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Understanding whether a system is linear or time-invariant (TIV) is fundamental in the field of systems
theory and signal processing. These properties influence how systems respond to inputs, how they
can be analyzed, and how they are designed for various applications such as control systems,
communications, and electronics. This article provides an in-depth explanation of these properties
and guides you through the process of analyzing different systems to determine whether they are
linear, time-invariant, both, or neither.

Fundamental Concepts of System Properties

Before analyzing specific systems, it is crucial to understand what linearity and time-invariance mean.

What Is a Linear System?

A system is linear if it satisfies the principles of superposition, which include:

- Additivity: The response to a sum of inputs is equal to the sum of the responses to each input
individually.

- Homogeneity (Scaling): The response to a scaled input is scaled by the same factor.

Mathematically, a system \( S'\) with input \( x(t) \) and output \( y(t) \) is linear if, for any inputs \(
x_1(t) \) and \( x_2(t) \), and constants \( a\) and \( b \):

\[
S\{a x_1(t) + b x_2(t\} = a S\{x_L(t\} + b S\{x_2(t)\}
\]

If this property holds for all inputs and constants, the system is linear.

What Is a Time-invariant System?

A system is time-invariant if its behavior and characteristics do not change over time. That is, shifting
the input signal in time causes an equivalent shift in the output, without altering the system's
response.

Formally, for a system \( S'\), if for all inputs \( x(t) \) and any time shift \( \tau \):

\[
S\{x(t - \tau)\} = y(t - \tau)



\]

then the system is time-invariant. If this property does not hold, the system is time-variant.

Analyzing Systems for Linearity and Time-Invariance

When examining a system, the process involves testing the system against the definitions above
using specific inputs, superposition principles, and time shifts.

Steps for Determining Linearity

1. Test Additivity: Input two arbitrary signals \( x_1(t) \) and \( x_2(t) \), observe responses \(y_1(t) \)
and \(y_2(t) \), then check if the response to \( x_1(t) + x_2(t) \) equals \( y_1(t) + y_2(t) \).

2. Test Homogeneity: Multiply an input \( x(t) \) by a scalar \( a\), observe the output \( y(t) \), then
verify if the output to \( a x(t) \) is \( a y(t) \).

3. Conclusion: If both tests hold for all inputs and scalars, the system is linear; otherwise, it is
nonlinear.

Steps for Determining Time-invariance

1. Shift the Input: For a given input \( x(t) \), consider a shifted input \( x(t - \tau) \).

2. Observe the Output: Find the output \( y(t) \) for the original input.

3. Compare Outputs: Check whether \( S\{x(t - \tau)\} = y(t - \tau) \).

4. Conclusion: If the output for the shifted input is just a time-shifted version of the original output for
any \( \tau ), the system is time-invariant; otherwise, it is time-variant.

Examples of Common Systems and Their Properties

To better understand the concepts, let's analyze some typical systems.

Example 1: Amplifier System \( y(t) = 3 x(t) \)

- Linearity:

The output is scaled by a constant factor 3.

- Additivity: \( S\{x_1(t) + x_2(t)\} = 3(x_1(t) + x_2(t)) = 3 x_1(t) + 3 x_2(t) = y_1(t) + y_2(t) \).
- Homogeneity: \( S\{a x(t)\} = 3 a x(t) = a (3 x(t)) = a y(t) \).

Conclusion: The system is linear.

- Time-invariance:

If input is shifted by \( \tau \), \( x(t - \tau) \), the output is \( y(t) = 3 x(t) \), so the response for shifted
input is \( y(t) = 3 x(t) \), which becomes \( 3 x(t - \tau) \).

The system output for shifted input is \( 3 x(t - \tau) \), which is just a time-shifted version of the
original output \( y(t) \), shifted by \( \tau \).



Conclusion: The system is time-invariant.

Example 2: Nonlinear System \( y(t) = x(t)~2)

- Linearity:
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- Time-invariance:

Shifting input by \( \tau \): \( x(t - \tau) \), outputs \( y(t) = [x(t)]~2\) become \( [x(t - \tau)]~2\).
The output is shifted by \( \tau \) as \( y(t - \tau) = [x(t - \tau)]~2 ).

Conclusion: The system is time-invariant.

Special Cases and Additional Considerations

Some systems may exhibit properties that are not straightforward; hence, understanding their
behavior in real-world applications involves considering additional factors.

Memoryless vs. Systems with Memory

- Memoryless Systems: Output depends solely on the current input.
- Systems with Memory: Output depends on current and past inputs.

Linearity and time-invariance can apply to both types, but analysis may be more complex for systems
with memory.

Nonlinear and Time-variant Systems

- Many real-world systems are nonlinear or time-variant, such as biological systems, certain electronic
components, or systems with changing parameters.

- Analyzing these systems often requires advanced tools like Volterra series, state-space models, or
numerical methods.

Practical Tips for System Analysis

- Use test inputs: Sinusoidal, step, or impulse inputs are common for testing properties.

- Mathematical modeling: Derive the mathematical equations governing the system and analyze their
properties.

- Simulation tools: Software like MATLAB can simulate system responses to various inputs and shifts,



aiding in property verification.
- Check for linearity: Verify superposition principles through responses to scaled and summed inputs.
- Check for time-invariance: Shift inputs in time and observe if the output shifts correspondingly.

Conclusion

Determining whether a system is linear and/or time-invariant is essential for understanding its
behavior, designing appropriate controllers, and predicting responses. By applying the fundamental
definitions, performing systematic tests, and analyzing the system equations, engineers and scientists
can classify systems accurately. Remember, many real-world systems may exhibit some combination
of linearity and time-invariance, but deviations can lead to nonlinear or time-variant behaviors that
require specialized analysis methods. With practice and careful examination, identifying these
properties becomes an intuitive and invaluable skill in systems engineering and signal processing.

Keywords: system analysis, linear systems, time-invariant systems, superposition, system properties,
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Frequently Asked Questions

Given a system described by y(t) = 3x(t) + 5, is this system
linear?

Yes, the system is linear because it satisfies additivity and homogeneity; scaling the input scales the
output accordingly.

Is the system defined by y(t) = x(t - 2) time-invariant?

Yes, because shifting the input in time results in an identical shift in the output, indicating time-
invariance.

Consider the system y(t) = x(t) t. Is this system linear?

No, this system is not linear because of the multiplication by t, which depends on time and violates
homogeneity.

For the system y(t) = x(2t), is it time-invariant?

No, because scaling the input in time results in a different output scaling, indicating the system is
time-variant.

Is the system y(t) = x(t) + sin(t) linear and time-invariant?

The system is linear but not time-invariant, because the added term sin(t) depends explicitly on time,



breaking time-invariance.

Additional Resources

Determining Whether a System Is Linear or Time-Invariant: A Comprehensive Guide

When analyzing systems in fields such as signal processing, control systems, or communications,
understanding the fundamental properties of linearity and time-invariance is essential. These
properties help classify systems, predict their behavior, and design appropriate solutions. In this
guide, we explore how to determine whether a given system is linear and time-invariant, providing a
detailed framework for evaluation, along with practical examples.

Understanding the Core Concepts

Before diving into specific systems, it’s crucial to understand what linearity and time-invariance
mean.

What Is a Linear System?

A system is linear if it satisfies two key properties:

- Additivity: The response to a sum of inputs equals the sum of the responses to each input
individually.

- Homogeneity (Scaling): The response to a scaled input is equal to the scaled response of the original

input.

Mathematically, if the system \( T'\) processes input \( x(t) \) to produce output \( y(t) = T[x(t)]\), then
for any inputs \( x_1(t) \) and \( x_2(t) \), and any scalars \( a\) and \( b \):

\[
Tla x_1(t) + b x_2(t)] = a T[x_1(t)] + b T[x_2(t)]
\]

Key takeaway: If this property holds for all inputs, the system is linear.

What Is a Time-Invariant System?

A system is time-invariant if its behavior does not change over time. More precisely, if an input \( x(t)
\) produces an output \( y(t) \), then a time-shifted input \( x(t - t 0) \) should produce an output \( y(t -
t 0)\).

Formally, for any time shift \(t 0 \):

\[
TIx(t-t_0)] = y(t-t_0)
\l



Key takeaway: If shifting the input in time results in an equivalent shift of the output, the system is
time-invariant.

How to Determine Linearity and Time-Invariance

To analyze a system, follow these steps:

Step 1: Write Down the System Equation or Description

Identify the mathematical form or the operational description of the system.

Step 2: Test for Linearity

- Method: Apply the superposition principle.

- Procedure: Pick two arbitrary inputs and examine the response to their sum and scaled versions.
- Check: Does the response to \(a x_1(t) + b x_2(t)\) equal \(ay_1(t) + by 2(t)\)?

Step 3: Test for Time-Invariance

- Method: Shift the input by \( t 0\) and compare the output.

- Procedure: Replace \( x(t) \) with \( x(t - t 0) \) and observe whether the output shifts accordingly.
- Check: Is the output \( y(t - t_0) \)?

Practical Examples and Analysis

Let's apply these principles to various systems to determine their properties.

Example 1: System \( y(t) = 3x(t) \)
Analysis:

- Linearity:
- For inputs \( x_1(t) \) and \( x_2(t) \), outputs are \( y_1(t) = 3x_1(t) \), \( y_2(t) = 3x_2(t) \).
- For scalars\(a, b \):

\[

Tla x_1(t) + b x_2(t)] = 3[a x_1(t) + b x_2(t)] = a \cdot 3 x_1(t) + b\cdot 3 x 2(t) =ay 1(t) + by 2(t)
\]

- Result: The system is linear.

- Time-invariance:
- Input \( x(t - t_0) \) produces output:

\[
y(t) = 3 x(t) \Rightarrow y_{shifted}(t) = 3 x(t - t 0)



\]
- Comparing with shifted output:

\[

y(t-t 0) =3x(t-t0)

\]

- Result: The output shifts by \(t_0\); the system is time-invariant.

Example 2: System \( y(t) = x*2(t) \)
Analysis:

- Linearity:
- For inputs \( x_1(t) \) and \( x_2(t) \):

\[

Tla x_1(t) + b x_2(t)] = (a x_1(t) + b x_2(t))"2

\]

\[

= a2 x 172(t) + 2 a b x_1(t) x_2(t) + b2 x_272(t)
\]

- But the sum of individual outputs:

\[
ay 1(t) + by 2(t) =ax 172(t) + bx_272(t)
\]

- These are not equal unless \( x_1(t) \) or \( x_2(t) \) are zero.
- Result: The system is not linear.

- Time-invariance:
- For input \( x(t - t_0) \):

\[

y(t) = x~2(t) \Rightarrow y_{shifted}(t) = x~2(t-t 0)

\]

\[

y(t-t 0) =[x(t-t 0)]"2

\]

- These are identical, so shifting the input results in a shifted output.
- Result: The system is time-invariant.

Example 3: System \( y(t) = x(t) + t\)

Analysis:



- Linearity:
- For inputs \( x_1(t) \) and \( x_2(t) \):

\[

Tla x_1(t) + b x 2(t)] = a x_1(t) + b x_2(t) + t

\]

\[

ay l(t)+by 2(t) =a[x 1(t) +tl+ b [x 2(t) +tl=ax L(t) +at+bx 2(t) + bt
\]

- The response to the combined input differs from the sum of individual responses because of the
extra \( t\) term, which is time-dependent.

- Result: The system is not linear due to the additive \( t\) term.

- Time-invariance:
- Input \( x(t-t 0)\):

\[

y(t) = x(t) + t

\]

\[

y_{shifted}(t) = x(t-t 0) + t

\]

\[

y(t-t 0) =x(t-t 0)+ (t-t0)

\]

- Comparing \( y_{shifted}(t) \) with \( y(t -t 0) \):

\[

x(t-t 0) +t\negx(t-t 0)+ (t-t0)

\]

- Because of the added \( t\) term, the response shifts differently than the input; the system is not
time-invariant.

Example 4: System \( y(t) = \frac{d}{dt} x(t)\)
Analysis:

- Linearity:
- Derivative is a linear operator; for inputs \( x_1(t) \), \( x_2(t) \):

\[

Tla x_1(t) + b x_2(t)] = a \frac{d}{dt} x_1(t) + b\frac{d}{dt} x 2(t) =ay 1(t) + by 2(t)
\]

- Result: The system is linear.

- Time-invariance:
- Input \( x(t - t_0) \):



\[

y(t) = \frac{d}{dt} x(t) \Rightarrow y(t) = \frac{d} {dt} x(t)

\]

\[

y_{shifted}(t) = \frac{d}{dt} x(t-t 0) = \frac{d}{dt} x(t-t 0)

\]

\[

y(t -t 0) = \frac{d}{dt} x(t - t 0) = \left. \frac{d}{dt} x(t - t 0) \right| {t}
\]

- The derivative of the shifted input is the shifted derivative of the original input; the system output
shifts accordingly.

For Each Of The Following Systems Determine Whether Or
Not The System Is 1 Linear 2 Time Invariant

For Each Of The Following Systems Determine Whether Or Not The System Is 1 Linear 2 Time
Invariant

Related Articles

e Exceeding The Ul For Phosphorus Can Lead To Multiple Choice Mineralization Of Soft Tissues,

Such As Blood
e A Balanced Three-phase Y-A System Has Van = 220 0 V And ZA = (51+ J45) 2. If The Line
Impedance Per Phase

e A Camper Walked From Point A To Point B Taking The Path Shown By The Dotted Line. What
Is The Approximate

Back to Home


https://sip.evo9x.com/ma37/for-each-of-the-following-systems-determine-whether-or-not-the-system-is-1-linear-2-time-invariant.pdf
https://sip.evo9x.com/ma37/for-each-of-the-following-systems-determine-whether-or-not-the-system-is-1-linear-2-time-invariant.pdf
https://sip.evo9x.com/ma37/exceeding-the-ul-for-phosphorus-can-lead-to-multiple-choice-mineralization-of-soft-tissues-such-as-blood.pdf
https://sip.evo9x.com/ma37/exceeding-the-ul-for-phosphorus-can-lead-to-multiple-choice-mineralization-of-soft-tissues-such-as-blood.pdf
https://sip.evo9x.com/ma37/a-balanced-three-phase-y-a-system-has-van-220-0-v-and-za-51-j45-2-if-the-line-impedance-per-phase.pdf
https://sip.evo9x.com/ma37/a-balanced-three-phase-y-a-system-has-van-220-0-v-and-za-51-j45-2-if-the-line-impedance-per-phase.pdf
https://sip.evo9x.com/ma37/a-camper-walked-from-point-a-to-point-b-taking-the-path-shown-by-the-dotted-line-what-is-the-approximate.pdf
https://sip.evo9x.com/ma37/a-camper-walked-from-point-a-to-point-b-taking-the-path-shown-by-the-dotted-line-what-is-the-approximate.pdf
https://sip.evo9x.com

