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Creating a function that exhibits discontinuities at specific points is a fundamental concept in
calculus and mathematical analysis. In this article, we will explore how to design such a function
with discontinuities at X = -2, X = 1, and Z = 3, understand the causes of these discontinuities, and
learn how to visualize and interpret these points of discontinuity effectively.

Understanding Discontinuities in Functions

Before diving into the construction of the function, it is essential to grasp what discontinuities are
and why they occur in functions.

What Is a Discontinuity?

A discontinuity in a function occurs at a point where the function is not continuous; that is, the limit
of the function as it approaches that point does not equal the function's value at that point or the
limit does not exist. Discontinuities can be classified into several types:

- Removable Discontinuity: The limit exists but the function is not defined or not equal to the limit at
that point.

- Jump Discontinuity: The left and right limits exist but are not equal.

- Infinite Discontinuity: The function approaches infinity or negative infinity at the point.

The Significance of Discontinuities

Discontinuities are critical in understanding the behavior of real-world systems, such as signals in
electronics, economic models, and physical phenomena. Recognizing where and why discontinuities
occur helps in modeling and analyzing such systems accurately.

Designing a Function with Discontinuities at Specific
Points

Our goal is to craft a function that is discontinuous at the points X = -2, X = 1, and Z = 3. Here, Z is



typically a variable, but for simplicity, we will interpret it as a specific point on the Z-axis where the
function also exhibits discontinuity. Since functions are usually defined with respect to a variable
(commonly X), incorporating a discontinuity at Z = 3 may involve defining the function in a multi-
variable context or considering a separate variable.

Simplifying Assumption

For clarity, we will restrict ourselves to a function of one variable, X, and interpret the discontinuity
at Z = 3 as a separate point of interest, perhaps in a parametric or layered function context.
Alternatively, if Z represents a constant or a specific value in the domain, we can interpret this as a
vertical discontinuity at X = 3 in the function's graph.

Constructing the Function

To construct such a function, we can use a combination of piecewise definitions and functions that
introduce discontinuities at the specified points.

Step 1: Basic Structure

Start with a simple function, such as a polynomial or rational function, and modify it to introduce
discontinuities at the desired points.

Step 2: Introducing Discontinuities at X = -2 and X = 1

One way to create discontinuities at specific points is to define the function as a piecewise function
with different expressions on either side of the points:

" plaintext

f(x) = {

g(x), forx < -2
h(x), for-2<x<1
k(x), forx>1

el
.
-

To create jump discontinuities at these points, ensure that the limits from the left and right exist but
are not equal to the function’s value at those points.

Step 3: Discontinuity at Z = 3
Assuming Z is a variable, similar logic applies. If Z is fixed at 3, and you want a discontinuity there,

you can define the function to have different expressions or define it as a piecewise function with a
break at Z = 3.

Example Function

Let's define an explicit example that demonstrates these discontinuities:



" plaintext

f(x) = {

2x + 1, forx < -2
5, for-2<x<1
x+ 4, forx=1

}

This function has jump discontinuities at x = -2 and x = 1 because:

- As x approaches -2 from the left, f(x) approaches 2(-2) + 1 =-4 + 1 = -3.

- At x = -2, the function value is f(-2) = 5 (from the second piece).

- Since the limit (-3) does not equal the function value (5), there is a discontinuity at x = -2.
Similarly, at x = 1:

- From the left, lim {x-1"-} f(x) = 5.

-Atx=1,f(1)=-1+4=3.
- Since the limit (5) does not equal the function value (3), there's a jump discontinuity at x = 1.

Visualizing the Discontinuities

Graphical representation is invaluable in understanding the nature of discontinuities.

Plotting the Example Function

Using graphing tools or software (like Desmos, GeoGebra, or graphing calculators), plot the
piecewise function:

- For x < -2, plot the liney = 2x + 1.

-For-2 =x <1, ploty =5.

-Forx =1, ploty =-x + 4.

You will observe:

- A jump at x = -2, where the function jumps from the limit approaching from the left (-3) to the value
5

- A jump at x = 1, where the function jumps from 5 (approaching from the left) to 3 (the function
value at x=1).

Causes of Discontinuities in the Function

Understanding why these discontinuities occur helps in analyzing and manipulating functions.



Discontinuitiesat X =-2and X =1

These are jump discontinuities, caused by the way the function is defined in a piecewise manner.
Specifically:

- Piecewise definition: Different expressions on either side of the points create a sudden change.
- Assigned function values not matching the limit from neighboring intervals: The function "jumps" at
the points.

Discontinuityat Z = 3

If Z is interpreted as a constant value, the discontinuity at Z = 3 could be:

- A vertical asymptote if the function tends toward infinity near Z = 3.

- A removable discontinuity if the function is not defined at Z = 3 but can be redefined to make it
continuous.

- An essential discontinuity if the function exhibits oscillation or undefined behavior at that point.

In most practical cases, a discontinuity at Z = 3 might occur because of a division by zero or a
change in the functional rule at that point.

Extending to Multivariable Functions

While the previous examples focus on single-variable functions, the concept can extend to
multivariable functions, where discontinuities can occur along lines or surfaces.

Example: Discontinuity at Z = 3 in a Multivariable Context
Suppose we have a function f(x, z):

" plaintext

f(x,z) = {
x~2-4)/(z-3),forz=3
undefined, forz = 3

ANRNEN

In this case, as z approaches 3, f(x, z) tends toward infinity (assuming x # *+2), demonstrating an
infinite discontinuity along the plane where z = 3.



Summary and Practical Tips

- Discontinuities are points where a function is not continuous; they can be classified as removable,
jump, or infinite.

- Constructing functions with specific discontinuities involves defining piecewise functions, rational
functions with denominators that vanish, or functions with deliberate jumps.

- Visualizing these functions helps in understanding the nature and causes of discontinuities.

- Discontinuities at specific points are often caused by division by zero, differences in piecewise
definitions, or asymptotic behavior.

Conclusion

Designing a function with discontinuities at specific points such as X = -2, X = 1, and Z = 3 involves
understanding the underlying causes of these discontinuities. By employing piecewise definitions
and analyzing the limits from different sides, you can create functions that precisely exhibit the
desired discontinuous behavior. Whether for educational purposes, modeling real-world phenomena,
or exploring mathematical properties, mastering the art of constructing and analyzing discontinuous
functions is a fundamental skill in advanced mathematics.

Remember: Always verify the types of discontinuities using limits and function values, and visualize
your functions for clearer insights.

Frequently Asked Questions

What does it mean for a function to be discontinuous at a
point?

A function is discontinuous at a point if there is a break, jump, or hole in its graph at that point,
meaning the limit from the left and right do not equal the function's value there.

How can I draw a function that is discontinuous at specific
points likex =-2,x=1, and z = 3?

You can draw the function with specific breaks or gaps at those points, such as holes or jumps,
indicating the discontinuities at x = -2, x = 1, and z = 3, where the function is not continuous.

What causes discontinuitiesatx=-2,x=1,andz =3 in a



function?

Discontinuities can be caused by factors such as undefined points (holes), jumps (step changes), or
vertical asymptotes in the function at those specific values.

Is it possible for a function to be discontinuous at multiple
points like x = -2, x = 1, and z = 3 simultaneously?

Yes, a function can have multiple discontinuities at different points, each caused by different
behaviors like holes or jumps at those specific values.

How do I represent a discontinuity at a specific point like x =
-2 in a graph?

You can represent a discontinuity at x = -2 by drawing a gap, a hole, or a jump in the graph at that
point, indicating the function is not continuous there.

What are common reasons for discontinuitiesatx =-2,x =1,
and z = 3 in a piecewise function?

Common reasons include divisions by zero, undefined expressions, or changes in the rule defining
the function at those points, leading to gaps or jumps.

Can the discontinuitiesatx =-2,x =1, and z = 3 be
removable, and how would I show that in the graph?

Yes, if the discontinuities are removable (holes), you can show them as open circles on the graph,
indicating that the function could be redefined at those points for continuity.

Additional Resources

Discontinuities in functions are critical points that reveal significant insights into the
behavior and characteristics of mathematical models. When exploring functions that
exhibit discontinuities at specific points, such as at x = -2, x = 1, and z = 3, understanding
the origins and implications of these discontinuities becomes essential for both theoretical
analysis and practical applications. This article delves into the construction of a
representative function with these discontinuities, explores the reasons behind these
interruptions, and offers comprehensive insights into their mathematical significance.

Understanding Discontinuities in Functions



What Is a Discontinuity?

A discontinuity in a function occurs when the function fails to be continuous at a certain point. In
simple terms, this means that the function's graph "breaks" or "jumps" at specific locations,
preventing the function from having a smooth, unbroken curve. More formally, a function f(x) is
continuous at a point x = a if the following three conditions are met:

1. The function is defined at a: f(a) exists.
2. The limit exists at a: limx—a f(x) exists.
3. The limit equals the function value: limx—a f(x) = f(a).

A failure of any of these conditions results in a discontinuity at that point.

Types of Discontinuities

Discontinuities are generally classified into several types:

- Removable Discontinuity: Occurs when a limit exists at a point, but the function is either undefined
there or not equal to the limit. These "holes" can often be "filled" by redefining the function at that
point.

- Jump Discontinuity: The left-hand and right-hand limits exist but are not equal, resulting in a
“jump" in the graph.

- Infinite Discontinuity: The limits tend to infinity or negative infinity, indicating a vertical
asymptote.

- Essential Discontinuity: More complex types, often involving oscillations, such as those seen in
functions like sine or cosine at certain points.

In the context of constructing a function discontinuous at specific x-values, understanding these
types guides the design process.

Constructing a Function Discontinuous at X = -2, X =1,
and Z =3

Clarifying the Discontinuity at Z = 3

Before proceeding, it’s crucial to clarify the notation. Since the variable in the function is typically x,
the mention of "Z = 3" likely refers to a discontinuity at x = 3, not z. Assuming this, the function we
aim to create is discontinuous atx =-2,x =1, and x = 3.

Key considerations:
- The function should be well-defined everywhere except at these points.

- The discontinuities should be of specific types (e.g., jump or infinite) to illustrate different causes.
- The function should be continuous elsewhere, with smooth behavior apart from these points.



Design Principles for the Function

To achieve this, we can combine various elementary functions and manipulate their domains to
introduce the desired discontinuities. The standard approach involves:

- Using piecewise definitions to explicitly define behavior at and around the discontinuity points.

- Incorporating rational functions, which tend to have vertical asymptotes, for infinite
discontinuities.

- Introducing removable discontinuities by defining the function with "holes" that can be filled by
redefining the value at specific points.

- Including jump discontinuities by defining different limits from the left and right at certain points.

Constructing the Function

A suitable function that fulfills these conditions can be constructed as follows:

\[

f(x) = \begin{cases}

\frac{1}{x + 2} & \text{for } x \neq -2 \\
\text{undefined} & \text{at } x =-2
\end{cases}

\]

\[

g(x) = \begin{cases}

\frac{1}{x- 1} & \text{for } x\neq 1 \\
\text{undefined} & \text{at } x =1
\end{cases}

\]

\[

h(x) = \begin{cases}

\frac{1}{x - 3} & \text{for } x\neq 3 \\
\text{undefined} & \text{at } x =3
\end{cases}

\]

Now, to combine these into a single function with intentional discontinuities at these points, we
define:

\[

F(x) = \left( \frac{1}{x + 2} \right) \cdot \left( \frac{x - 1} {x - 3} \right)
\]

Explanation:

- The term \(\frac{1}{x + 2}\) introduces an infinite discontinuity at \(x = -2\).

- The numerator \((x - 1)\) ensures a zero at \(x = 1\), creating a removable discontinuity if combined
with appropriate limits.

- The denominator \((x - 3)\) introduces a vertical asymptote at \(x = 3\), creating an infinite



discontinuity there.
- The overall function is undefined at \(x = -2, 1, 3\), aligning with the specified discontinuity points.

Alternatively, to create a function with jump discontinuities at these points, a piecewise definition
can be employed:

\[
F(x) = \begin{cases}
X2 &x<-2\\

x+4&-2<x<1\\
-x+2&1<x<3\\
2x-6&x>3
\end{cases}

\]

This piecewise function exhibits jumps at \(x = -2, 1, 3\).

Visualizing Discontinuities
Graphically, these functions will show "holes," jumps, or asymptotes at the specified points,
illustrating the types of discontinuities:

- Infinite Discontinuity at x = -2 and x = 3: Vertical asymptotes where function values tend toward
infinity.

- Removable Discontinuity at x = 1: A "hole" that can be filled by redefining the function's value.

- Jump Discontinuity at the points where the piecewise pieces meet: Sudden jumps in the graph,
illustrating different limits from the left and right.

Analyzing the Causes of Discontinuities

Mathematical Causes of the Discontinuities

The three points of discontinuity, x = -2, x = 1, and x = 3, are caused by distinct mathematical
phenomena:

- At x = -2 and x = 3 (Infinite Discontinuities):

These are caused by vertical asymptotes resulting from rational functions where the denominator
becomes zero. For example, in \(f(x) = \frac{1}{x + 2}\), the denominator zero at \(x = -2\) leads to
the function tending toward infinity, creating an infinite discontinuity. These points are
characterized by the fact that the limits from the left and right tend toward infinity or negative
infinity.

- At x = 1 (Removable Discontinuity):

This arises when the function is undefined at a point where the limit exists but the function value
does not match that limit. For example, the zero of the numerator at \(x = 1\) in a rational function

can create a "hole," which can be "filled" by redefining the function at that point, making it
continuous there.



- At the junctions of piecewise functions (Jump Discontinuities):

These occur where different function definitions meet with different limit values, causing the graph
to "jump" from one value to another. The discontinuity here is not due to the denominator being zero
but due to the intentional choice of different function values at the boundary points.

Implications and Significance in Mathematics and
Applications

Discontinuities are not merely mathematical curiosities—they have profound implications in various
fields:

- Physics: Discontinuities can model phenomena like shocks in fluid dynamics or phase transitions.

- Engineering: They are crucial in signal processing, where sudden jumps or spikes need to be
understood and managed.

- Economics: Discontinuous functions can represent abrupt changes in market behavior or supply-
demand shifts.

- Mathematics: Understanding discontinuities is vital for analyzing limits, derivatives, and integrals,
influencing the development of calculus.

In summary, the causes of the discontinuities at x = -2, x = 1, and x = 3 are rooted in the behavior of
rational functions and piecewise definitions, each exemplifying different types of
discontinuities—vertical asymptotes, removable "holes," and jump discontinuities respectively.

Conclusion: Interpreting Discontinuities in Function
Design

Constructing functions with specific discontinuities offers valuable insights into the underlying
mechanics of mathematical models. By deliberately introducing points where the function is
undefined, exhibits jumps, or tends toward infinity, mathematicians and scientists can better
understand complex systems, predict behaviors, and develop more accurate models.

The example functions discussed—rational functions with asymptotes and piecewise
definitions—serve as illustrative tools for understanding the causes of discontinuities. Recognizing
whether a discontinuity is removable, infinite, or a jump
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