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Introduction

In the realm of calculus, one of the fundamental tasks is to find the
extrema—either the absolute maximum or minimum—of a function within a
specified interval. These points are crucial because they often correspond to
optimal solutions in real-world applications such as economics, engineering,
and physical sciences. When dealing with continuous functions on closed
intervals, the Extreme Value Theorem guarantees that both absolute maxima and
minima exist, making it essential to analyze the function thoroughly.

In this article, we will explore how to find the absolute minimum value of
the function:

\[ F(x) = x4 - 4x™3 - 2 \]

over a given closed interval. Although the problem statement does not specify
the interval explicitly, typical practice involves considering a specific
interval, such as \([a, b]\). For the purpose of this discussion, let’s
assume the interval is \([-\infty, \infty]\), but more practically, we will
focus on a finite interval, say \([-\infty, \infty]\), or a specific interval
like \ ([0, 3]\) for demonstration.

We will cover the entire process step-by-step, including:

- Understanding the function's behavior

- Finding critical points via derivatives

- Evaluating the function at critical points

- Considering endpoints if the interval is finite
- Determining the absolute minimum value

This comprehensive approach will serve as a guide to solving similar problems
involving polynomial functions.

Understanding the Function \( F(x) = x™4 - 4x"3 - 2 \)

Before delving into calculus techniques, it is helpful to analyze the nature
of the function:



- Degree and leading coefficient: The highest degree term is \(x"4\), which
dominates the behavior for large \(|x|\). Since the coefficient is positive,
\ (F(x) \to +\infty\) as \(x \to \pm \infty\).

- Shape considerations: The function resembles a "bowl" opening upward at the
extremes, but the cubic term influences the shape near the origin.

- Symmetry: The function is not symmetric, as it contains cubic and quartic
terms.

Understanding these aspects helps anticipate where minima or maxima might
occur.

Step 1: Find the Derivative \( F'(x) \)

To locate critical points—points where the function could attain a local or
global extremum—we differentiate \(F(x)\):

\ [
F'(x) = \frac{d}{dx} (x4 - 4x"3 - 2) = 4x"3 - 12x"2
\]

Factoring the derivative:

\ [
F'(x) = 4x™2 (x - 3)
\1

Step 2: Find Critical Points
Critical points are solutions to \(F'(x) = 0O\):

\ [
4x™2 (x - 3) =0
\1

Set each factor equal to zero:

1. \(4x”2 = 0 \Rightarrow x = 0\)
2. \(x - 3 =0 \Rightarrow x = 3\)

Thus, the critical points are at:

\ [
x = 0 \quad \text{and} \quad x = 3
\1



Step 3: Determine the Nature of Critical Points

To classify these critical points as minima or maxima, we examine the second
derivative:

\ [
F''(x) = \frac{d}{dx} (4x"3 - 12x72) = 12x"2 - 24x
\1

Evaluate \(F''(x)\) at each critical point:

- At \(x=0\):

\ [

F''(0) = 12 \times 072 - 24 \times 0 = 0
\1

Since the second derivative test yields zero, the test is inconclusive at
\(x=0\). We need to use the first derivative test or analyze the behavior
around this point.

- At \(x=3\):

\ [

F''(3) = 12 \times 372 - 24 \times 3 = 12 \times 9 - 72 = 108 - 72 = 36 > 0
\]

Since \(F''(3) > 0\), the point at \(x=3\) is a local minimum.

Step 4: Evaluate the Function at Critical Points
Calculate the function's value at the critical points:
- At \(x=3\):

\ [

F(3) = (3)74 - 4 \times (3)"3 - 2 = 81 - 4 \times 27 - 2 =81 - 1068 - 2 = -29
\]

- At \(x=0\):

\ [

F(O) =0 -0 -2=-2
\1

Since the second derivative at \(x=0\) is inconclusive, check the behavior of
\(F'(x)\) around \(x=0\):

- For \(x < 0\), say \(x=-1\):



\ [
F'(-1) = 4 \times 1 \times (-1 - 3) = 4 \times 1 \times (-4) = -16 < 0
\]

- For \(x > 0\), say \(x=1\):

\ [

F'(1) = 4 \times 1 \times (1 - 3) = 4 \times 1 \times (-2) = -8 < 0
\1]

Since \(F'(x)\) is negative on both sides of \(x=0\), the function is

decreasing through \(x=0\). Therefore, \(x=0\) is a point of inflection or a
flat point, but not a local minimum or maximum.

Step 5: Consider the Behavior at the Endpoints of the Interval

Now, to find the absolute minimum on a specified interval, say \([a, b]\), we
evaluate the function at:

- Critical points within the interval
- Endpoints \(a\) and \(b\)

Suppose we choose the interval \ ([0, 4]\). We evaluate:
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\ [
F(4) = 474 - 4 \times 473 - 2 = 256 - 4 \times 64 - 2 = 256 - 256 - 2 = -2
\]

The values are:

| 6] -2 |
| 31 -29 |
| 41 -2 |

The absolute minimum in \([0,4]1\) is \(-29\) at \(x=3\).

General Insight and Conclusion
From the above analysis, we observe:

- The function tends to infinity as \(|x| \to \infty\), ensuring the



existence of a global minimum within any finite interval.

- The critical points are at \(x=0\) and \(x=3\). O0f these, only \(x=3\)
yields a local (and in this case, global within the interval) minimum.

- Evaluating the function at critical points and endpoints reveals the
minimum value is \(-29\) at \(x=3\).

Final Summary
The Absolute Minimum Value of \(F(x) = x™4 - 4x™3 - 2\)

- On the interval \([0, 4]\), the absolute minimum is \(-29\) at \(x=3\).
- On the entire real line, since \(F(x) \to +\infty\) as \(|x| \to \infty\),
the absolute minimum is attained at \(x=3\), with the minimum value \(-29\).

Key Steps Recap:

1. Compute the first derivative \(F'(x)\).

2. Find critical points by solving \(F'(x) = 0\).

3. Classify critical points using the second derivative test or behavior
analysis.

4. Evaluate the function at critical points and endpoints.

5. Determine the minimal value among these evaluations.

Practical Applications and Further Considerations

Understanding how to analyze polynomial functions for extrema is vital in
numerous disciplines:

- Optimization problems: Finding the lowest cost, minimal energy, or optimal
resource allocation.

- Engineering design: Minimizing stress, material usage, or energy
consumption.

- Economics: Determining minimum costs or maximum profits under certain
constraints.

In real-world scenarios, the interval over which the function is minimized
may be constrained by physical, practical, or logical boundaries, making the
process of evaluating endpoints as crucial as analyzing critical points.

Additional Tips for Polynomial Optimization

- Always verify the interval of interest before computing extrema.

- Use the second derivative test where possible; if inconclusive, analyze the
sign change of the first derivative.

- For higher-degree polynomials,



Frequently Asked Questions

What is the main goal when analyzing the function
F(x) = x4 - 4x”*3 - 2 on a closed interval?

The main goal is to determine the absolute minimum value of the function F(x)
within the given interval.

How do you find the critical points of F(x) = x"4 -
4x"3 - 27

By computing the derivative F'(x) = 4x"3 - 12x"2 and setting it equal to zero
to solve for x.

What is the significance of evaluating F(x) at
critical points and endpoints when finding the
absolute minimum?

Because the absolute minimum on a closed interval can occur either at
critical points within the interval or at the endpoints, so both need to be
checked.

How do you determine the absolute minimum value of
F(x) on the interval [a, b]?

Calculate F(x) at all critical points within [a, b] and at the endpoints,
then compare these values; the smallest among them is the absolute minimum.

What techniques are useful for solving F'(x) = 4x"3
- 12x72 = 07

Factor out common terms, resulting in 4x”2(x - 3) = 0, which gives critical
points at x = 0 and x = 3.

How do you evaluate F(x) at the critical points and
endpoints to find the minimum?

Substitute each critical point and the interval endpoints into F(x) and
compare their values to identify the smallest one.

Additional Resources
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Introduction

In the realm of calculus and mathematical analysis, determining the absolute
minimum of a function over a specified interval is a fundamental problem that
exemplifies the application of derivatives, critical point analysis, and
boundary evaluation. The function under scrutiny, F(x) = x™4 - 4x"3 - 2,
presents an intriguing case for such an analysis due to its polynomial nature
and the interplay of its degree and coefficients.

This article aims to thoroughly investigate the problem: Given The Function
F(x) = x4 - 4x~3 - 2, Determine The Absolute Minimum Value Of F(x) On The
Closed Interval-a task that entails rigorous calculus techniques, critical
point identification, and comprehensive boundary analysis. The exploration
not only unveils the minimum value but also sheds light on the behavior of
the function, the nature of its critical points, and the implications of the
interval constraints.

Setting the Stage: Formalizing the Problem

Before delving into the analysis, it is essential to clarify the structure of
the problem:

- Function: \( F(x) = x4 - 4x"3 - 2 \)

- Interval: The problem statement references a "closed interval” but does not
specify its bounds. For thoroughness, we will analyze the problem with a
general interval \([a, b]\).

- Objective: Find the absolute minimum value of \(F(x)\) on \([a, b]\).

Note: For the purpose of comprehensive analysis, we will consider specific
intervals, such as \([-\infty, \infty]\), and common bounded intervals like
\([0, 3]\) or \([-1, 4]\). The methodology, however, remains consistent
regardless of the bounds.

Step 1: Derivative Analysis and Critical Points

The cornerstone of locating extrema in a continuous function is identifying
critical points—points where the first derivative is zero or undefined. Since
\(F(x)\) is a polynomial, it is differentiable everywhere, and the critical
points are solutions to \(F'(x) = 0\).

Computing the First Derivative

\ [
F'(x) = \frac{d}{dx} (x™4 - 4x"3 - 2) = 4x"3 - 12x"2
\1]



Factorization yields:

\ [
F'(x) = 4x™2 (x - 3)
\1

Step 2: Solving for Critical Points
Set \(F'(x) = 0\):

\ [

4x~2 (x - 3) =0

\1

This yields:

\ [

x = 0 \quad \text{or} \quad x = 3
\1

Critical points are thus at \(x = 0\) and \(x = 3\).

Step 3: Determining the Nature of Critical Points

To classify the critical points as minima, maxima, or saddle points, analyze
the second derivative:

\ [
F''(x) = \frac{d}{dx} (4x"3 - 12x72) = 12x72 - 24x
\1]

Evaluate at critical points:

- At \(x = 0\):

\ [

F''(0) = 12(0)"2 - 24(0) = 0
\]

Inconclusive via the second derivative test; further analysis needed.
- At \(x = 3\):
\ [

F''(3) = 12(9) - 24(3) = 108 - 72 = 36 > 0
\]



Since \(F''(3) > 0\), \(x=3\) is a local minimum.

Step 4: Examining Boundary Behavior and Critical Point at \(x=0\)

Given \(F''(0) = 0\), the second derivative test is inconclusive at \(x=0\).
To classify this point, evaluate the first derivative around \(x=0\):

- For \(x\) slightly less than 0, say \(-0.1\):

\

F'(-0.1) = 4(-0.1)"2 (-0.1 - 3) = 4(0.01)(-3.1) \approx -0.124

\1]

Negative derivative indicates decreasing trend approaching \(x=0\).

- For \(x\) slightly greater than 0, say \(0.1\):

\ [
F'(0.1) = 4(0.01)(0.1 - 3) = 4(0.01)(-2.9) \approx -0.116
\]

Also negative, suggesting \(F'(x)\) is negative on both sides of 0; thus,
\(x=0\) is a point of inflection or flat point but not a local min or max.

Step 5: Evaluating the Function at Critical Points and Boundaries

To determine the absolute minimum on the interval \([a, b]\), evaluate
\(F(x)\) at:

- The critical points within \([a, b]\)
- The endpoints \(a\) and \(b\)

Note: The actual minimum depends on the interval; for illustration, consider
specific cases:

Case Study 1: Interval \ ([0, 4]\)

- At \(x=0\):

\ [

F(0) = 074 - 4(0)"3 - 2 = -2
\]

- At \(x=3\):



\ [
F(3) =37 - 4(3)"3 - 2 =81 - 4(27) - 2 =81 - 108 - 2 = -29
\]

- At \(x=4\):

\ [

F(4) = 256 - 4(64) - 2 = 256 - 256 - 2 = -2
\]

The minimum value over \ ([0, 4]\) is \(\boxed{-29}\) at \(x=3\).

Case Study 2: Interval \([-1, 2]\)
- At \(x=-1\):

\ [
F(-1) =1 - 4(-1)™3} - 2=1+4-2=3
\]

- At \(x=2\):

\ [
F(2) =16 - 4(8) - 2 =16 - 32 - 2 = -18
\]

- At \(x=0\):

\ [
F(O) = -2
\]

Critical point at \(x=3\) is outside the interval, so no need to evaluate.

The minimum over \([-1, 2]\) is \(\boxed{-18}\) at \(x=2\).

Case Study 3: Entire real line \((-\infty, \infty)\)

As \(x \to \pm \infty\), \(F(x) \to +\infty\) due to the leading \(x"4\)
term. The critical point at \(x=3\) yields a local minimum with \(F(3) =
-29\). Since the polynomial tends to infinity at both ends, and the critical
point at \(x=3\) yields a lower value than at any boundary (which do not
exist in this unbounded domain), the absolute minimum on \(\mathbb{R}\) is:

\ [
\boxed{-29}

\]



attained at \(x=3\).

Summary of Findings and Insights

| Interval | Critical Points Checked | Boundary Points | Function Values |
Absolute Minimum |

| \(\mathbb{R}\) | \(x=3\) | None | \(-29\) | \(-29\) at \(x=3\) |

| N([0, 41\) | \(x=3\) | 0, 4 | \(-29\), \(-2\), \(-2\) | \(-29\) at \(x=3\)
(outside the interval, so check boundary) | Actually, \(x=3\) outside
interval; so minimum is at \(x=4\) or \(x=0\)?

- \(F(0)=-2\), \(F(4)=-2\).

- Since \(-29\) is outside the interval, the minimum in \([0,4]1\) is \(-2\).
- But, the critical point \(x=3\) is outside the interval; so the minimum is
\(-2\) at both ends or at points near \(x=3\)?

- Since \(F\) decreases from \(0\) to \(3\), and then increases, within
\([0,4]1\), the minimum is at \(x=0\) or \(x=4\), both \(-2\).

- \([-1, 2]\) | \(x=06\) (in interval), \(
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