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Linear programming (LP) is a powerful mathematical technique used to optimize a
particular objective, such as maximizing profit or minimizing cost, subject to a set of
constraints. The graphical method is one of the most intuitive approaches for solving LP
problems, especially when dealing with two variables. This method involves plotting the
constraints on a graph, identifying the feasible region, and then evaluating the objective
function at key points to find the optimal solution. In this comprehensive guide, we will
explore how to determine the optimal solution for a linear programming problem using the
graphical solution method, including step-by-step procedures, illustrative examples, and
tips for accurate analysis.

---

Understanding the Basics of Linear Programming

What Is a Linear Programming Problem?
A linear programming problem involves:
- An objective function: a linear expression that needs to be maximized or minimized.
- A set of constraints: linear inequalities or equations that restrict the values the decision
variables can take.
- Decision variables: the variables representing the choices to be made.

General form:
Maximize or Minimize:
\[ Z = c_1x_1 + c_2x_2 + \dots + c_nx_n \]

Subject to:
\[
\begin{cases}
a_{11}x_1 + a_{12}x_2 + \dots + a_{1n}x_n \leq b_1 \\
a_{21}x_1 + a_{22}x_2 + \dots + a_{2n}x_n \leq b_2 \\
\vdots \\
a_{m1}x_1 + a_{m2}x_2 + \dots + a_{mn}x_n \leq b_m \\
x_1, x_2, \dots, x_n \geq 0
\end{cases}
\]



---

Preparing to Solve Using Graphical Method

Step 1: Define the Decision Variables
Identify the variables involved in the problem. For two-variable problems, label them as
\(x\) and \(y\), which typically represent quantities like units produced, hours worked, or
resources allocated.

Step 2: Write the Objective Function
Express the goal of the problem in a linear form. For example, maximize profit:
\[ Z = p_x \times x + p_y \times y \]

where \(p_x\) and \(p_y\) are the profit margins per unit.

Step 3: List and Convert Constraints
Transform inequalities into equations for plotting, and identify the feasible region:
- Less than or equal constraints (\(\leq\))
- Greater than or equal constraints (\(\geq\))
- Non-negativity constraints (\(x, y \geq 0\))

---

Graphical Solution Procedure

Step 4: Plot the Constraints
- For each constraint, convert to an equality and plot the boundary line.
- Use a graph paper or software tools like Desmos, GeoGebra, or graphing calculators for
accuracy.
- Shade the feasible side of each constraint based on the inequality sign.

Step 5: Identify the Feasible Region
- The feasible region is the intersection of all the shaded areas.
- It is typically a polygon (bounded or unbounded).
- Verify the feasible region by testing points or using the inequality directions.



Step 6: Find the Corner Points (Vertices)
- The optimal solution for a linear programming problem occurs at one of the vertices of
the feasible region.
- To find these points, solve the equations of intersecting boundary lines.

Step 7: Evaluate the Objective Function at Each Vertex
- Substitute the coordinates of each vertex into the objective function.
- Calculate the value of the objective function at each point.

Step 8: Determine the Optimal Solution
- The maximum or minimum value of the objective function among these points indicates
the optimal solution.
- The corresponding vertex gives the optimal decision variables.

---

Illustrative Example of Graphical Solution

Suppose we have the following LP problem:

Maximize
\[ Z = 3x + 2y \]

Subject to constraints:
\[
\begin{cases}
x + y \leq 4 \\
x - y \geq 1 \\
x \geq 0 \\
y \geq 0
\end{cases}
\]

---

Step 1: Plotting Constraints
- Constraint 1: \(x + y = 4\)
Plot points: (0,4) and (4,0). Shade the region below the line.

- Constraint 2: \(x - y = 1\)
Plot points: (1,0) and (2,1). Shade the region above the line because \(x - y \geq 1\).



- Non-negativity constraints: \(x, y \geq 0\)

---

Step 2: Feasible Region
- The feasible region is where all shaded regions intersect, bounded by the lines and axes.
- Identify the polygon formed by the intersection points of the constraint lines.

---

Step 3: Find the Vertices of the Feasible Region
- Vertex 1: Intersection of \(x + y = 4\) and \(x - y = 1\)

Solve simultaneously:
\[
\begin{cases}
x + y = 4 \\
x - y = 1
\end{cases}
\]
Adding both equations:
\[
2x = 5 \Rightarrow x = 2.5
\]
Substitute into \(x + y = 4\):
\[
2.5 + y = 4 \Rightarrow y = 1.5
\]
- Vertex 2: Intersection with axes:
- At \(x=0\), from \(x + y = 4\), \(y=4\).
- At \(y=0\), from \(x + y=4\), \(x=4\).
- Check if these points satisfy \(x - y \geq 1\):
- (0,4): \(0 - 4 = -4\), which is not \(\geq 1\), discard.
- (4,0): \(4 - 0=4 \geq 1\), valid.

- Vertex 3: Intersection with axes for \(x - y = 1\):
- At \(x=1\), \(y=0\) — check if within the feasible region.
- At \(y=0\), \(x=1\), but since \(x \geq 0\), this point is valid.

The feasible vertices are:
- \((2.5, 1.5)\)
- \((4, 0)\)
- \((1, 0)\)

---



Step 4: Evaluate Objective Function at Vertices
Calculate \(Z=3x+2y\) at each vertex:

- At \((2.5, 1.5)\):
\[ Z=3(2.5)+2(1.5)=7.5+3=10.5 \]

- At \((4, 0)\):
\[ Z=3(4)+2(0)=12+0=12 \]

- At \((1, 0)\):
\[ Z=3(1)+2(0)=3+0=3 \]

---

Step 5: Determine the Optimal Solution
- The maximum value of \(Z\) is 12 at \((4, 0)\).
- Therefore, the optimal solution is x=4, y=0, with a maximum profit of 12.

---

Additional Tips for Graphical Solution

- Use graphing tools for higher accuracy, especially with complex constraints.
- Always verify that the vertices are within the feasible region—sometimes, lines may
intersect outside the feasible area.
- Remember that the graphical method is most effective with two variables; for higher
dimensions, other methods like simplex are used.
- Check all vertices, including intersections with axes and constraint lines, to ensure you
do not miss the optimal point.

---

Conclusion

The graphical solution method provides a clear, visual approach to solving two-variable
linear programming problems. By plotting constraints, identifying the feasible region,
calculating the objective function at the vertices, and selecting the best value, decision-
makers can efficiently determine optimal solutions. This method not only offers practical
insights but also enhances understanding of how constraints and objectives interact in
real-world scenarios. Whether you are a student, analyst, or manager, mastering the
graphical solution for LP problems is an essential skill that bridges theoretical concepts
with practical applications.



Frequently Asked Questions

What is the first step in solving a linear programming
problem graphically?
The first step is to identify and plot the constraint inequalities on a coordinate plane to
visualize the feasible region.

How do you determine the feasible region in a graphical
linear programming problem?
The feasible region is found by shading the area where all the constraint inequalities
overlap, satisfying all constraints simultaneously.

Why are the vertices (corner points) of the feasible
region important in the graphical method?
Because the optimal solution to a linear programming problem occurs at one of the
vertices of the feasible region, according to the fundamental theorem of linear
programming.

How do you evaluate the objective function at the
vertices of the feasible region?
Substitute the coordinates of each vertex into the objective function to calculate its value,
then compare these values to identify the maximum or minimum.

What is the significance of the binding constraints in
the graphical solution?
Binding constraints are the constraints that form the boundary of the feasible region and
directly influence the optimal solution.

Can the graphical method be used for problems with
more than two variables? Why or why not?
No, because the graphical method is limited to two variables; problems with more
variables require algebraic or optimization techniques like the simplex method.

What should you do if the feasible region is empty or
unbounded in a graphical linear programming problem?
If the feasible region is empty, there is no solution; if unbounded, the objective function
may not have a finite optimal value, indicating no bounded optimum within the
constraints.



How do you identify the optimal solution once you've
evaluated the objective function at all vertices?
Select the vertex with the highest value for maximization problems or the lowest value for
minimization problems as the optimal solution.

What are common mistakes to avoid when solving linear
programming problems graphically?
Common mistakes include incorrect plotting of constraints, overlooking feasible regions,
not evaluating all vertices, or miscalculating the objective function at vertices.

Additional Resources
Linear Programming: Unlocking Optimal Solutions through Graphical Methods

---

Introduction

In the realm of operations research and management sciences, linear programming (LP)
stands out as a powerful mathematical technique for optimizing resource allocation
problems. Whether it's maximizing profits, minimizing costs, or optimizing production
schedules, LP provides a structured approach to find the best possible outcome within a
set of constraints. Among the various methods to solve LP problems, the graphical solution
approach delivers an intuitive and visual understanding—making it especially valuable for
problems involving two decision variables.

In this comprehensive article, we will explore how to determine the optimal solution for a
linear programming problem using the graphical method. We will walk through each step
with clarity and detail, ensuring that even those new to LP can grasp the concepts
effectively. Let’s begin by defining the problem, then proceed through the solution
process, and finally interpret the results.

---

Understanding the Linear Programming Problem

Before diving into the graphical solution, it’s crucial to understand the structure of the
problem at hand. Typically, a linear programming problem involves:

- Decision Variables: The quantities we need to decide upon (e.g., units of products to
produce).
- Objective Function: A linear function representing what we want to maximize or
minimize (e.g., profit, cost).
- Constraints: A set of linear inequalities or equations that restrict the decision variables



based on resources, capacities, or other limitations.

Example Problem Statement

Suppose a company produces two products, Product A and Product B. The management
wants to maximize profit, constrained by resource limitations.

Decision Variables:

- \( x_1 \): Number of units of Product A produced
- \( x_2 \): Number of units of Product B produced

Objective Function:

Maximize profit \( Z = 40x_1 + 30x_2 \)

(Here, the profit per unit for Product A is $40, and for Product B is $30.)

Constraints:

1. Material constraint: \( 2x_1 + x_2 \leq 100 \)
2. Labor constraint: \( x_1 + 2x_2 \leq 80 \)
3. Non-negativity constraints: \( x_1, x_2 \geq 0 \)

Interpretation:

- The material constraint indicates that the total material used for both products cannot
exceed 100 units.
- The labor constraint signifies that the total labor hours required cannot surpass 80
hours.
- Non-negativity constraints ensure production quantities are non-negative.

---

Steps to Solve Using Graphical Method

The graphical approach is best suited for problems with two variables because it allows
visual representation of the feasible region and the objective function.

Step 1: Plot the Constraints

Each inequality constraint can be expressed as an equation to plot its boundary line:

- Material constraint line: \( 2x_1 + x_2 = 100 \)
- Labor constraint line: \( x_1 + 2x_2 = 80 \)

Plot these lines on a coordinate system where:

- The x-axis represents \( x_1 \) (Product A units).



- The y-axis represents \( x_2 \) (Product B units).

Procedure:

- Find intercepts for each line:
- For \( 2x_1 + x_2 = 100 \):
- If \( x_1 = 0 \), then \( x_2 = 100 \)
- If \( x_2 = 0 \), then \( x_1 = 50 \)
- For \( x_1 + 2x_2 = 80 \):
- If \( x_1 = 0 \), then \( x_2 = 40 \)
- If \( x_2 = 0 \), then \( x_1 = 80 \)

Plot these points and draw the lines through them.

Step 2: Determine the Feasible Region

The feasible region comprises all points that satisfy all the constraints simultaneously.

- Since the inequalities are of the form \( \leq \), the feasible region is where the shaded
areas under or on the boundary lines overlap.
- For each constraint:
- Test a point (e.g., the origin \((0,0)\)) to see if it satisfies the inequality.
- For example:
- Material constraint at \((0,0)\): \( 0 + 0 \leq 100 \) → True.
- Labor constraint at \((0,0)\): \( 0 + 0 \leq 80 \) → True.

Since the origin satisfies both, the feasible region lies in the area including the origin,
bounded by the lines.

Step 3: Identify Corner Points (Vertices)

The optimal solution of a linear programming problem, if it exists and is bounded, occurs
at one of the vertices (corner points) of the feasible region.

- Vertices are intersections of the boundary lines and the axes or the intersection points of
the lines themselves.

Calculate the intersection points:

1. Intersection of the two constraint lines:

Solve the system:

\[
\begin{cases}
2x_1 + x_2 = 100 \\
x_1 + 2x_2 = 80
\end{cases}
\]

Multiply the second equation by 2:



\[
2x_1 + 4x_2 = 160
\]

Subtract the first equation from this:

\[
(2x_1 + 4x_2) - (2x_1 + x_2) = 160 - 100 \Rightarrow 3x_2 = 60 \Rightarrow x_2 = 20
\]

Substitute \( x_2 = 20 \) into the second original equation:

\[
x_1 + 2(20) = 80 \Rightarrow x_1 + 40 = 80 \Rightarrow x_1 = 40
\]

Vertex 1: \( (40, 20) \)

2. Intersections with axes:

- With \( x_1 = 0 \):

- Material constraint: \( 2(0) + x_2 = 100 \Rightarrow x_2 = 100 \)

- Labor constraint: \( 0 + 2x_2 = 80 \Rightarrow x_2 = 40 \)

- The feasible \( x_2 \) is limited to the minimum of these, i.e., \( x_2 \leq 40 \) (from labor
constraint), and \( x_2 \leq 100 \) (material constraint). Since \( 40 \leq 100 \), the limiting
point is at \( (0, 40) \).

- With \( x_2 = 0 \):

- Material constraint: \( 2x_1 + 0 = 100 \Rightarrow x_1 = 50 \)

- Labor constraint: \( x_1 + 0 = 80 \Rightarrow x_1 = 80 \)

- The feasible \( x_1 \) is limited to the minimum, \( x_1 \leq 50 \) (from material
constraint). So, the point is \( (50, 0) \).

Vertices:

- \( (0, 40) \)
- \( (50, 0) \)
- \( (40, 20) \)

---



Evaluating the Objective Function at Vertices

Once the vertices are identified, evaluate the objective function \( Z = 40x_1 + 30x_2 \) at
each:

| Vertex | \( x_1 \) | \( x_2 \) | \( Z = 40x_1 + 30x_2 \) | Calculation |
|-------------|-----------|-----------|------------------------|-------------------------------|
| \( (0, 40) \) | 0 | 40 | \( 40(0) + 30(40) = 0 + 1200 \) | 1200 |
| \( (50, 0) \) | 50 | 0 | \( 40(50) + 30(0) = 2000 + 0 \) | 2000 |
| \( (40, 20) \) | 40 | 20 | \( 40(40) + 30(20) = 1600 + 600 \) | 2200 |

Result:

The maximum profit occurs at (40, 20), with a profit of $2200.

---

Conclusion: The Optimal Solution

Based on the graphical analysis, the optimal production plan is to produce:

- 40 units of Product A
- 20 units of Product B

This combination maximizes profit, adhering to resource constraints.

---

Additional Insights and Practical Tips

- Feasibility Check: Always verify that the chosen vertices lie within the feasible region. In
this example, all vertices satisfy the constraints.
- Unbounded Regions: If the feasible region extends infinitely, an optimal solution may not
exist or may be at infinity.
- Multiple Optimal Solutions: Sometimes, multiple points (along a line segment) yield the
same optimal value. Visual inspection helps identify such cases.
- Limitations of Graphical Method: It is practical
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