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Understanding how to find a vector function that describes the intersection of two surfaces is a
fundamental skill in multivariable calculus. When dealing with a cylinder intersected by another
surface, such as a plane or a sphere, this process becomes both interesting and practical, especially
in fields like engineering, physics, and computer graphics. This article provides a comprehensive
guide on how to determine a vector function, R(t), that parametrizes the curve of intersection
between a cylinder and another surface, emphasizing clarity, step-by-step methods, and practical
examples.

Introduction to the Intersection of Surfaces

Before diving into the process of finding the vector function, it's essential to understand the nature of
the surfaces involved and what the intersection curve represents.

What is a Surface Intersection?

The intersection of two surfaces in three-dimensional space is the set of all points that satisfy both
surface equations simultaneously. The intersection often forms a curve, which can be parametrized
using a vector function R(t). This curve is crucial in understanding the geometry of the surfaces and
their spatial relationships.

Common Surfaces and Their Equations

- Cylinder: A surface generated by lines parallel to a fixed direction that sweep around a base curve.
For example, a right circular cylinder aligned along the z-axis has the equation:
\[

X"2+y"2=r"2

\]

- Plane: A flat, two-dimensional surface extending infinitely. An example:

\[

ax+by+cz=d

\]

- Sphere: A set of points equidistant from a center point:

\[

(x-x0)"2+(y-y 0)*2+(z-z0)"2=R"2

\]



Understanding the Cylinder and Its Intersection with
Other Surfaces

Let's focus on a specific example: intersecting a right circular cylinder with a plane or another surface.
The process involves solving these equations simultaneously to find the intersection curve.

Example: Cylinder and Plane Intersection

Suppose we have:

- Cylinder: \( x~2 + y~2 =R"2\)
-Plane:\(z=mx +ny + c\)

The intersection curve is the set of points satisfying both equations. To find the vector function R(t),
we need to parametrize this curve.

Step-by-Step Process to Find R(t)

The general approach involves the following steps:

1. Identify the equations of the surfaces involved.

2. Choose a parameterization for one of the surfaces (commonly the cylinder).
3. Express the other surface’s equation in terms of the parameter(s).

4. Solve for the remaining variables to obtain a parametric form.

5. Construct the vector function R(t) using the parameters.

Let's explore these steps in detail.

Step 1: Write the Surface Equations

For the cylinder \( x~2 + y~2 = R"2), the equation is straightforward. For the intersecting surface,
suchasaplane\(z=mx +ny + c\).

Step 2: Parameterize the Cylinder

Since the cylinder is symmetric about the z-axis, a natural parameterization uses trigonometric
functions:

\[
x(t) = R\cos t

\]



\[
y(t) = R\sin t
\]

where \( t\in [0, 2\pi) \). This parametrization traces the circle at any fixed height.

Step 3: Express the Other Surface in Terms of t

Substitute \( x(t) \) and \( y(t) \) into the equation of the other surface.
For the plane:

\[
z(t) = m\cdot x(t) + n\cdot y(t) + c=mR\cost + nR\sint + ¢
\]

This gives the z-coordinate as a function of t.

Step 4: Assemble the Vector Function R(t)

Now, the parametric equations for the intersection curve are:

\[

\boxed{

R(t) = \langle R\cos t, \; R\sint,\; mR\cost + n R\sint + c \rangle
}

\]

This vector function traces out the intersection curve as \( t\) varies.

Additional Examples of Intersection Curves and Their
Vector Functions

The methodology can be adapted to various scenarios involving different surfaces.

Example 1: Cylinder and Sphere

- Cylinder: \( x*2 + y*2 =R"2))
- Sphere: \((x-x 0)"2 4+ (y-y 0)"2+(z-20)"2=5"2))

Solution:



1. Parameterize the cylinder:

\[

X(t) = R\cos t, \quad y(t) = R\sin t

\]

2. Substitute into the sphere's equation:

\[

(R\cost-x 0)"2 + (R\sint-y 0)"2 4+ (z-2.0)"2=S5"2
\]

3. Solve for \( z(t) \):

\[

(z-20)"2=S5"2-(R\cost-x 0)"2-(R\sint-y 0)"2

\]

\[

z(t) =z 0\pm\sqrt{S™2 - (R\cost-x 0)~2-(R\sint-y 0)~2}
\]

4, The vector function:

\[

R(t) = \left\langle R\cos t, \; R\sin t, \; z 0 \pm \sqrt{S~2 - (R\cost-x 0)~2-(R\sint-y 0)~2}
\right\rangle

\]

This traces the intersection curve of the cylinder and sphere.

Practical Applications of Intersection Curves

Understanding and computing the intersection curves between surfaces has numerous applications:

- Engineering Design: Determining the intersection line between parts in CAD models.
- Physics: Analyzing the trajectory of particles constrained by surfaces.

- Computer Graphics: Rendering intersection edges for complex models.

- Mathematics and Education: Visualizing three-dimensional geometric relationships.

Advanced Topics and Variations

While the above examples focus on simple surfaces, more complex intersections involve:

- Multiple surfaces intersecting, leading to curves or even closed loops.

- Surfaces defined implicitly, requiring techniques like level sets or gradient methods.

- Parametric surfaces, such as parametric patches, where intersection curves are more challenging to
find.



Handling Implicit Surfaces

When surfaces are given implicitly, such as:

\[
F(x,y,z) =0
\]
\[
G(x,y,2)=0
\]

The intersection curve can be found by solving these equations simultaneously, often through
substitution or numerical methods, then parametrizing the resulting curve.

Use of Computational Tools

For complex intersections, computational tools like MATLAB, Mathematica, or Python libraries (SymPy,
NumPy) are invaluable. They can:

- Solve systems symbolically or numerically.
- Plot the intersection curves.
- Facilitate the derivation of parametrizations.

Summary and Best Practices

To effectively find a vector function \( R(t) \) representing the intersection of a cylinder and another
surface:

- Start with clear equations of surfaces.

- Use natural parametrizations of known surfaces (e.qg., circles for cylinders).
- Substitute parameters into the other surface's equation.

- Solve for remaining variables to obtain explicit parametric forms.

- Combine these into a vector function.

These steps provide a systematic approach to deriving intersection curves, crucial in both theoretical
and applied contexts.

Conclusion

Finding a vector function \( R(t) \) that describes the intersection curve of a cylinder with another
surface involves understanding the geometry of the surfaces, choosing appropriate parametrizations,
and solving the resulting equations. Whether dealing with simple surfaces like planes and spheres or
more complex shapes, the principles outlined here serve as a foundation for tackling intersection
problems in multivariable calculus. Mastery of these techniques enhances spatial visualization skills



and supports practical applications across various scientific and engineering disciplines.
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Frequently Asked Questions

How do | find the vector function R(t) for the intersection of a
cylinder and another surface?

To find R(t), parameterize the cylinder first, then substitute its equations into the other surface's
equation to find the intersection curve, and express R(t) in terms of a single parameter t.

What is the general approach to derive the vector function for
the intersection of a cylinder and a plane?

First, parametrize the cylinder (e.g., x = rcos t, y = r sin t), then substitute these into the plane
equation to find z as a function of t, resulting in R(t) = (r cos t, r sin t, z(t)).

Can you give an example of finding R(t) for the intersection of
the cylinder x~2 + y*2 = 1 and the surface z = x + y?

Yes. Parameterize the cylinder as x = cos t, y = sin t. Substitute intoz=x + ytogetz=cost + sin t.
Thus, R(t) = (cos t, sin t, cos t + sin t).

Why is it important to parametrize the cylinder when finding
the intersection curve?

Parametrization simplifies the process by providing a single variable expression for the cylinder's
surface, making it easier to find the intersection with another surface and express the intersection
curve as a vector function.

What are common parametrizations for a cylinder aligned
along the z-axis?

A typical parametrizationis x =rcost,y =rsint, z = t, where t varies over all real numbers,
representing the circular cross-section and height along the z-axis.

How do | verify that the vector function R(t) accurately
represents the intersection curve?

Substitute R(t) into both surface equations; if both are satisfied for all t in the domain, then R(t)
correctly parameterizes the intersection curve.



What challenges might | face when finding R(t) for complex
surfaces intersecting with a cylinder?

Challenges include solving nonlinear equations, multiple intersection components, or implicit surfaces
that are difficult to parametrize; sometimes, multiple parametrizations are necessary.

Is it always possible to find a single vector function R(t) for
the intersection curve?

Not always; some intersections may consist of multiple disconnected curves or require piecewise
parametrizations, making a single R(t) insufficient to describe the entire intersection.

How does understanding the intersection of a cylinder and
other surfaces help in practical applications?

It aids in engineering design, computer graphics, and CAD modeling by enabling visualization,
analysis, and manufacturing of complex shapes and understanding spatial relationships between
surfaces.

Additional Resources
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Introduction

In the realm of multivariable calculus and geometric analysis, one of the fundamental tasks involves
understanding the intersection of surfaces in three-dimensional space. These intersections often form
curves that carry significant geometric and physical information—whether in designing mechanical
parts, analyzing electromagnetic fields, or modeling natural phenomena. A particularly common and
instructive case is the intersection of a cylinder with another surface, such as a plane or a sphere.

This article delves into the process of deriving a vector function, R(t), which parametrizes the curve of
intersection of two surfaces, focusing specifically on the classic case of a cylinder intersecting with
another surface. The goal is to provide a clear, detailed, and reader-friendly guide that combines

mathematical rigor with intuitive explanations, making the complex task accessible to students,
educators, and enthusiasts alike.

Understanding the Geometric Setup
The Cylinder and Its Equation

A cylinder in three-dimensional space typically has the form:



\[ X2 +y"2=r"2\]

where \( r\) is the radius of the cylinder. This equation describes an infinite circular cylinder aligned
along the z-axis, extending infinitely in both directions.

The Second Surface
The second surface can vary depending on the problem's context. Common choices include:

-Aplane:e.g.,\(z=ax+ by +c))
-Asphere:e.g.,\(x*2 +y"2 + 272 =R"2)\)
- An elliptic paraboloid: e.g.,\(z=x"2 + y©2))

For illustration, we will consider the intersection of the cylinder \( x~2 + y~2 =r"2\) with a plane \( z
= mx + ny + ¢ ). This combination yields a curve that can be parametrized explicitly.

Why Find R(t)?

The vector function \( R(t) \) provides a parametric representation of the intersection curve. It maps a
parameter \( t\) (often representing an angle or arc length) to a point \( (x(t), y(t), z(t)) \) on the
curve. Such a parametrization is invaluable in visualization, calculation of lengths, areas, or integrals
along the curve.

Step-by-Step Derivation of the Intersection Curve
1. Express the Cylinder in Parametric Form

To find the intersection, start by expressing the cylinder parametrically. Since the cylinder \( x~2 +
y~2 =r"2\) describes a circular cylinder along the z-axis, a natural parametrization is:

\[

x(t) = r\cos t, \quad y(t) = r\sin t, \quad t\in [0, 2\pi]

\]

This parametrization traces the circular cross-section at any fixed \( z\) level.
2. Incorporate the Second Surface

Suppose the second surface is the plane:

\[
z=mx+ny+c
\]

Substituting the parametric expressions for \( x(t) \) and \( y(t) \):

\[
z(t) =mr\cost+nr\sint+c

\]



This gives the z-coordinate as a function of \( t).
3. The Complete Vector Function
Combining the components, the vector function representing the intersection curve becomes:

\[

\boxed{

R(t) = \left\langle r \cos t, \quad r\sin t, \quad m r\cos t + n r\sin t + c \right\rangle
\]

where \( t\in [0, 2\pi] ).

This function parametrizes the entire intersection curve between the cylinder and the plane.

Generalization to Other Surfaces

While the previous example involves a plane, the approach can be extended to other surfaces:
Intersection with a Sphere

Suppose the sphere is given by:

\[

X2 +y"2+ 272 =R"2

\]

and the cylinder by \( x~2 + y"~2 =r~2). To find their intersection:

- Use cylindrical coordinates:

\[
x(t) = r\cos t, \quad y(t) = r\sin t
\]

- Plug into the sphere's equation:

\[
z(t) = \pm \sqrt{R"2 - r~2}
\]

- The intersection consists of two circles at fixed \( z \) levels:

\[
R(t) = \left\langle r \cos t, \quad r\sin t, \quad \pm \sqrt{R”"2 - r~2} \right\rangle
\]

- Note: If \( R"2 < r™2)), the intersection is empty.



Intersection with an Elliptic Paraboloid

Given:

\[

z = \frac{x"2}{a"2} + \frac{y"2}{b"2}
\]

and the cylinder \( x~2 + y~2 =r"2), substitute \( x(t) \) and \( y(t) \):

\[

z(t) = \frac{r~2\cos™2 t}{a"2} + \frac{r~2\sin™2 t}{b"2}

\]

leading to:

\[

R(t) = \left\langle r \cos t, \quad r\sin t, \quad \frac{r~2 \cos~2 t}{a"~2} + \frac{r~2 \sin™2 t}{b"2}
\right\rangle

\]

This parametrization captures the intersection curve precisely.

Applications and Significance

Visualizing the Curves

Parametric equations like \( R(t) \) allow for plotting the intersection curves in software such as
MATLAB, Mathematica, or Python's matplotlib. Visualizations help in understanding the spatial
relationships between surfaces.

Calculating Lengths and Areas

Having an explicit \( R(t) \) enables computation of:

- Arc length:

\[

L=\int_{t 0}~{t 1} \left| R'(t) \right| dt
\]

- Line integrals along the curve, useful in physics and engineering.
Engineering and Design

Understanding intersection curves is crucial in CAD (Computer-Aided Design), especially when
designing complex parts where multiple surfaces meet.



Practical Considerations and Challenges
Choosing the Parameter \( t\)

- For curves with circular symmetry, \( t\) often naturally represents an angle, ranging from 0 to \(
2\pi\).

- When dealing with more complex surfaces, the parameter may need to be adapted or extended.
Dealing with Multiple Components

Some surface intersections consist of multiple disconnected curves. Each component might require
separate parametrization.

Handling Implicit Equations

When surfaces are given implicitly, solving for the intersection involves algebraic or numerical
methods, such as solving systems of equations or using implicit function techniques.

Summary and Final Remarks

Deriving a vector function \( R(t) \) that parametrizes the intersection of two surfaces, such as a
cylinder with another surface, is a foundational skill in multivariable calculus and geometric modeling.
The process involves:

- Understanding the geometric setup and equations of the surfaces.

- Expressing one or both surfaces parametrically.

- Substituting parameters into the equations to eliminate variables.

- Combining the results into a vector function that traces the intersection curve.

This approach not only facilitates visualization but also enables further analysis—be it calculating
lengths, areas, or integrating physical quantities along the curve. The method is adaptable to a broad
range of surfaces, making it a versatile tool in mathematics, engineering, and physics.

By mastering these techniques, students and professionals can analyze complex spatial relationships,
design intricate structures, and interpret the geometry of the physical world with greater clarity and
precision.
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