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Understanding the intricacies of time series analysis is essential for statisticians, data scientists, and
analysts working with sequential data. When dealing with stationary time series {Yt}, a key concept
that often arises is the partial autocorrelation function (PACF). This function measures the direct
correlation between Yt and Yt-2, eliminating the influence of intermediate lagged terms. Knowing
how to interpret the PACF at lag 2 is fundamental for model identification, particularly in selecting
the appropriate order for autoregressive (AR) models. In this comprehensive guide, we will explore
the concept of partial autocorrelation, its significance in stationary time series, and how to
determine the partial autocorrelation between Yt and Yt-2.

Understanding Stationary Time Series

What Is a Stationary Time Series?

A stationary time series is one whose statistical properties such as mean, variance, and
autocorrelation are constant over time. This stability makes the series predictable and suitable for
modeling using various statistical tools. Specifically, a time series {Yt} is considered stationary if:

- The mean E[Yt] is constant over time.
- The variance Var[Yt] remains constant.
- The autocovariance between Yt and Yt-h depends only on the lag h, not on the actual time t.

Importance of Stationarity

Stationarity is a critical assumption for many time series models, including AR, MA, and ARIMA
models. Non-stationary data often require transformation (e.g., differencing) before analysis.
Ensuring stationarity simplifies the modeling process and improves forecast accuracy.



Autocorrelation and Partial Autocorrelation in Time
Series

Autocorrelation Function (ACF)

The autocorrelation function measures the correlation between Yt and Yt-h for different lags h. It
captures the overall dependence structure in the data, including both direct and indirect
relationships.

Partial Autocorrelation Function (PACF)

While ACF shows the total correlation at each lag, PACF isolates the direct correlation between Yt
and Yt-h, controlling for the effects of all intermediate lags. This makes PACF particularly useful for
identifying the order of an autoregressive process.

The Partial Autocorrelation Between Yt and Yt-2

Definition of Partial Autocorrelation at Lag 2

The partial autocorrelation between Yt and Yt-2, denoted as ¢z, quantifies the direct linear
relationship between these two points in the series, after removing the influence of Yt-1. Formally,
¢2 is the coefficient of Yt-2 in a regression of Yt on Yt-1 and Yt-2.

Mathematically, this can be expressed as:

\[ Y t =\alpha + \beta 1Y {t-1} +\phi 2Y {t-2} + \epsilon t\]

where:

- \(\epsilon _t\) is white noise,
-\(\phi_2\) is the partial autocorrelation coefficient at lag 2.

Interpreting ¢2:
- If ¢2 is significantly different from zero, it suggests a direct relationship between Yt and Yt-2

beyond what is explained by Yt-1.
- If ¢2 is close to zero, it indicates that the dependence between Yt and Yt-2 is mediated through Yt-1.



Why Is Partial Autocorrelation at Lag 2 Important?

Understanding ¢ helps in:
- Identifying the appropriate order p in an autoregressive model AR(p).

- Differentiating between direct and indirect relationships.
- Improving model parsimony by including only significant lags.

Calculating the Partial Autocorrelation at Lag 2 for a
Stationary Series

Using the Yule-Walker Equations

The Yule-Walker equations relate autocorrelations to the parameters of AR models. For lag 2, the
partial autocorrelation can be derived from these equations.

Given autocorrelations \(\rho 1\) and \(\rho 2\), the partial autocorrelation at lag 2, ¢2, can be
calculated as:

\[ \phi 2 =\frac{\rho 2 -\rho 1°2}{1 -\rho 172} \]
where:

-\(\rho 1)) is the autocorrelation at lag 1,
-\(\rho 2\) is the autocorrelation at lag 2.

Implication:

- When \(\rho 2\) is approximately \(\rho 172\), ¢= tends to be near zero.
- A significant deviation indicates a direct relation at lag 2.

Using Software Tools

In practice, statistical software packages such as R, Python, or SAS provide functions to compute
PACEF directly:

- R: "pacf()” function.
- Python: "statsmodels.tsa.stattools.pacf()".

These functions often display the partial autocorrelation at various lags along with confidence
intervals to assess significance.



Interpreting the Partial Autocorrelation at Lag 2 in
Stationary Series

Scenario 1: ¢: is Significantly Different from Zero

If the partial autocorrelation at lag 2 is statistically significant:
- It indicates a direct relationship between Yt and Yt-2.

- The data likely follow an AR(2) process.
- Including lag 2 in the model improves its fit and predictive power.

Scenario 2: ¢: is Close to Zero

If the partial autocorrelation at lag 2 is not statistically significant:
- The relationship between Yt and Yt-2 is mediated through Yt-1.

- An AR(1) model may be sufficient.
- Including lag 2 might lead to overfitting.

Significance Testing

To determine significance, compare the estimated ¢ to its standard error (SE):

- If \(|\phi_2| > 2 \times SE\), it is considered statistically significant.
- Confidence intervals can also aid in this assessment.

Choosing the Right Model Based on Partial
Autocorrelation

Model Identification Using PACF

- For stationary autoregressive processes, the PACF cuts off after the true order p.
- For example, if PACF is significant at lags 1 and 2 but not beyond, an AR(2) model is appropriate.
- Patterns in PACF plots guide model selection.



Practical Steps for Model Selection

1. Plot PACF and ACF:

- Observe where the PACF cuts off.

2. Assess Significance:

- Use confidence intervals to determine significant lags.
3. Fit Candidate Models:

- Fit AR models with different orders.

4. Validate Models:

- Use criteria like AIC or BIC.

- Check residuals for white noise behavior.

Conclusion: The Significance of Partial Autocorrelation
at Lag 2

Understanding the partial autocorrelation between Yt and Yt-2 is crucial for accurate time series
modeling. It helps distinguish between direct and mediated relationships, informs the choice of
model order, and enhances forecasting accuracy. In stationary series, calculating ¢2 using the
autocorrelations or software tools provides valuable insights. When the partial autocorrelation at lag
2 is significant, an AR(2) model might be appropriate; if not, a simpler AR(1) model could suffice.
Proper interpretation and application of PACF results ensure robust and parsimonious models,
ultimately leading to better understanding and prediction of time series data.
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Frequently Asked Questions

In a stationary time series {Yt}, what does the partial
autocorrelation between Yt and Yt-2 measure?

It measures the direct linear relationship between Yt and Yt-2 after removing the effects of
intermediate lags, specifically Yt-1.

How is the partial autocorrelation between Yt and Yt-2
interpreted in ARIMA modeling?

It helps identify the order of the AR component by indicating whether a lag of 2 should be included
in the model.



What does a zero partial autocorrelation at lag 2 imply for the
series {Yt}?

It suggests that Yt-2 does not provide additional predictive information about Yt beyond what is
explained by Yt-1.

Why is the partial autocorrelation between Yt and Yt-2
important in identifying the structure of a time series?

Because it reveals the direct relationship between observations two periods apart, helping to
distinguish AR(2) processes from other models.

Can the partial autocorrelation between Yt and Yt-2 be non-
zero in a purely AR(1) process?

No, in an AR(1) process, the partial autocorrelation at lag 2 is typically zero because the process
depends only on the immediate previous value.

How does stationarity affect the partial autocorrelation
between Yt and Yt-2?

Stationarity ensures that the partial autocorrelation is stable over time, making it a reliable measure
for model identification.

What is the typical pattern of partial autocorrelation at lag 2
for a stationary MA(1) process?

It is usually close to zero because MA(1) processes do not have autocorrelation at lag 2 after
accounting for shorter lags.

In practice, how is the partial autocorrelation between Yt and
Yt-2 estimated?

It is estimated using the partial autocorrelation function (PACF), often computed via the Yule-Walker
equations or through statistical software.

Why is understanding the partial autocorrelation between Yt
and Yt-2 crucial for time series forecasting?

Because it helps determine the appropriate lag structure for models, improving forecast accuracy by
capturing essential dependencies.



Additional Resources

Understanding Partial Autocorrelation in Stationary Time Series: Yt and Yt-2

Analyzing the relationships within a stationary time series is fundamental in time series analysis,
especially when determining the appropriate model to describe the data. One key concept in this
realm is the partial autocorrelation, which helps us understand the direct relationship between
observations separated by a certain lag, after accounting for the influence of intermediate
observations. This review focuses on the specific question: What is the partial autocorrelation
between \(Y t\) and \(Y {t-2} ) in a stationary time series? We will explore the concept
comprehensively, detailing its definition, calculation, interpretation, and implications for modeling.

Introduction to Autocorrelation and Partial
Autocorrelation

Before delving into the specific case of lag 2, it’s essential to understand the foundational concepts:

- Autocorrelation (ACF): Measures the correlation between \( Y t\) and \( Y {t-k} \), for a given lag \(
k\). It captures the total correlation, including indirect effects mediated through intermediate
observations.

- Partial Autocorrelation (PACF): Measures the correlation between \( Y t\) and \( Y {t-k} \) after
removing the effects of all intermediate lags (i.e., \(Y {t-1}, Y {t-2}, ..., Y {t-k+1})). It isolates the
direct relationship at lag \( k \).

Why is this distinction important? In time series modeling, especially with AR (AutoRegressive)

processes, PACF helps identify the order of the model by pinpointing the lags that have a direct
influence on the current observation.

Stationary Time Series and Its Properties

A stationary time series possesses statistical properties—mean, variance, autocovariance—that are
constant over time. This stationarity simplifies analysis because:

- The autocorrelation structure is stable over time.
- The autocovariance depends only on lag \( k \), not on the specific time point \( t ).

This stability makes the interpretation of autocorrelation and partial autocorrelation more
straightforward and reliable for model identification.



Partial Autocorrelation at Lag 2: Conceptual
Understanding

What does the partial autocorrelation between \(Y t\) and \( Y {t-2} \) represent?

- It quantifies the direct linear relationship between current and lag-2 observations, controlling for
the influence of the lag-1 observation.

- Essentially, it answers: After accounting for the effect of \( Y {t-1} \), how much does \(Y {t-2} \)
still predict \(Y t\)?

Key points:

- If the process is an AR(1), the PACF will be non-zero only at lag 1, and zero beyond.

- If the process is an AR(2), the PACF will be non-zero at lag 2, indicating a direct relationship
between \(Y t\) and \(Y {t-2}\).

The Mathematical Definition of Partial Autocorrelation

For a stationary process \( \{Y t\} \):

- The partial autocorrelation coefficient at lag \( k \), denoted \( \phi {kk} \), can be obtained via the
Yule-Walker equations or through linear regression.

Regression approach:

-Regress \(Y t\) on \(Y {t-1},Y {t-2}, ..., Y {t-k}\).
- The coefficient of \( Y {t-k} \) in this regression is the partial autocorrelation at lag \( k \).

Mathematically:

\[

Y t =\sum {j=1}"{k} \phi {kj} Y {t-j} + \varepsilon t,

\]

where \( \varepsilon t\) is white noise, and \( \phi_{kk} \) is the partial autocorrelation at lag \( k \).
At lag 2:

\[
Y t=\phi {21} Y {t-1} + \phi {22} Y {t-2} + \varepsilon t,
\]

and

\[



\rtho {Y t, Y {t-2} | Y {t-1}} = \phi {22}.
\]

Calculating the Partial Autocorrelation at Lag 2

Step-by-step process:
1. Estimate the autocovariances:
- Calculate \(\gamma 0, \gamma 1, \gamma 2 \), where:

\[
\gamma k = \text{Cov}(Y t, Y {t-k}).
\]

2. Solve the Yule-Walker equations:
For lag 2, the equations are:

\[

\begin{cases}

\gamma 1 =\phi {11} \gamma 0 + \phi {12} \gamma 1, \\
\gamma 2 =\phi {21} \gamma 0 + \phi {22} \gamma 1.
\end{cases}

\]

But more directly, the partial autocorrelation at lag 2 is:

\[

\phi {22} =\frac{\text{Cov}(Y t, Y {t-2} | Y {t-1})}{\sqrt{\operatorname{Var}(Y t|Y {t-1})
\operatorname{Var}(Y {t-2} |Y {t-1})}}.

\]

3. Use the recursive formulas for PACF:

- PACF atlag 1: \(\phi {11} =\rho 1) (the autocorrelation at lag 1).

- PACF at lag 2:

\[
\phi {22} =\frac{\rho 2 -\rho 1\rho 1}{1-\rho 172} =\frac{\rho 2 -\rho 1°2}{1-\rho 172}.
\]

Here, \(\rho 1) and \(\rho 2) are the autocorrelations at lag 1 and 2, respectively.

Key insight:
The formula shows that the PACF at lag 2 depends on the autocorrelations at lag 1 and 2, adjusting



for the influence of the intermediate lag.

Interpreting the Partial Autocorrelation at Lag 2

Implications of the sign and magnitude:

- Positive value close to 1: Strong direct positive relationship between \( Y t\) and \( Y {t-2} \) after
removing the effect of \(Y {t-1}\).

- Negative value close to -1: Strong inverse direct relationship.

- Zero or near-zero: No direct linear relationship at lag 2 after accounting for lag 1.

Model identification:

- If the PACF cuts off sharply after lag 1 (PACF is zero at lag 2), the process is likely an AR(1).
- If the PACF remains significant at lag 2 and cuts off afterward, the process may be an AR(2).
- If PACF tapers gradually, the process might be an MA(«) or ARMA.

Practical importance:

- The partial autocorrelation at lag 2 helps determine whether to include lag 2 in an autoregressive
model.

- It also indicates the direct influence of observations two periods apart, which can be critical in
understanding the underlying data-generating process.

Special Cases and Examples

Example 1: AR(1) process

\[
Y t=\phiY {t-1} + \varepsilon t,
\]

where \( |\phi| < 1).

- Autocorrelation at lag 1: \(\rho 1 = \phi ).
- Autocorrelation at lag 2: \(\rho 2 =\phi®2\).

Plugging into the formula:

\[
\phi {22} =\frac{\rho 2 -\rho 172}{1 -\rho 172} = \frac{\phi”~2 -\phi~2}{1 - \phi~2} = 0.
\]



Interpretation: PACF at lag 2 is zero, consistent with the AR(1) process where only lag 1 has a direct
effect.

Example 2: AR(2) process

\[
Y t=\phi 1Y {t-1} +\phi 2Y {t-2} + \varepsilon ¢,
\]

with suitable parameters.

- The PACF at lag 2 will be non-zero, reflecting the direct influence of \( Y {t-2}\).
- This is consistent with the process being an AR(2).

Implications for Time Series Modeling

Understanding the partial autocorrelation at lag 2 informs model selection:

- AR models:
Use PACF to identify the order. Significant PACF at lag 2 suggests AR(2).

- MA models:
Typically, PACF tapers off; the partial autocorrelation isn't as useful here.

- ARMA models:
PACF
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