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Understanding the possible lengths of the third side of a triangle when the lengths of the other two
sides are known is a fundamental concept in geometry. Whether you're a student preparing for
exams, a teacher designing lessons, or simply a math enthusiast, grasping this concept helps in
solving various geometric problems and in understanding the properties of triangles. This article
explores the principles that determine the range of possible lengths for the third side, focusing on the
Triangle Inequality Theorem and related concepts to help you understand how the lengths of two
sides influence the third.

The Triangle Inequality Theorem: The Foundation

The key to understanding the possible lengths of the third side lies in the Triangle Inequality Theorem.
This theorem states that in any triangle, the length of each side must be less than the sum of the
lengths of the other two sides and greater than their difference.

Statement of the Triangle Inequality Theorem

For a triangle with sides of lengths a, b, and c:

a + b > c

a + c > b

b + c > a

When two sides of a triangle are known, say a and b, these inequalities help determine the possible
range of the third side, c.

Determining the Length of the Third Side

Suppose you are given two sides of a triangle, labeled as a and b. To find the possible lengths of the
third side, c, you apply the Triangle Inequality Theorem.



Step-by-Step Approach

Identify the known sides: a and b.1.

Apply the inequalities to find the range for c:2.

Lower Bound: c > |a - b|

Upper Bound: c < a + b

This yields the interval:
\[ |a - b| < c < a + b \]

Interpreting the Inequalities
- The lower bound, |a - b|, ensures that the third side is longer than the absolute difference of the
other two sides.
- The upper bound, a + b, ensures that the third side is shorter than the sum of the other two sides.

This means that the third side cannot be exactly equal to either bound, but can approach them
arbitrarily closely.

Visualizing the Range of the Third Side

To better understand these inequalities, visualizing the triangle can be helpful.

Example Scenario
Suppose the two known sides are:

a = 7 units

b = 10 units

Applying the inequalities:

Lower bound: |7 - 10| = 3 units

Upper bound: 7 + 10 = 17 units



Therefore, the length of the third side c must satisfy:
\[ 3 < c < 17 \]

This means the third side can be any length greater than 3 units but less than 17 units.

Special Cases and Considerations

While the above provides the general rule, some special cases and additional considerations are
worth noting.

When the Two Known Sides Are Equal
If a = b, then the bounds simplify to:
- Lower bound: |a - a| = 0
- Upper bound: a + a = 2a

Thus, for two equal sides:
\[ 0 < c < 2a \]

This indicates that the third side can be any positive length less than twice the equal sides, but not
zero. Practically, a side length of zero is impossible in a triangle, so c must be greater than zero.

Degenerate Triangles
When c equals either boundary (i.e., c = |a - b| or c = a + b), the triangle becomes degenerate,
meaning the three points lie in a straight line rather than forming a traditional triangle.

- If c = a + b, the triangle is degenerate with all three points on a straight line.
- If c = |a - b|, the triangle is also degenerate, with the two known sides lying along a straight line with
the third side coinciding.

In practical applications, such degenerate cases are typically excluded as they do not form a "proper"
triangle.

Practical Applications of the Triangle Side Lengths

Understanding the possible lengths of the third side has numerous applications beyond pure
mathematics.

1. Triangle Construction and Design
Architects and engineers often use these principles to verify whether a certain configuration can form
a triangle, critical in structural design.



2. Navigation and Geolocation
In triangulation, knowing the distances between points allows for the calculation of unknown
distances, essential in GPS technology.

3. Problem Solving in Geometry
Many geometric problems involve determining possible side lengths to prove the existence or
properties of triangles.

Summary and Key Takeaways

To summarize, given two sides of a triangle, the possible lengths of the third side are constrained by
the Triangle Inequality Theorem. Specifically:

The third side must be greater than the absolute difference of the known sides.

The third side must be less than the sum of the known sides.

Expressed mathematically:
\[ |a - b| < c < a + b \]

This fundamental rule ensures the formation of a valid triangle, preventing degenerate cases unless
specifically considered.

Conclusion

Understanding how to determine the possible lengths of the third side of a triangle when two sides
are known is essential in geometry. The Triangle Inequality Theorem provides a straightforward
method to establish the range of feasible lengths, which is vital in various mathematical, engineering,
and real-world applications. Whether you're constructing a physical model, solving geometric puzzles,
or working on navigation problems, mastering these principles enables effective problem-solving and
a deeper appreciation for the properties of triangles.

By internalizing these concepts, you can confidently analyze and work with triangles in diverse
scenarios, ensuring your solutions are both accurate and logically sound.

Frequently Asked Questions



What is the range of possible lengths for the third side of a
triangle when the other two sides are known?
The third side must be longer than the difference of the two known sides and shorter than their sum.
Specifically, if the two sides are a and b, then the third side c must satisfy |a - b| < c < a + b.

How does the Triangle Inequality Theorem help determine the
possible lengths of the third side?
The Triangle Inequality Theorem states that the sum of any two sides of a triangle must be greater
than the third side. This helps establish the range for the third side based on the known sides.

Can the third side of a triangle be equal to the sum of the
other two sides?
No, if the third side equals the sum of the other two sides, the figure is degenerate and does not form
a valid triangle. The third side must be strictly less than the sum and greater than the difference of
the other two sides.

If two sides of a triangle are 7 and 10 units, what are the
possible lengths for the third side?
The third side must be greater than |7 - 10| = 3 units and less than 7 + 10 = 17 units. So, the third
side length c satisfies 3 < c < 17.

Why is it important to consider the lengths of the known sides
when finding the possible third side length?
Because the possible length of the third side depends on the relative sizes of the known sides; the
triangle inequality constrains the third side to ensure the sides can form a valid triangle.

How can algebraic expressions help in determining the
possible third side lengths in a triangle?
Algebraic expressions based on the triangle inequality (like |a - b| < c < a + b) allow for precise
calculation of the potential range of the third side, given the lengths of the other two sides.

Additional Resources
Triangle Inequality Theorem: An In-Depth Exploration of Possible Lengths for the Third Side

Understanding the possible lengths of the third side of a triangle, given the lengths of the other two
sides, is a fundamental concept in geometry that has both theoretical significance and practical
applications. Whether you're a student tackling geometry problems, an educator designing curricula,
or a professional applying geometric principles in engineering and construction, grasping the
underlying rules governing triangle side lengths is essential. This article provides a comprehensive,



expert-level overview of the topic, dissecting the triangle inequality theorem and its implications to
elucidate the range of possible third-side lengths.

---

Foundational Concepts in Triangle Geometry

Before delving into the specifics of the third side's possible lengths, it’s vital to establish foundational
geometric principles and definitions.

What is a Triangle?

A triangle is a polygon with three sides and three angles, forming the simplest form of polygonal
geometry. Its properties depend heavily on the lengths of its sides and the measures of its angles.

Side Lengths and Notation

Typically, the sides of a triangle are labeled as \( a \), \( b \), and \( c \), with their respective opposite
angles labeled as \( A \), \( B \), and \( C \). For the purposes of this discussion, assume two sides, \( a
\) and \( b \), are known, and we seek the possible lengths for the third side, \( c \).

---

The Triangle Inequality Theorem: The Cornerstone
Principle

The primary rule governing the possible lengths of the third side given two sides is the triangle
inequality theorem. This theorem states that, for any triangle, the length of any side must be less
than the sum of the other two sides and greater than their difference.

Mathematical Formulation

Given two sides \( a \) and \( b \), the third side \( c \) must satisfy the following inequalities:

\[
|a - b| < c < a + b
\]

This inequality encapsulates the essential constraints for forming a valid triangle.



Intuitive Explanation

- Lower Bound (\( c > |a - b| \)): The third side cannot be shorter than the absolute difference of the
other two sides. If \( c \) were equal to or less than \( |a - b| \), the segments would fail to connect to
form a closed triangle, collapsing into a straight line or failing to satisfy the triangle's closure.

- Upper Bound (\( c < a + b \)): The third side cannot be as long as or longer than the sum of the other
two sides. If it were, the two known sides would not be able to connect to form a triangle, instead
creating a degenerate case where the sides lie along the same line.

---

Deriving the Range of the Third Side

Given the two known sides, the inequalities directly specify the range for \( c \):

\[
|a - b| < c < a + b
\]

This range ensures the formation of a proper, non-degenerate triangle.

Practical Illustration

Suppose you have two sticks:

- \( a = 7 \) units
- \( b = 10 \) units

Applying the inequalities:

\[
|7 - 10| < c < 7 + 10
\]
\[
3 < c < 17
\]

Thus, the third side \( c \) can be any length greater than 3 units but less than 17 units, and any such
value will produce a valid triangle.

---



Special Cases and Additional Considerations

While the inequality provides a broad range, specific cases can arise depending on the known sides or
the context.

Degenerate Triangles

- When \( c = |a - b| \), the triangle becomes degenerate, effectively collapsing into a straight line.
- When \( c \) approaches, but does not equal, these bounds, the triangle becomes very "thin,"
approaching a degenerate form.

Right Triangles and Pythagoras’ Theorem

- If the third side \( c \) is the longest side, and the sides satisfy \( c^2 = a^2 + b^2 \), the triangle is
right-angled.
- The possible lengths still adhere to the same inequalities, but the equality \( c = a + b \) or \( c = |a -
b| \) signifies a limiting case (degenerate).

Equilateral and Isosceles Triangles

- When \( a = b \), the range simplifies to \( 0 < c < 2a \), with the minimal length approaching zero
(degenerate) and the maximal being just less than \( 2a \).

---

Graphical Representation: Visualizing the Range

Visual tools significantly aid understanding. Plotting \( c \) on a number line relative to fixed \( a \) and
\( b \):

- The interval \( (|a - b|, a + b) \) indicates all possible lengths.
- The endpoints \( |a - b| \) and \( a + b \) are exclusion zones, representing degenerate cases.

Example:

Plot with \( a = 7 \), \( b = 10 \):

- The interval \( (3, 17) \) shows the permissible \( c \) values.

This visualization confirms that the third side's length must lie strictly within these bounds.

---



Applying the Concept in Real-World Scenarios

Understanding these constraints is crucial across various fields:

- Engineering: Designing triangular supports or frames requires ensuring the lengths adhere to the
triangle inequality to maintain structural integrity.
- Navigation and Surveying: Calculating possible distances when two sides are known involves
applying the inequality to estimate feasible third-side lengths.
- Computer Graphics: Rendering triangles accurately depends on verifying side lengths satisfy the
inequality.

---

Extensions and Related Theorems

While the triangle inequality theorem provides the core constraints, several related principles refine
the understanding of triangle side lengths.

Law of Cosines

- Purpose: Connects side lengths with angles.
- Equation: \( c^2 = a^2 + b^2 - 2ab \cos C \).
- Implication: Validates possible \( c \) values for a given set of sides and angles, ensuring the side
length falls within the triangle inequality bounds.

Heron's Formula

- Computes the area based on side lengths, reinforcing the importance of valid side lengths.

---

Summary and Key Takeaways

- The length of the third side \( c \) of a triangle, given two sides \( a \) and \( b \), must satisfy the
inequality:

\[
|a - b| < c < a + b
\]

- These inequalities ensure the sides can connect to form a non-degenerate triangle.
- The bounds are strict; \( c \) cannot be equal to the bounds if the triangle is to be valid.



- Degenerate triangles occur when \( c \) equals either bound, essentially flattening into a straight
line.
- The triangle inequality theorem is fundamental, with broad applications across science, engineering,
and mathematics.

---

Final Remarks

Mastering the constraints on the third side length not only enhances geometric problem-solving skills
but also provides vital insights into the structural and spatial reasoning underlying many real-world
applications. By understanding and applying the triangle inequality theorem, practitioners can
confidently determine feasible side lengths, optimize designs, and analyze geometric configurations
with precision and certainty.

---

In essence, the possible lengths of the third side are fully characterized by the simple yet powerful
inequalities derived from the triangle inequality theorem, forming a cornerstone of geometric
reasoning.
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