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Understanding the geometric relationships in the complex plane is fundamental
in complex analysis and geometry. One intriguing problem involves analyzing
three points: the origin (0), a complex number Zi, and the sum of two complex
numbers Z: + Z2. The goal is to demonstrate that these three points form the
vertices of a triangle. This article provides a comprehensive exploration of
this problem, exploring the geometric significance of complex numbers, the
properties of these points, and the rigorous proof demonstrating that they
indeed constitute a triangle.

Introduction to the Complex Plane and Complex
Numbers

Before delving into the proof, it is essential to understand the foundational
concepts of the complex plane and how complex numbers are represented
geometrically.

Complex Numbers as Points in the Plane

A complex number Z can be written in the form:
\[ Z =x + iy \]

where:

- \( x \) is the real part, corresponding to the horizontal coordinate.

- \( y \) is the imaginary part, corresponding to the vertical coordinate.
- \( 1 \) is the imaginary unit satisfying \( i"2 = -1 \).

In the complex plane:

- The point corresponding to Z is plotted at the coordinates \( (x, y) \).

- The modulus \( |[Z] = \sqrt{x"2 + y*2} \) measures the distance from the
origin to the point.

- The argument \( \arg(Z) \) is the angle between the positive real axis and
the line segment connecting the origin to Z.



Operations in the Complex Plane

Complex addition and multiplication have geometric interpretations:

- Addition: corresponds to vector addition in the plane.

- Multiplication: involves scaling by the modulus and rotation by the
argument.

Understanding these operations sets the stage for analyzing the points 0, Zi,
and Z1 + Z2.

Setting Up the Problem: The Points in Question

The three points in the complex plane under consideration are:

1. Point O0: The origin, represented by the complex number \( 0 \).

2. Point Zi: An arbitrary complex number, represented in the plane as \( Z 1
\).

3. Point Z: + Z2: The sum of two complex numbers, represented as \( Z 1 + Z 2

\).

The primary question is: Do these points form the vertices of a triangle?

To answer this, we need to verify that these three points are not collinear.
If they are non-collinear, then they form a triangle.

Geometric Approach to the Problem

To determine whether three points form a triangle, the key criterion is
whether they are collinear or not.

Collinearity in the Complex Plane

Three points \( A, B, C \) in the plane are collinear if the vectors \(
\vec{AB} \) and \( \vec{AC} \) are linearly dependent. Equivalently, in terms
of complex numbers:

- The points \( Z A, Z B, Z C\) are collinear if the points satisfy:

\ [
\frac{Z B - Z A}{Z C - Z A} \in \mathbb{R}



\1]
meaning the quotient is a real number; the points lie on the same line.
Applying this to our points:
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the points are collinear if:

\ [
\frac{Z 1 - 0}{(Z2 1 + Z 2) - 0} = \frac{Z 1}{Z 1 + Z 2} \in \mathbb{R}
\1

Otherwise, they form a triangle.

Proving the Points Form a Triangle

The main goal is to show that unless \( Z 1 \) and \( Z 2 \) satisfy the
specific condition that makes the above quotient real, the three points are
not collinear, and thus form a triangle.

Step 1: Express the Condition for Collinearity

The points \( 0, Z 1, Z1 + Z 2 \) are collinear if:

\ [
\frac{Z 1}{Z 1 + Z 2} \in \mathbb{R}
\1

which implies:
\ [

\frac{Z 1}{Z 1 + Z 2} = r \quad \text{for some real number } r
\1]

Rearranged:

\ [

Z1=r (Z1+ Z2)
\1]

Expanding:



\ [
Z1l=rZ1+rZ2
\]

which gives:

\ [
Z1-rz1
\1
\ [
Z1(1-r)
\1

r Z 2

r Z 2

Assuming \( Z 1 \neq 0 \), this can be written as:

\ [

\frac{Z 2}{Z 1} = \frac{1l - r}{r}

\1

Since \( r \in \mathbb{R} \), \( \frac{Z 2}{Z 1} \) must also be real.

Therefore:

- The points are collinear if and only if \( \frac{Z 2}{Z 1} \in \mathbb{R}
\).

Step 2: Conditions for Non-Collinearity

- If \( \frac{Z 2}{Z 1} \notin \mathbb{R} \), then the points are not
collinear.
- Consequently, the points \( 0, Z1, Z 1+ Z 2 \) form a triangle.

In simple terms:
- When \( Z 2 \) is not a real multiple of \( Z 1 \), the three points are
non-collinear.

- Visually, this means \( Z 2 \) has a component orthogonal to \( Z 1 \),
ensuring the three points do not lie on a straight line.

Geometric Interpretation and Examples

To better understand this concept, consider specific examples.



Example 1: \( Z1 =1+ 1i\)and \( Z2 =2+ 31)

Calculate:

\ [

\frac{Z 2}{zZ 1} = \frac{2 + 3i}{1 + i}

\1]

Multiply numerator and denominator by the conjugate of the denominator:

\ [

\frac{(2 + 31)(1 - 1)H{(1 + i)(1 - i)} = \frac{(2 + 31)(1 - i)H{1 + 1} =
\frac{(2 + 31)(1 - 1i)}{2}

\]

Compute numerator:

+ 3i(1 - i) =2 - 21 + 31 - 31”2 =2 + 1 + 3 \quad (\text{since }

Therefore,

\ [
\frac{Z 2}{Z 1} = \frac{5 + i}{2} = 2.5 + 0.51
\1

Since this is not purely real, the points are not collinear, and thus, they
form a triangle.

Example 2: \( Z1 =2+ 21 \) and \( Z 2 =4 + 41 \)

Calculate:

\ [
\frac{Z 2}{Z 1} = \frac{4 + 4i}{2 + 2i}
\1

Divide numerator and denominator by 2:



\ [
\frac{2 + 2i}{1 + i}

\1]
Multiply numerator and denominator by \( 1 - i \):

\ [
\frac{(2 + 2i)(1 - 1)}{(1 + 1)(1 - 1)} = \frac{(2 + 21)(1 - 1i)}{2}
\]

Compute numerator:

\ [
2(1 - i) + 2i(1 - 1) =2 - 21 +21 - 2i"2 =2+ 0+ 2 =4
\]

since \( -2i"2 = 2 \).
Thus,
\ [

\frac{Z 2}{Z 1} = \frac{4}{2}
\1]
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which is real. Therefore, the points are collinear, and they do not form a
triangle.

Conclusion: When Do The Points Form a Triangle?

From the above analysis, the key criterion is whether \( Z 2 / Z 1 \) is
real.

- If \( Z2 / Z 1 \notin \mathbb{R} \), then the points \(

Frequently Asked Questions

What are the points considered in the problem
involving the complex plane?

The points are 0, Z1, and Z1 + Z2 in the complex plane.



How can we interpret the points 0, Z1, and Z1 + Z2
in the complex plane geometrically?

They are points represented by their complex numbers, with 0 at the origin,
Z1 at coordinate Z1, and Z1 + Z2 at coordinate Z1 + Z2.

What is the main goal to show regarding the points
0, Z1, and Z1 + Z27?

The goal is to demonstrate that these three points are the vertices of a
triangle, meaning they are non-collinear.

What condition must be satisfied for the points to
form a triangle in the complex plane?

The points are non-collinear, which means the vectors Z1 and Z2 are not
scalar multiples of each other, ensuring the three points do not lie on a
straight line.

How can the collinearity of points 0, Z1, and Z1 +
Z2 be tested?

By checking whether the vectors Z1 and Z2 are linearly independent; if they
are, the points are non-collinear and form a triangle.

Why is the point Z1 + Z2 significant in establishing
the triangle's vertices?

Because it is obtained by vector addition, representing the endpoint of Z2
starting from Z1, which helps in visualizing the triangle formed with 0 and
Z1.

Can you explain how vector addition relates to the
points in the complex plane in this problem?

Yes, the point Z1 + Z2 represents the vector sum of Z1 and Z2, and analyzing
these vectors helps determine if the points are vertices of a triangle.

What is the conclusion if the points 0, Z1, and Z1 +
Z2 are not collinear?

They form the vertices of a triangle in the complex plane, confirming the
geometric configuration described.



Additional Resources

Consider The Points 0, Zi, And Z:1 + Z2 In The Complex Plane. Show That They
Are The Vertices 0f A Triangle

Understanding the geometric relationships within the complex plane often
provides deep insights into complex analysis, vector algebra, and geometric
transformations. Among these relationships, identifying whether three points
form a triangle is fundamental. In this article, we explore the problem:
Consider the points 0, Zi, and Zi1 + Z2 in the complex plane. Show that they
are the vertices of a triangle. This exploration not only reinforces the
geometric intuition behind complex numbers but also demonstrates how
algebraic properties translate into geometric configurations.

Introduction to the Geometric Setup

In the complex plane, every complex number corresponds to a point in a two-
dimensional coordinate system, where the real part represents the x-
coordinate and the imaginary part represents the y-coordinate. The points in
question are:

- The origin, 0 (which is the point at the origin in the plane).

- The point Z:, a complex number which can be written as \( Z1=x1+y 1i
\).
- The point Z1 + Z2, where \( Z 2 =x 2 +y 2 i \) is another complex number.

Visualizing these points, the question becomes: Do these three points form a
triangle? To answer this, we need to analyze their positions and verify
whether they are non-collinear.

Why Are Points 0, Zi, and Zi1 + Z2 Potential Vertices of a Triangle?
Basic Definition: Triangle Vertices

Three points in the plane are the vertices of a triangle if and only if they
are not collinear—meaning, they do not lie on the same straight line. If the
points are collinear, then the shape formed is a line segment, not a
triangle.

Conditions for Non-Collinearity
Given points \( A, B, C \), they are collinear if the area of the triangle

they would form is zero. The area can be computed using the coordinates of
these points, or equivalently, using vector cross products.



Step-by-Step Analysis
Step 1: Represent the Points
Let:
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Step 2: Express as Vectors

In the complex plane, points correspond to vectors:

- \( \vec{A}
- \( \vec{B}
- \( \vec{C}

\)
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Step 3: Use the Area Formula

The area \( \Delta \) of the triangle with vertices at points \( A, B, C\)
is given by:

\ [

\text{Area} = \frac{1}{2} | \text{Im} \left( (\overrightarrow{AB}) \cdot
\overrightarrow{AC}" \right) |

\1

Alternatively, in terms of complex numbers, the area can be expressed as:

\ [
\text{Area} = \frac{1}{2} | \operatorname{Im} ( \overline{Z 1} \cdot Z 2 ) |
\1]

overline{Z 1} \) 1is the complex conjugate of \( Z 1 \),

-2 \) is the difference between the points \( C \) and \( B \), i.e.,
\).

Step 4: Compute the Area

Since the points are:
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the vectors are:

- \( \overrightarrow{AB} =721 - 0 =21 \),



- \( \overrightarrow{AC} = (Z 1+ Z22) - 0=2Z1+127Z2\).
The area of triangle \( ABC \) is:

\ [
\text{Area} = \frac{1}{2} | \operatorname{Im} ( \overline{Z 1} \cdot Z 2 ) |

\1

Key Insight: Non-Collinearity Condition
The critical point here is that the area is zero if and only if:

\ [

\operatorname{Im} ( \overline{Z 1} \cdot Z 2 ) =0

\1

which implies that \( \overline{Z 1} \cdot Z 2 \) is purely real.

When are the Points Collinear?

- If \( \operatorname{Im} ( \overline{Z 1} \cdot Z 2 ) = 0 \), then the
points are collinear.
- Otherwise, the points form a triangle.

Special Case: When Do They Fail to Form a Triangle?

They are collinear if and only if \( Z 2 \) is a real multiple of \( Z 1 \).
That is:

\ [
Z 2 = \lambda Z 1, \quad \lambda \in \mathbb{R}
\1]

In this case:

\ [
\overline{Z 1} \cdot Z 2 = \overline{Z 1} \cdot \lambda Z 1 = \lambda |Z 1|"2
\]

which is real, implying zero imaginary part and hence collinearity.

Geometric Interpretation
The above algebraic condition can be translated into a geometric one:

- The points \( 0, Z 1, Z1+ Z 2 \) form a triangle unless \( Z 2 \) is
aligned with \( Z 1 \).



Visually:

- If \( Z 2 \) points in the same or opposite direction as \( Z 1 \), then
all three points lie on a straight line.

- If \( Z 2 \) has a component orthogonal to \( Z 1 \), then the points are
non-collinear and form a triangle.

Conclusion: Conditions for the Points to Form a Triangle

Summary:

- The points 0, Zi, and Z1 + Z2 are vertices of a triangle if and only if \(
Z 2 \) is not a real multiple of \( Z 1 \).

- Equivalently, they are not collinear if:

\ [

\operatorname{Im} ( \overline{Z 1} \cdot Z 2 ) \neq 0

\1

Implication:

- When \( Z 2 \) is not aligned with \( Z 1 \), the three points form a
triangle.

- When \( Z_2 \) is aligned with \( Z_1 \), the points are collinear and do
not form a triangle.

Additional Insights and Applications
1. Vector Addition and Geometric Construction

The point \( Z 1 + Z 2 \) can be seen as the result of placing the vectors \(
Z 1\) and \( Z 2 \) head-to-tail. In the context of the complex plane:

- Starting at the origin, moving to \( Z 1 \),
- then from \( Z 1 \), moving to \( Z 1+ Z 2\),

these three points form a geometric figure whose shape and area depend on the
relative directions of \( Z 1 \) and \( Z 2 \).

2. Applications in Complex Analysis
Understanding when points form a triangle is crucial in:
- Contour integrations where vertices are points in the complex plane,

- Analyzing the geometric properties of complex functions,
- Visualizing transformations like rotations, translations, and scaling.



3. Extensions to Other Configurations

The analysis extends naturally to other sets of points in the complex plane,
providing a powerful tool for geometric reasoning in complex analysis and
related fields.

Final Remarks

The demonstration that the points 0, Zi, and Z1 + Z: form a triangle unless
they are collinear hinges on the algebraic condition involving the imaginary
part of the product \( \overline{Z 1} Z 2 \). This criterion elegantly
captures the essence of collinearity in the complex plane and illustrates how
algebraic expressions encode geometric relationships.

By understanding these foundational concepts, mathematicians and students can
better navigate the rich interplay between algebra and geometry intrinsic to
complex analysis. Whether analyzing the properties of complex functions or
constructing geometric figures, recognizing when points form a triangle
provides a vital perspective in the study of the complex plane.

Consider The Points 0 Z1 And Z1 Z2 In The Complex Plane
Show That They Are The Vertices Of A Triangle

Consider The Points 0 Z1 And Z1 Z2 In The Complex Plane Show That They Are The Vertices Of A
Triangle

Related Articles

¢ Blockbuster Went Out Of Business Because Its Top Management Was Unable To Properly
Manage The Company'sa.

e Free Cash Flow Catering Corp. Reported Free Cash Flows For 2013 Of $8 Million And
Investment In Operating

¢ A Coupon Bond That Pays Interest Of $100 Annually Has A Par Value Of $1000 Matures In 5
Years And Selling

Back to Home


https://sip.evo9x.com/ma37/consider-the-points-0-z1-and-z1-z2-in-the-complex-plane-show-that-they-are-the-vertices-of-a-triangle.pdf
https://sip.evo9x.com/ma37/consider-the-points-0-z1-and-z1-z2-in-the-complex-plane-show-that-they-are-the-vertices-of-a-triangle.pdf
https://sip.evo9x.com/ma37/blockbuster-went-out-of-business-because-its-top-management-was-unable-to-properly-manage-the-company-sa.pdf
https://sip.evo9x.com/ma37/blockbuster-went-out-of-business-because-its-top-management-was-unable-to-properly-manage-the-company-sa.pdf
https://sip.evo9x.com/ma37/free-cash-flow-catering-corp-reported-free-cash-flows-for-2013-of-8-million-and-investment-in-operating.pdf
https://sip.evo9x.com/ma37/free-cash-flow-catering-corp-reported-free-cash-flows-for-2013-of-8-million-and-investment-in-operating.pdf
https://sip.evo9x.com/ma37/a-coupon-bond-that-pays-interest-of-100-annually-has-a-par-value-of-1000-matures-in-5-years-and-selling.pdf
https://sip.evo9x.com/ma37/a-coupon-bond-that-pays-interest-of-100-annually-has-a-par-value-of-1000-matures-in-5-years-and-selling.pdf
https://sip.evo9x.com

