
Create An Equation For A Third Function That
Has A Greater Rate Of Change Than One
Function But A Smaller
Create An Equation For A Third Function That Has A Greater Rate Of Change Than One
Function But A Smaller is a complex yet fascinating challenge in mathematics, especially within the
realm of calculus and functions analysis. This task involves constructing a third function that
surpasses one existing function in terms of its rate of change (derivative) while remaining inferior to
another in the same aspect. Understanding how to design such functions requires a solid grasp of
derivatives, the behavior of functions, and how to manipulate their equations to achieve specific rate-
of-change properties.

In this article, we will explore the theoretical concepts needed to create such functions, provide
detailed examples, and outline methods to develop equations that satisfy these unique criteria.
Whether you're a student looking to deepen your understanding of calculus or a teacher seeking a
comprehensive explanation for instructional purposes, this guide aims to clarify the process step-by-
step.

---

Understanding Rate of Change and Derivatives

The Concept of Rate of Change
The rate of change of a function at a particular point measures how quickly the function's output
values are changing with respect to its input. In calculus, this is represented by the derivative of the
function, denoted as f'(x).

For example:
- If \(f(x) = x^2\), then \(f'(x) = 2x\).
- The derivative tells us whether the function is increasing or decreasing and how steep the graph is
at any point.

Derivatives as a Measure of Steepness
The magnitude of the derivative indicates the steepness of the function:
- Larger absolute values of the derivative correspond to steeper slopes.
- Smaller absolute values indicate flatter regions.

Understanding the derivatives helps us compare functions based on their rates of change at specific
points or over intervals.

---



Problem Statement and Objectives

Given two functions:
- Function A: \(f(x)\) with derivative \(f'(x)\).
- Function B: \(g(x)\) with derivative \(g'(x)\).

Our goal is to create a third function, h(x), such that:
- The rate of change of h(x) is greater than that of f(x) at certain points or over certain intervals.
- The rate of change of h(x) is smaller than that of g(x) at those same points or intervals.

This requires constructing a function \(h(x)\) where:
\[
f'(x) < h'(x) < g'(x)
\]

for the desired domain.

---

Strategies for Creating Such a Function

Developing a function with a rate of change sandwiched between two others involves several
approaches:

1. Linear Interpolation of Derivatives
One way is to design the derivative of \(h(x)\) as a weighted average of the derivatives of \(f(x)\) and
\(g(x)\):

\[
h'(x) = \alpha f'(x) + (1 - \alpha) g'(x)
\]
where \(0 < \alpha < 1\).

This approach ensures:
- \(h'(x)\) is greater than \(f'(x)\) (if \(g'(x) > f'(x)\))
- \(h'(x)\) is less than \(g'(x)\)

Provided the derivatives are continuous and well-behaved, integrating \(h'(x)\) yields the function
\(h(x)\).

---

2. Constructing \(h(x)\) as an Integral of a Function Between



\(f'(x)\) and \(g'(x)\)
Suppose you have explicit derivatives \(f'(x)\) and \(g'(x)\). Define:

\[
h'(x) = \frac{f'(x) + g'(x)}{2}
\]

or choose a function that satisfies:

\[
f'(x) < h'(x) < g'(x)
\]

for all \(x\) in the domain. Then, integrate:

\[
h(x) = \int h'(x) dx + C
\]

where \(C\) is a constant determined by initial conditions.

---

3. Designing \(h(x)\) Using Known Function Classes
Another approach involves selecting functions with known derivatives:

- For example, if \(f(x) = \sin(x)\), then \(f'(x) = \cos(x)\).
- If \(g(x) = \cosh(x)\), then \(g'(x) = \sinh(x)\).

Choose \(h'(x)\) such that:

\[
\cos(x) < h'(x) < \sinh(x)
\]

and integrate to find \(h(x)\).

---

Concrete Examples

To make these ideas clearer, let's work through specific examples.



Example 1: Polynomial Functions

Suppose:
- \(f(x) = x^2\), so \(f'(x) = 2x\).
- \(g(x) = 4x^2\), so \(g'(x) = 8x\).

We want to create \(h(x)\) such that:

\[
2x < h'(x) < 8x
\]

Choose:

\[
h'(x) = 5x
\]

which satisfies:

\[
2x < 5x < 8x
\]

for \(x > 0\). Integrate:

\[
h(x) = \int 5x dx = \frac{5}{2} x^2 + C
\]

Here, \(h(x) = \frac{5}{2} x^2 + C\) is our third function, with a derivative greater than \(f'(x)\) and
less than \(g'(x)\) when \(x > 0\).

---

Example 2: Trigonometric and Exponential Functions

Suppose:
- \(f(x) = \sin(x)\), \(f'(x) = \cos(x)\).
- \(g(x) = e^x\), \(g'(x) = e^x\).

We seek an \(h(x)\) with:

\[
\cos(x) < h'(x) < e^x
\]

Choose:



\[
h'(x) = \frac{\cos(x) + e^x}{2}
\]

which is between the two derivatives. Integrate:

\[
h(x) = \frac{1}{2} \int \cos(x) dx + \frac{1}{2} \int e^x dx = \frac{1}{2} \sin(x) + \frac{1}{2} e^x
+ C
\]

This \(h(x)\) function will have a rate of change between those of \(\sin(x)\) and \(e^x\).

---

Factors to Consider When Creating Such Functions

Creating a function with a rate of change greater than one function but smaller than another involves
careful attention to several factors:

1. Domain and Interval of Interest
- Derivative inequalities may only hold within specific intervals.
- Always specify the domain where the inequalities are valid.

2. Continuity and Differentiability
- Ensure that the functions are smooth enough (continuous and differentiable) for the derivatives to
exist and be compared meaningfully.

3. Constant of Integration
- When integrating \(h'(x)\), constants can shift the function vertically.
- These constants should be chosen based on initial conditions or boundary constraints.

4. Behavior at Infinity
- Be cautious of functions that grow unboundedly or oscillate wildly, which may complicate
inequalities over the entire domain.

---



Applications of Creating Such Functions

Understanding how to create functions with specific rate-of-change properties has several practical
applications:

Optimization Problems: Designing functions with controlled growth rates for modeling
purposes.

Physics: Modeling systems where acceleration (second derivative) is bounded between two
known quantities.

Economics: Constructing cost or revenue functions with specific marginal rates of change.

Engineering: Developing control systems with desired response rates.

---

Summary and Key Takeaways

- To create a third function with a greater rate of change than one function but smaller than another,
focus on manipulating derivatives directly.
- Use linear combinations or averages of derivatives to ensure the new derivative lies between the
two.
- Integrate the chosen derivative to obtain the original function, adjusting constants as needed.
- Always consider the domain, continuity, and boundary conditions to ensure the inequalities hold.

By mastering these techniques, you can craft functions tailored to specific rate-of-change constraints,
an essential skill in advanced calculus, modeling, and applied mathematics.

---

Conclusion

Creating an equation for a third function that has a greater rate of change than one function but a
smaller rate than another involves understanding the relationship between derivatives and functions.
By carefully selecting or constructing the derivative of the new function within the bounds set by the
existing functions and integrating, you can generate a function that meets the desired criteria. This
process not only deepens your understanding of derivatives and their properties but also enhances
your ability to model and solve complex mathematical problems across various disciplines.

Whether working with polynomials, trigonometric functions



Frequently Asked Questions

How can I create a third function that has a greater rate of
change than a given function?
You can design the third function to have a steeper slope or higher derivative at points of interest,
such as by adding a term with a larger coefficient to the original function or by choosing a function
with a higher growth rate.

What mathematical approach helps compare the rates of
change between two functions?
Calculating the derivatives of both functions allows you to compare their instantaneous rates of
change directly, helping to determine which function changes faster at specific points.

How do I ensure my third function has a smaller rate of
change than a second function but greater than the first?
Identify the derivatives of both functions and construct your third function so its derivative's value lies
between those of the other two functions at the points of interest.

Can polynomial functions be used to create a third function
with a specific rate of change comparison?
Yes, you can choose polynomial functions with appropriate degrees and coefficients so that their
derivatives meet the desired inequalities, such as a steeper slope than one function but less than
another.

What role does the derivative play in designing a function
with a specific rate of change?
The derivative indicates the rate of change at any point; by manipulating it, you can create a function
that increases or decreases faster or slower than a reference function.

Is it possible to construct a function that surpasses one
function's growth rate but stays below another's?
Yes, by carefully choosing the function's formula and ensuring its derivative lies between the
derivatives of the two reference functions across the domain.

How do I verify that my created function has the desired rate
of change properties?
Calculate and compare the derivatives of all involved functions over the relevant domain to confirm
that the third function's rate of change is greater than the first but less than the second.



Are there real-world applications where creating such a
function is useful?
Yes, in economics for modeling growth rates, physics for acceleration comparisons, and engineering
for designing systems with controlled rate changes, such functions help optimize performance within
specific bounds.

Additional Resources
Create An Equation For A Third Function That Has A Greater Rate Of Change Than One Function But A
Smaller

In the realm of calculus and mathematical analysis, understanding and manipulating the rate of
change of functions is fundamental. The ability to construct a third function that exhibits a greater
rate of change than one function yet remains smaller than another introduces intriguing complexities
and insights into the behavior of functions. This article aims to explore the theoretical underpinnings,
practical methodologies, and implications of creating such functions, with a focus on formulating
equations that satisfy these conditions.

---

Understanding Rate of Change and Its Significance

Defining the Rate of Change

At its core, the rate of change of a function reflects how rapidly the output of the function varies with
respect to changes in its input. Mathematically, this is expressed through derivatives:

- The instantaneous rate of change of a function \(f(x)\) at a point \(x\) is given by its derivative
\(f'(x)\).
- The average rate of change over an interval \([a, b]\) is \(\frac{f(b) - f(a)}{b - a}\).

The derivative, \(f'(x)\), provides a local measure of how steeply the function rises or falls at a specific
point.

Implications of Rate of Change in Function Behavior

Understanding the rate of change is crucial because:

- It determines the increasing or decreasing nature of a function.
- It influences the concavity and convexity, affecting the shape of the graph.
- It plays a role in optimization problems, where maxima and minima depend on the derivative's
behavior.



In practical applications, such as physics, economics, and engineering, the rate of change can
represent velocity, marginal cost, or system responsiveness, underscoring its importance.

---

Mathematical Framework for Comparing Functions by
Their Rates of Change

Establishing the Conditions

Suppose we have two functions, \(f(x)\) and \(g(x)\), with the following characteristics:

- \(f(x)\) has a certain rate of change \(f'(x)\).
- \(g(x)\) has a rate of change \(g'(x)\).

The goal is to create a third function \(h(x)\) such that:

1. The magnitude of its rate of change exceeds that of \(f(x)\): \(\left|h'(x)\right| > \left|f'(x)\right|\).
2. Its rate of change is less than that of \(g(x)\): \(\left|h'(x)\right| < \left|g'(x)\right|\).

In other words, for each relevant \(x\), the derivative of \(h(x)\) should satisfy:

\[
|f'(x)| < |h'(x)| < |g'(x)|
\]

Assuming \(f'(x)\) and \(g'(x)\) are known, the challenge becomes constructing \(h(x)\) whose
derivative adheres to these bounds.

Significance of the Inequalities

These inequalities imply that:

- \(h(x)\) changes faster than \(f(x)\) but slower than \(g(x)\).
- The actual functions may cross or diverge depending on their initial conditions and the behavior of
their derivatives.
- The inequalities are pointwise and may vary over the domain, requiring careful consideration of the
functions' properties.

---



Constructing the Third Function: Strategies and
Methodologies

Choosing Appropriate Derivatives

The primary step in constructing \(h(x)\) is defining its derivative \(h'(x)\). To satisfy the inequalities,
one may:

- Select a function for \(h'(x)\) that is bounded between \(f'(x)\) and \(g'(x)\).
- For example, if \(f'(x)\) and \(g'(x)\) are known functions, then:

\[
h'(x) = \theta(x)
\]

where \(\theta(x)\) is a function such that:

\[
|f'(x)| < |\theta(x)| < |g'(x)|
\]

- The sign of \(\theta(x)\) should be chosen to ensure the correct increase or decrease behavior,
depending on the context.

Ensuring the Inequalities Hold Over the Domain

Once \(h'(x)\) is defined, the next step involves integrating to find \(h(x)\):

\[
h(x) = \int \theta(t) dt + C
\]

where \(C\) is an integration constant.

To ensure the inequalities hold across the domain, consider:

- The initial conditions or boundary values of the functions.
- The monotonicity of \(h(x)\) relative to \(f(x)\) and \(g(x)\).
- The possibility of adjusting constants or adding functions to fine-tune the behavior.

Examples of Constructed Functions

Suppose:



- \(f(x) = x^2\), so \(f'(x) = 2x\).
- \(g(x) = e^x\), so \(g'(x) = e^x\).

To find \(h(x)\), define:

\[
h'(x) = \theta(x) \quad \text{such that} \quad 2x < |\theta(x)| < e^x
\]

One possible choice:

\[
h'(x) = x + 1
\]

since for \(x > 0\):

\[
2x < x + 1 < e^x
\]

for sufficiently large \(x\). Integrating:

\[
h(x) = \frac{x^2}{2} + x + D
\]

where \(D\) is a constant. This \(h(x)\) has a rate of change greater than \(f'(x)\) but less than \(g'(x)\)
in certain domains.

---

Analyzing the Behavior and Implications of the
Constructed Function

Comparative Growth and Dynamics

The constructed \(h(x)\) exhibits a rate of change that is strategically bounded. This has several
implications:

- Dominance in Growth Rate: \(h(x)\) can be tailored to grow faster than \(f(x)\) but at a slower pace
than \(g(x)\). This is particularly useful in modeling scenarios where intermediate growth rates are
desired.
- Control over Function Behavior: By adjusting \(\theta(x)\), the derivative, one can control the
curvature, concavity, or convexity of the function, influencing the overall shape.



Applications in Real-World Contexts

Such constructions are valuable in diverse fields:

- Economics: Designing investment strategies that outperform a baseline but stay below risk
thresholds.
- Physics: Modeling systems where the response rate is controlled within specific bounds.
- Engineering: Developing control systems that respond faster than a baseline but within operational
limits.

Limitations and Considerations

While the methodology is theoretically sound, practical considerations include:

- Smoothness and Continuity: Ensuring the derivative \(\theta(x)\) is continuous for smooth \(h(x)\).
- Domain Constraints: The inequalities may only hold over certain intervals, requiring piecewise
definitions.
- Initial Conditions: The choice of the constant \(C\) or \(D\) influences the specific shape and
positioning of \(h(x)\).

---

Advanced Techniques and Extensions

Using Differential Inequalities

Differential inequalities provide a powerful framework for constructing functions within specified
bounds:

\[
f'(x) < h'(x) < g'(x)
\]

which, when integrated, yields:

\[
f(x) + A < h(x) < g(x) + B
\]

where \(A\) and \(B\) are integration constants. This approach allows for systematic construction and
comparison.



Employing Monotone Approximation and Smoothing

In complex scenarios, approximation techniques such as:

- Monotone sequences of functions.
- Smoothing via convolution.

can help generate functions that meet the criteria while maintaining desired regularity and
differentiability properties.

Generalizations and Multivariate Extensions

The concepts extend beyond single-variable functions:

- Multivariate functions with partial derivatives.
- Constructing vector-valued functions with component-wise bounds on derivatives.
- Applications in optimization and systems analysis.

---

Conclusion: Bridging Theory and Practice

Creating a third function that surpasses one in rate of change but remains subordinate to another
embodies the nuanced interplay of calculus, inequality analysis, and functional construction. These
techniques serve as powerful tools for mathematicians, scientists, and engineers aiming to model,
control, or optimize systems with layered constraints on growth and responsiveness.

Understanding the principles of derivative bounds, integration, and function behavior enables the
deliberate design of such functions. Whether for theoretical exploration or practical application,
mastering these methods enhances our capacity to shape functions with precise dynamical
characteristics, fostering innovation and deeper insights across disciplines.

In summary, the art of constructing a function with a rate of change bounded between two others
exemplifies the elegance and utility of calculus in solving complex, real-world problems. It
underscores the importance of a rigorous analytical framework combined with creative problem-
solving, ultimately enriching our understanding of the mathematical landscape that governs change
and growth.
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