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Understanding the relationship between demand, revenue, and marginal revenue
is fundamental in microeconomics and managerial decision-making. The process
of deriving the demand function from the marginal revenue function involves
delving into the underlying mathematical relationships that connect these
concepts. It is crucial to recognize that the revenue generated by a firm
depends on the quantity sold and the price at which items are sold, and the
marginal revenue reflects the rate at which total revenue changes with
respect to quantity. When no items are sold, the revenue is zero, which
provides important boundary conditions for deriving the demand function. This
article explores the steps and principles involved in finding the demand
function given the marginal revenue function, emphasizing the significance of
initial conditions such as zero sales.

Understanding Revenue and Demand Functions

What Is Revenue?

Revenue (R) is the total income a firm earns from selling its products or
services. It is calculated as:

where:
- p(q) is the price per unit depending on the quantity sold q,
- g is the quantity sold.

Demand Function

The demand function expresses the relationship between the price of a good
and the quantity demanded. Typically, it is denoted as:

oq = D(p)



or inverted as:

ep = P(q)

The demand function is fundamental because it reflects consumer preferences
and market conditions.

Marginal Revenue Function

Marginal revenue (MR) is the derivative of total revenue with respect to
quantity:

* MR(g) = dR/dq

It indicates how much additional revenue is generated from selling one more
unit.

Relationship Between Demand and Revenue

Connecting Price, Quantity, and Revenue

Since revenue is a function of quantity through the price:

The marginal revenue can be expressed as:

* MR(q) = d(p(q) x q)/dq

Applying the product rule:

* MR(q) = p(q) + g x p'(q)

where p'(q) is the derivative of the price function with respect to quantity.

Expressing the Demand Function From Marginal Revenue

Given MR(q), our goal is to find p(q) or equivalently, the demand function q
= D(p).



Deriving the Demand Function From the Marginal
Revenue Function

Step 1: Write the Marginal Revenue Equation

From the previous section:

* MR(q) = p(q) + g x p'(q)

which can be rearranged as:

*p'(q) = (MR(q) - p(a)) / q

Step 2: Recognize the Differential Equation

The key insight is that the demand function relates price to quantity, and
the MR function provides a differential equation:

*p'(q) + (1/9) p(a) = (MR(q))/q

This is a linear differential equation in p(q).

Step 3: Solve the Differential Equation

The differential equation:

*p'(q) + (1/q) p(q) = (MR(q))/q

can be solved using integrating factors.
Integrating factor (u(q)):

* w(q) = e (1/q) dg} = e*{ln|q|} = |q]

Assuming q > 0 (since quantity cannot be negative), the integrating factor
simplifies to q.

Multiplying through by up(q):

*q p'(q) + p(a) = MR(q)



Recognize that the left side is the derivative of q p(q):

e d/dq [q p(q)] = MR(q)

Integrate both sides:

g p(q) = J MR(q) dg + C

Solve for p(q):

*p(q) = (1/q) [J MR(q) dq + C]

Incorporating the Boundary Condition: No Items
Sold

What Happens When g = 07?

Given the problem statement, if no items are sold, then total revenue:

which suggests that at zero quantity, the revenue is zero. This boundary
condition helps determine the constant of integration C.

Determining the Constant of Integration

Since at q = 0:

* R(0) =0

and total revenue R(q) is related to the demand and price functions, we can
analyze the behavior of p(q) as q approaches zero. For many demand functions,
as q approaches zero, p(q) approaches the maximum price consumers are willing
to pay.

Assuming the demand function is well-behaved (finite at zero), then:

* p(0) = lim_{g-0} p(q) = P_{max}



and from the integral expression:

e p(q) = (1/9) [J MR(q) dgq + C]

we need to ensure that as g-0, p(q) remains finite or approaches a known
maximum. This boundary condition can be used to solve for C once MR(q) is
specified.

Special Cases and Practical Examples

Linear Marginal Revenue Function
Suppose MR(q) is linear:

* MR(q) = a - bq

where a and b are constants.
Calculate the integral:

[ MR(q) dg = | (a - bq) dg = a q - (b/2) g*2 + D

where D is the constant of integration.
Express price as:

*p(q) = (1/9) [aq - (b/2) "2 +D + C] =a - (b/2) q + (D + C)/q

To satisfy the boundary condition at q=0, the term (D + C)/q must not blow
up, implying D + C = 0 (or the limit must be finite). Therefore, the demand
function becomes:

*p(q) =a - (b/2) q

Demand function:

g =D(p) = (2/b) (a - p)



Implications for Business and Economics

Using the Demand Function for Pricing Strategies

Knowing the demand function allows firms to:
1. Determine optimal pricing to maximize revenue or profit.
2. Forecast sales based on different pricing scenarios.

3. Analyze the effects of market changes on demand and revenue.

Link Between Marginal Revenue and Demand

The process of deriving the demand function from the marginal revenue
emphasizes:

e How marginal revenue relates to consumer preferences and elasticity.

e That the shape of the MR curve influences the demand curve's form.

Conclusion

Deriving the demand function from the marginal revenue function is a
fundamental analytical tool in economics, enabling businesses and economists
to understand how changes in revenue relate to consumer demand. By
recognizing that when no items are sold, the revenue is zero, and applying
differential equations, one can invert the relationship to find the demand
function explicitly. This process involves solving a linear differential
equation with appropriate boundary conditions, often requiring integration
and boundary analysis. The practical applications of this derivation are far-
reaching, influencing pricing, production decisions, and market analysis.
Ultimately, understanding these relationships enhances strategic decision-
making in competitive markets.

Frequently Asked Questions



What is the relationship between demand function and
marginal revenue function?

The demand function relates price to quantity demanded, while the marginal
revenue function represents the additional revenue gained from selling one
more unit. The marginal revenue function is derived from the demand function
by differentiating total revenue with respect to quantity.

How do you find the demand function given the
marginal revenue function?

To find the demand function from the marginal revenue function, integrate the
marginal revenue to get total revenue, then divide total revenue by quantity
to obtain the price, which is the demand function.

What is the significance of the statement 'If no
items are sold, the revenue is zero'?

This statement indicates that the total revenue at zero quantity is zero,
serving as a boundary condition that helps determine the constant of
integration when deriving the demand or revenue functions.

Can you explain how to derive the demand function
from a given marginal revenue function?

Yes, first find the total revenue function by integrating the marginal
revenue function with respect to quantity, then solve for price by dividing
revenue by quantity, which yields the demand function.

Why is it important to know the demand function when
analyzing marginal revenue?

Because the demand function allows you to understand how price varies with
quantity demanded, enabling the calculation of marginal revenue, which
depends on the slope of the demand curve and helps in profit maximization.

What assumptions are typically made when deriving
demand and marginal revenue functions?

Common assumptions include a linear or known functional form of demand, no
external market shocks, and that no items are sold at zero quantity, implying
zero revenue at that point.

How does the absence of sales (no items sold) affect



the demand and revenue functions?

If no items are sold, the total revenue is zero at zero quantity, providing a
boundary condition that influences the integration constants when deriving
demand or revenue functions from the marginal revenue.

What is the practical application of finding the
demand function from the marginal revenue function?

It helps businesses determine optimal pricing and output levels to maximize
profit by understanding how revenue changes with quantity, based on the
underlying demand curve.

Additional Resources

Find The Demand Function For The Marginal Revenue Function: An In-Depth
Investigation

Understanding the relationship between demand and revenue is fundamental to
both economic theory and practical business strategy. Central to this
exploration is the process of deriving the demand function from the marginal
revenue function, especially in contexts where revenue plays a crucial role
in decision-making. This comprehensive investigation aims to elucidate the
mathematical and conceptual steps involved in finding the demand function
from the marginal revenue function, with particular attention to the
foundational principle: If no items are sold, the revenue is zero.

Introduction: The Foundation of Revenue and
Demand

In microeconomics, revenue and demand are intertwined concepts. Revenue (R)
generated by a firm is the product of the price (P) per unit and the quantity
sold (Q):

\[ R(Q) = P(Q) \times Q \]

The demand function, P(Q), describes how the price varies with the quantity
demanded. Conversely, the marginal revenue (MR) function indicates how
revenue changes with an incremental change in quantity:

\[ MR(Q) = \frac{dR}{dQ} \]

In many analytical scenarios, firms are interested in maximizing revenue or
profit, which entails understanding the shape and properties of these



functions.

A key scenario involves starting with the marginal revenue function and
working backwards to find the underlying demand function. This process hinges
on the fundamental boundary condition: If no items are sold, the revenue is
zero.

Mathematical Preliminaries

Before delving into the derivation, it is crucial to understand the
relationships among the functions involved:

- Revenue Function (R(
- Demand Function (P(Q
- Marginal Revenue (MR

)): Represents total revenue for a given quantity Q.
): Price as a function of quantity.
Q)): Derivative of revenue with respect to quantity.

Q
)
(
Mathematically:

\[ R(Q) = P(Q) \times Q \]
\[ MR(Q) = \frac{dR}{dQ} \]

Given MR(Q), the task is to find P(Q).

The Relationship Between Marginal Revenue and
Demand Function

The key to deriving the demand function from the marginal revenue is
understanding the differential relationship between these functions.

Starting from the revenue function:

\[ R(Q) = P(Q) \times Q \]

Differentiating with respect to Q:

\[ MR(Q) = \frac{d}{dQ} [P(Q) \times Q] \]
Applying the product rule:

\[ MR(Q) = P(Q) + Q \times P'(Q) \I



where \( P'(Q) = \frac{dP}{dQ} \).
Rearranged, this becomes:
\[ P'(Q) = \frac{MR(Q) - P(Q)}{Q} \I

This differential equation links the demand function \( P(Q) \) to the
marginal revenue \( MR(Q) \).

Deriving the Demand Function from the Marginal
Revenue Function

Given the relationship:

\[ MR(Q) = P(Q) + Q \times P'(Q) \I

and a known \( MR(Q) \), the goal is to find \( P(Q) \). Rearranged:
\[ Q \times P'(Q) + P(Q) = MR(Q) \]

which is a first-order linear differential equation of the form:

\[ Q \times P'(Q) + P(Q) = MR(Q) \I

Step 1: Rewrite the differential equation

Divide through by Q (assuming \( Q \neq 0 \)):

\[ P'(Q) + \frac{1}{Q} P(Q) = \frac{MR(Q)}{Q} \]

Step 2: Recognize the form

This is a linear differential equation:

\[ P'"(Q) + \frac{1}{Q} P(Q) = \frac{MR(Q)}{Q} \I]

Step 3: Find the integrating factor

The integrating factor \( \mu(Q) \) is:

\[ \mu(Q) = \exp \left( \int \frac{1}{Q} dQ \right) = \exp (\ln Q) = Q \]
Step 4: Multiply through by the integrating factor

\[ Q \times P'(Q) + P(Q) = MR(Q) \]



which simplifies the left side to the derivative of \( Q \times P(Q) \):
\[ \frac{d}{dQ} [Q \times P(Q)] = MR(Q) \]

Step 5: Integrate both sides

\[ Q \times P(Q) = \int MR(Q) dQ + C \]

where \( C \) is the constant of integration.

Step 6: Solve for \( P(Q) \)

\[ P(Q) = \frac{1}{Q} \left( \int MR(Q) dQ + C \right) \]

The Boundary Condition: No Sales Means Zero
Revenue

The key boundary condition states:

\[ R(0) =0 \]

which implies that when \( Q = 0 \), the total revenue is zero. Since:
\[ R(Q) = P(Q) \times Q \]

then at \( Q = 0 \):

\[ R(0) = P(0) \times 0 = 0 \]

This boundary condition influences the constant of integration \( C \).
Specifically, as \( Q \to 0 \):

\[ R(0) = 0 \implies \text{constant } C \]

must be chosen accordingly to ensure the revenue function approaches zero at
zero quantity.

Practical Steps to Find the Demand Function

1. Identify the Marginal Revenue Function \( MR(Q) \):
Obtain or specify the MR function based on market conditions or data.



2. Compute the Integral \( \int MR(Q) dQ \):
Integrate MR(Q) with respect to Q. This may involve algebraic, polynomial, or
more complex integrations, depending on the form of MR(Q).

3. Determine the Constant of Integration \( C \):
Use the boundary condition \( R(®) = 0 \). Since:

\[ R(Q) = Q \times P(Q) \]
at \( Q = 0 \), the revenue is zero, so:
\[ R(0) = 0 \implies \lim {Q \to 0} R(Q) = 0 \]

This condition helps solve for \( C \).

4. Express the Demand Function \( P(Q) \):
Using:

\[ P(Q) = \frac{1}{Q} \left( \int MR(Q) dQ + C \right) \]
5. Verify the Solution:

Ensure the demand function makes sense economically (e.g., \( P(Q) \) is non-
negative for relevant \( Q \)).

Example: A Quadratic Marginal Revenue Function

Suppose the marginal revenue function is:
\[ MR(Q) = a - bQ \]

where \( a, b >0 \).

Step 1: Integrate \( MR(Q) \)

\[ \int (a - bQ) dQ

aQ - \frac{b}{2} Q72 + C' \]

Step 2: Find the demand function

\[ P(Q) \frac{1}{Q} \left( aQ - \frac{b}{2} Q72 + C' \right) \]

\[ P(Q)

a - \frac{b}{2} Q + \frac{C'}{Q} \I
Step 3: Apply boundary condition
As \( Q \to 0 \):

\[ R(Q) = P(Q) \times Q \to 0 \]



and to avoid division by zero, the constant \( C' \) must be zero (or chosen
so that \( P(Q) \) remains finite as \( Q \to 0 \)). Therefore,

\[ P(Q) = a - \frac{b}{2} Q \]

which is a linear demand function derived from the marginal revenue.

Implications and Limitations

While the mathematical procedure detailed above offers a systematic way to
derive the demand function from the marginal revenue function, several
practical considerations and limitations exist:

- Market assumptions: The derivation assumes continuous, differentiable
functions and perfect knowledge of MR(Q).

- Boundary conditions: The boundary condition \( R(Q) = 0 \) is critical but
may not hold in all contexts, particularly if fixed costs or initial
investments exist.

- Complexity of MR(Q): For non-linear or complex MR functions, integration
may require advanced calculus techniques or numerical methods.

- Economic plausibility: Derived demand functions must be interpreted within
real-world constraints—e.g., negative prices are not feasible.

Conclusion: From Marginal Revenue to Demand

Finding the demand function from the marginal revenue function is a
fundamental process rooted in differential calculus and boundary conditions.
The key steps involve expressing MR(Q) in terms of P(Q) and its derivative,
solving the resulting differential equation with appropriate boundary
conditions, and ensuring the total revenue at zero sales is zero.

This process underscores the interconnectedness of demand and revenue
analysis in economic theory and highlights the importance of boundary
conditions—such as the fact that no sales result in zero
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