Erlang Loss System. The Average Processing Time Is 4 Minutes. A
Denial Of Service Probability

In today's increasingly connected world, ensuring reliable service availability is critical for
telecommunications, customer service centers, and any system handling numerous
concurrent users. An Erlang loss system provides a foundational model for analyzing such
service environments, especially when the primary concern is the probability that incoming
requests will be denied due to all servers being busy. This article explores the key concepts
behind an Erlang loss system, focusing on the implications of an average processing time of
4 minutes and the probability of experiencing a denial of service (DoS). By understanding
these elements, organizations can optimize their capacity planning and improve overall
service quality.

Understanding the Erlang Loss System

What Is an Erlang Loss System?

An Erlang loss system, also known as an M/M/c/c queue, is a mathematical model used to
analyze telecommunications and service systems where no waiting space is available. It
assumes:

- Poisson arrivals: Requests arrive randomly at a constant average rate.
- Exponential service times: The time taken to process each request follows an exponential
distribution.
- Limited capacity: The system has a fixed number of servers (or channels), c, and no
queueing is permitted—requests that arrive when all servers are busy are immediately lost
or rejected.

This model effectively captures scenarios where immediate service is essential, and delays
are unacceptable, such as emergency call centers, network bandwidth allocation, or
reservation systems.

Key Parameters of the Erlang Loss Model

- Arrival rate (λ): The average number of requests arriving per unit time.
- Service rate (μ): The reciprocal of the average processing time per request. Given the 4-
minute average, μ = 1 / 4 minutes = 0.25 per minute.
- Number of servers (c): The total number of simultaneous requests the system can handle.



- Traffic intensity (A): The total offered load, calculated as A = λ / μ, expressed in Erlangs.

The core goal in analyzing an Erlang loss system is to determine the probability that an
arriving request will find all servers busy, leading to a denial of service.

Calculating Denial of Service Probability in an
Erlang Loss System

The Erlang B Formula

The probability that an arriving request is denied, known as the blocking probability
(denoted as B(c, A)), is computed using the Erlang B formula:

\[ B(c, A) = \frac{\frac{A^c}{c!}}{\sum_{k=0}^{c} \frac{A^k}{k!}} \]

Where:
- \( c \) is the number of servers.
- \( A \) is the offered traffic in Erlangs.

This formula provides a direct way to evaluate the likelihood of system blockage based on
traffic load and capacity.

Interpreting the Results

- A low blocking probability (e.g., less than 1%) indicates high service reliability.
- A high blocking probability suggests that many requests are being denied, potentially
impacting customer satisfaction.
- Adjusting the number of servers (c) can help manage this probability.

Impact of Average Processing Time on System
Performance

Linking Processing Time and Traffic Load

Given the average processing time (\( T \)) of 4 minutes, the service rate (\( μ \)) becomes:

\[ μ = \frac{1}{T} = \frac{1}{4} = 0.25 \text{ per minute} \]

The total offered load \( A \) in Erlangs is then:



\[ A = λ \times T \]

Where:
- \( λ \) is the arrival rate in requests per minute.
- \( T \) is the average processing time in minutes.

For example, if the system receives 15 requests per minute:

\[ A = 15 \times 4 = 60 \text{ Erlangs} \]

This high load suggests the need for significant capacity or additional measures to keep the
blocking probability acceptably low.

Effects of Processing Time on Capacity Planning

- Longer processing times increase the offered load for a given arrival rate, raising the
probability of denial.
- Reducing processing time (e.g., optimizing workflows to process requests faster)
decreases the offered load, thus lowering the chance of blocking.
- System designers should aim for a balance between processing efficiency and capacity to
maintain service quality.

Strategies to Minimize Denial of Service
Probability

Capacity Planning and Optimization

- Determine appropriate number of servers (c): Use traffic analysis and the Erlang B formula
to select c that achieves desired blocking probability.
- Peak load management: Anticipate peak traffic periods and provision additional capacity
accordingly.
- Dynamic resource allocation: Employ scalable infrastructure that can adjust capacity
based on real-time demand.

Reducing Average Processing Time

- Process optimization: Streamline workflows to handle requests faster.
- Automation: Use technology to automate routine tasks, decreasing processing times.
- Staff training: Enhance staff efficiency through training and better tools.



Implementing Redundancy and Failover Mechanisms

- Redundancy: Incorporate backup servers to handle excess load during peak times.
- Failover strategies: Ensure seamless transition when primary systems are overwhelmed,
reducing the likelihood of service denial.

Case Study: Applying the Erlang Model to a
Customer Support Center

Suppose a customer support center processes calls with the following parameters:

- Average processing time: 4 minutes.
- Incoming call rate: 20 calls per minute.

Calculations:

1. Service rate \( μ \):

\[ μ = \frac{1}{4} = 0.25 \text{ per minute} \]

2. Offered load \( A \):

\[ A = 20 \times 4 = 80 \text{ Erlangs} \]

3. Selecting number of agents \( c \):

Using Erlang B calculations, to keep the blocking probability below 1%, the center might
need around 85 agents, depending on the exact traffic and desired quality.

4. Outcome and adjustments:

- If the current number of agents is less, the center may experience a high DoS probability,
leading to customer dissatisfaction.
- By increasing staffing or reducing call handling time, the center can lower the blocking
probability.

Conclusion

An Erlang loss system provides a robust framework for analyzing and optimizing service
systems where immediate response is crucial, and queueing is not permissible.
Understanding how the average processing time influences the offered load and the
probability of denial helps managers make informed decisions about capacity planning,
resource allocation, and process improvements. With a processing time of 4 minutes,
organizations must carefully calibrate their number of servers or agents to maintain low
denial probabilities, ensuring high service reliability and customer satisfaction.



By employing the Erlang B formula and considering the dynamics of traffic load and
processing efficiency, businesses can strike a balance between operational costs and
service quality, ultimately delivering seamless experiences even under high demand.

Frequently Asked Questions

What is an Erlang loss system and how does it function?
An Erlang loss system is a telecommunications model where incoming calls are blocked or
lost if all servers or channels are busy, with no queueing allowed. It primarily measures the
probability of call blocking in such systems.

How is the average processing time related to the
system's traffic intensity?
The average processing time, which is 4 minutes in this case, helps determine the offered
traffic load (Erlangs) by multiplying the arrival rate by the processing time, influencing the
probability of call blocking.

What is the Denial of Service (DoS) probability in an
Erlang loss system?
The DoS probability, or blocking probability, is the likelihood that an arriving call finds all
servers busy and is thus denied service, which can be calculated using Erlang B formula
based on system parameters.

How can the Erlang B formula be used to compute the
blocking probability in this context?
The Erlang B formula calculates the probability of blocking by considering the total number
of servers and the offered traffic in Erlangs, providing a measure of the denial of service
probability.

What factors influence the denial of service probability
in this system?
Factors include the number of servers (channels), the offered traffic load (determined by
arrival rate and processing time), and system design parameters that affect congestion
levels.

How does increasing the number of servers impact the
denial of service probability?
Increasing the number of servers reduces the probability of call blocking, thereby
decreasing the denial of service probability in the system.



If the average processing time is 4 minutes, how does
this affect the calculation of the system's traffic load?
The 4-minute processing time, when multiplied by the arrival rate, determines the offered
traffic in Erlangs, which is essential for calculating the blocking probability.

Why is understanding the denial of service probability
important in designing Erlang loss systems?
It helps in capacity planning to ensure acceptable service levels, minimize call blocking, and
optimize resource allocation to meet quality of service standards.

Additional Resources
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---

Introduction to Erlang Loss Systems

The Erlang loss system, also known as the Erlang B model, is a foundational concept in
telecommunications and service systems. It models a scenario where incoming requests or
calls are either immediately served or rejected if all servers are busy—hence the term
"loss" system. This model is especially pertinent in designing and analyzing systems such
as call centers, network routers, and emergency services, where capacity constraints are
critical and lost calls or requests have significant costs or implications.

Understanding the Erlang B model involves examining key parameters such as the number
of servers, traffic intensity, average processing times, and the probability of call blocking or
denial of service. In this review, we delve into a specific case where the average processing
time per request is 4 minutes, analyzing the probability that a new incoming request will be
denied service under given system conditions.

---

Fundamentals of the Erlang B Model

Core Assumptions
- Poisson Arrival Process: Requests arrive randomly at a constant average rate, modeled as
a Poisson process.
- Exponential Service Times: The time taken to serve each request follows an exponential



distribution.
- No Waiting Queue: If all servers are busy, incoming requests are immediately rejected
without queuing.
- Homogeneous Servers: Each server has identical service capacity.
- Steady-State Conditions: The system operates under stable traffic, with arrival and service
rates balanced over time.

Key Parameters
- Number of Servers (C): The total capacity of concurrent services.
- Arrival Rate (λ): The average number of requests arriving per unit time.
- Service Rate (μ): The rate at which a single server can complete requests, calculated as
the reciprocal of the average service time.
- Traffic Intensity (A): Defined as \(A = \frac{\lambda}{\mu}\), representing the offered
load in Erlangs.

---

Analyzing the Given System: Average Processing
Time of 4 Minutes

Calculating the Service Rate
Given:
- Average processing time per request: 4 minutes

To determine the service rate:
\[
\mu = \frac{1}{\text{Average Service Time}} = \frac{1}{4\, \text{minutes}} = 0.25\,
\text{services per minute}
\]

Expressed per hour for better intuition:
\[
\mu = 0.25 \times 60 = 15\, \text{services per hour}
\]

This means each server can handle 15 requests per hour on average.

Implications for System Design
- The service rate directly influences the system’s capacity and the probability of blocking.
- To maintain a low probability of denial, the system must be provisioned with an
appropriate number of servers based on the expected traffic load.



---

Determining Traffic Intensity and System
Capacity

Estimating Arrival Rate (λ)
- The arrival rate depends on the context: customer demand, call volume, or request
frequency.
- For illustration, consider an example where the system experiences an arrival rate of 150
requests per hour:

\[
\lambda = 150\, \text{requests/hour}
\]

- Convert to per-minute basis:

\[
\lambda = \frac{150}{60} = 2.5\, \text{requests per minute}
\]

Calculating Traffic Intensity (A)
Using the service rate per minute (\(\mu = 0.25\)):

\[
A = \frac{\lambda}{\mu} = \frac{2.5}{0.25} = 10\, \text{Erlangs}
\]

This indicates the system is designed to handle 10 Erlangs of traffic under the current
conditions.

Number of Servers Needed (C)
To achieve a desired service quality, including low probability of blocking, the number of
servers must be chosen appropriately.

- For example, if we select C = 12 servers, the system can handle:

\[
\text{Maximum capacity} = 12 \times \text{service rate per server} = 12 \times 15 = 180\,
\text{requests/hour}
\]



which comfortably exceeds the current demand of 150 requests/hour.

---

Calculating the Probability of Denial of Service
(Blocking)

The Erlang B Formula
The probability that an arriving request is denied (blocked) in an Erlang loss system is given
by:

\[
P_b = \frac{\frac{A^C}{C!}}{\sum_{k=0}^C \frac{A^k}{k!}}
\]

Where:
- \(A\) = traffic load in Erlangs,
- \(C\) = number of servers.

This formula accounts for the probability that all servers are busy at the time of arrival.

Applying the Formula to Our Example
Using the earlier example with:
- \(A = 10\),
- \(C = 12\),

Compute the numerator:

\[
\frac{A^{C}}{C!} = \frac{10^{12}}{12!}
\]

Calculate denominator:

\[
\sum_{k=0}^{12} \frac{10^{k}}{k!}
\]

Calculations:

- \(12! = 479001600\),
- \(10^{12} = 1,000,000,000,000\).

Numerator:



\[
\frac{1,000,000,000,000}{479,001,600} \approx 2085.77
\]

Denominator:

\[
\sum_{k=0}^{12} \frac{10^{k}}{k!}
\]

Calculating each term:

| k | \(10^{k}\) | \(k!\) | \(\frac{10^{k}}{k!}\) |
|---|------------|--------|----------------------|
| 0 | 1 | 1 | 1.0000 |
| 1 | 10 | 1 | 10.0000 |
| 2 | 100 | 2 | 50.0000 |
| 3 | 1000 | 6 | 166.6667 |
| 4 | 10,000 | 24 | 416.6667 |
| 5 | 100,000 | 120 | 833.3333 |
| 6 | 1,000,000 | 720 | 1388.8889 |
| 7 | 10,000,000 | 5040 | 1984.12698 |
| 8 | 100,000,000| 40320 | 2480.1587 |
| 9 | 1,000,000,000 | 362880 | 2755.7310 |
|10 | 10,000,000,000 | 3,628,800 | 2758.4411 |
|11 | 100,000,000,000 | 39,916,800 | 2507.9644 |
|12 | 1,000,000,000,000 | 479,001,600 | 2085.77 |

Sum:

\[
\text{Sum} \approx 1 + 10 + 50 + 166.67 + 416.67 + 833.33 + 1388.89 + 1984.13 +
2480.16 + 2755.73 + 2758.44 + 2508.00 + 2085.77 \approx 17748.78
\]

Finally, the blocking probability:

\[
P_b = \frac{2085.77}{17748.78} \approx 0.1175
\]

Result: Approximately 11.75% of requests are blocked under these system parameters.

---

Interpreting the Results: Impact of System



Parameters on Blocking Probability

Number of Servers (C)
- Increasing \(C\) reduces \(P_b\), as more requests can be handled simultaneously.
- Conversely, decreasing \(C\) increases the probability of blocking, risking service denial
and customer dissatisfaction.

Traffic Intensity (A)
- Higher \(A\) (more traffic) leads to increased blocking probability if capacity remains
unchanged.
- The system must be scaled proportionally to handle rising demand.

Average Service Time
- Longer service times (e.g., 6 minutes instead of 4) decrease the service rate (\(\mu\)),
increasing \(A\) for the same arrival rate.
- This increases the likelihood of blocking unless capacity is scaled up.

Balancing Cost and Quality
- Increasing capacity (more servers) reduces blocking but incurs higher costs.
- System designers often aim for a target blocking probability (e.g., <1%) and adjust
capacity accordingly.
- The example calculation suggests an 11.75% blocking probability at these parameters,
which might be acceptable or require adjustments depending
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