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LeT AND LET BE A VECTOR WITH LENGTH THAT STARTS AT THE ORIGIN AND ROTATES IN THE -PLANE. FIND THE MAXIMUM

(UNDERSTANDING THE BEHAVIOR OF VECTORS IN THE PLANE IS FUNDAMENTAL IN VARIOUS FIELDS OF MATHEMATICS, PHYSICS, AND
ENGINEERING. THE PROBLEM OF DETERMINING THE MAXIMUM VALUE OF A VECTOR'S PROJECTION OR MAGNITUDE AS IT ROTATES IN
A PLANE HAS PRACTICAL APPLICATIONS RANGING FROM SIGNAL PROCESSING TO MECHANICAL SYSTEMS. THIS ARTICLE EXPLORES
THE PROBLEM IN DETAIL, PROVIDING A COMPREHENSIVE ANALYSIS OF HOW A VECTOR STARTING AT THE ORIGIN, ROTATING
WITHIN A PLANE, CAN ACHIEVE ITS MAXIMUM MAGNITUDE OR SPECIFIC PROJECTION VALUES. \WE WILL DELVE INTO THE
MATHEMATICAL FOUNDATIONS, GEOMETRIC INTERPRETATIONS, AND OPTIMIZATION TECHNIQUES NECESSARY TO SOLVE SUCH
PROBLEMS.

INTRODUCTION TO VECTORS AND ROTATION IN THE PLANE

VECTORS ARE MATHEMATICAL OBJECTS THAT POSSESS BOTH MAGNITUDE (LENGTH) AND DIRECTION. IN A TWO-DIMENSIONAL
PLANE, VECTORS ARE OFTEN REPRESENTED IN TERMS OF THEIR COMPONENTS ALONG THE X~AXIS AND Y-AXIS, TYPICALLY
DENOTED AS \(\MATHBF{V} = (X, Y)\). THE LENGTH (OrR MAGNITUDE) OF A VECTOR \(AMATHBF{V}\) IS GIVEN BY:

\[
\MaTHBF{V]| = \sQrT{x"2 + v"23

\]

W/HEN A VECTOR ROTATES IN THE PLANE, ITS COMPONENTS CHANGE CONTINUOUSLY WHILE MAINTAINING A CONSTANT LENGTH IF
IT IS AROTATION OF A FIXED VECTOR, OR THEY CHANGE IN A WAY DICTATED BY THE SPECIFIC PROBLEM.

ROTATION OF A VECTOR

Suppose WE HAVE A VECTOR \(\MATHBF{v}_0\) oF FIXED LENGTH \(R\), ORIGINATING AT THE ORIGIN. ITS ROTATION BY AN
ANGLE \(\THETA\) CAN BE DESCRIBED USING ROTATION MATRICES:

\l

\MaTHBF{V}(\THETA) = & \BEGIN{BMATRIX} \COS \THETA \\ \sIN \THETA \eno{BmMATRIX}

\]

As \(\THeTA\) variEs Frrom O To \(2\PI\), \(\MATHBF{V}(\THETA)\) TRACES A CIRCLE OF RADIUS \(R\) CENTERED AT THE
ORIGIN.

THe Core PROBLEM

THE CORE QUESTION ADDRESSED HERE IS: GIVEN A VECTOR THAT STARTS AT THE ORIGIN AND ROTATES WITHIN A PLANE, HOW
DO WE DETERMINE ITS MAXIMUM PROJECTION OR MAGNITUDE UNDER CERTAIN CONSTRAINTS? MORE SPECIFICALLY, THE PROBLEM
CAN BE FORMULATED AS FOLLOWS:

- THe vecTor \(AMATHBF{V}(\THETA)\) HAS A FIxeD LENGTH \(R\).

- IT ROTATES IN THE PLANE, L.E., \(\THETA\) VARIES OVER SOME INTERVAL.

- THere 1s A TARGET VECTOR \(\MATHBF{U}\) (POSSIBLY FIXED).

- THE GOAL IS TO FIND THE MAXIMUM VALUE OF THE PROJECTION OF \(\MATHBF{V}(\THETA)\) OonTO \(\MATHBF{U}\), OR TO
FIND THE MAXIMUM MAGNITUDE OF \(AMATHBF{V}(\THETA)\) UNDER SPECIFIC CONDITIONS.

THIS PROBLEM INVOLVES OPTIMIZATION TECHNIQUES IN VECTOR CALCULUS AND GEOMETRIC INTERPRETATION, AND IS WIDELY
APPLICABLE IN PHYSICS (E.G., MAXIMUM FORCE COMPONENTS), ENGINEERING (E.G., MAXIMUM SIGNAL AMPLITUDE), AND
MATHEMATICS.

MATHEMATICAL FOUNDATIONS

VECTOR PROJECTIONS



THe ProJeCTION OF A VECTOR \(AMATHBF{V}\) onTo anoTHER VECTOR \(AMATHBF{U}\) IS GIVEN BY:

\[
\Text{rroj} {\MaTHBF{U}}(\MATHBF{V}) = \LerT( \rrRAC{\MATHBF{V]} \cDOT \MATHBF{U}}{|\MATHRF{U}|" 2} \RIGHT)
\MATHeF{U}

\]

THE MAGNITUDE OF THIS PROJECTION IS:

\[

N\text{rros} {\MATHBF{U}}(\MATHBF{V})| = \FrRAC{|\MATHBF{V} \cDOT \MATHBF{U}|H|\MATHBE{U}(}

\]

IF \(AMATHBF{U}\) IS A FIXED VECTOR, MAXIMIZING THE PROJECTION MAGNITUDE REDUCES TO MAXIMIZING \(|\MATHBF{V} \cDOT

\MaTHer{UJ\).
DoT ProbucT AND ROTATION

THe poT ProbUCT BETWEEN \(\MATHBF{V}(\THETA)\) AND A FixeD vEcTOR \(AMATHBF{U} = (U_x, U_Y)\) Is:

\l

\MATHBF{V}(\THETA) \cDOT \MATHBF{U} = R \cos \THETA \, U_x + R \sin \THETA \, U_Y

\]

\WHICH SIMPLIFIES TO:

\[
R (U_x \cos \THETA + U_Y \sIN \THETA)

\]

THE MAXIMUM VALUE OF THIS EXPRESSION WITH RESPECT TO \(\THETA\) CAN BE FOUND USING THE PROPERTIES OF SINUSOIDAL
FUNCTIONS.

FINDING THE MAXIMUM PROJECTION
STep 1: Express THE DoT ProbucT

GIVEN:

\l

\MaTHEF{V}(\THETA) = R (\cOS \THETA, \SIN \THETA)

\]

AND

\[
\MATHBF{U} = (U_x, U_Y)

\]

THEN:

\[
\MATHBF{V}(\THETA) \cDOT \MATHBF{U} = R (U_x \cos \THETA + U_Y \sIN \THETA)
\]

STeP 2: USE TRIGONOMETRIC IDENTITY

THE EXPRESSION:



\l

U_x \cos \THETA + U_Y \sIN \THETA

\]

CAN BE REWRITTEN AS:

\[
\s@rT{u_x"2 +u_v"2} \cooT \cos (\THETA - \ALPHA)

\]

\WHERE!:

\l

\aLpHA = \arcTAN \LerT( \rRAC{U_Y3}{u_x} \RIGHT)

\]

THe MAxIMUM VALUE oF \(\cos (\THETA - \ALPHA)\) IS 1, SO:

\[
\mMax_{\THeTA} [U_X \cos \THETA + U_¥ \siNn \THETA] = \sqrT{U_x"2 + U_¥"2}

\]
STepP 3: FIND THE MAXIMUM PROJECTION

THEREFORE, THE MAXIMUM PROJECTION MAGNITUDE IS:

\[
N\texT{rros} {\MATHBF{U}}(\MATHBF{V})|_{\MAX]} =r \sq@rT{U Xx"2 + U ¥"2} / \MATHBF{U]}|

\]

BUT SINCE:

\[
\MATHEF{U}| = \s@rT{U_x"2 + u_¥"2}

\]

THE MAXIMUM PROJECTION SIMPLIFIES TO:

\[

N\text{rros} {\MATHBF{U}}(\MATHBF{V})|_{\MAX} =r

\]

THIS INDICATES THAT THE MAXIMUM PROJECTION OF \(AMATHBF{V}(\THETA)\) onTOo \(AMATHBF{U}\) EQUALS THE LENGTH OF
\(\MaTHEF{V}\) AND Is AcHIEVED WHEN \(AMATHBF{V}\) POINTS IN THE SAME DIRECTION AS \(\MATHBF{U}\).

GEOMETRIC INTERPRETATION

VISUALIZING THE PROBLEM HELPS SOLIDIFY THE UNDERST ANDING:

- THe vecTor \(A\MATHBF{V}(\THETA)\) TRACES A CIRCLE OF RADIUS \(R\) CENTERED AT THE ORIGIN.

- THe Fixep VECTor \(AMATHBF{U}\) POINTS IN SOME DIRECTION.

- THe proJecTioN ofF \(AMAaTHBF{V}(\THETA)\) onTO \(AMATHBF{U}\) REACHES ITS MAXIMUM WHEN
\(\MaTHBF{VI(\THETA)\) ALIGNS WiITH \(AMATHBF{UJ\).

IN ESSENCE, THE MAXIMUM PROJECTION IS THE LENGTH OF \(\MATHBF{V}\), ACHIEVED WHEN THE ROTATING VECTOR POINTS
pIRecTLY TowArD \(AMATHBF{U}\). THE SAME APPLIES TO THE PROBLEM OF MAXIMIZING THE MAGNITUDE OF THE VECTOR

ITSELF, WHICH IS STRAIGHTFORWARD IF THE VECTOR IS CONSTRAINED TO A FIXED LENGTH.

EXTENDING THE PROBLEM: V ARIABLE LENGTH AND CONSTRAINTS



THE INITIAL PROBLEM ASSUMES A FIXED LENGTH \(R\)/ BUT REAL-WORLD SCENARIOS OFTEN INVOLVE VARIABLE LENGTHS OR
ADDITIONAL CONSTRAINTS.

V ARIABLE LENGTH VECTORS

Suppost THE VECTOR \(A\MATHBF{V}\) CAN VARY IN LENGTH WITHIN SOME BOUNDS, AND ROTATES IN THE PLANE. THE PROBLEM
THEN BECOMES:

- Fino THE MAXIMUM oF \([\MATHBF{V}(\THETA)I\) sucH THAT \(\MATHBF{V}(\THETA)\) SATISFIES CERTAIN CONDITIONS,
LIKE ALIGNING WITH \(AMATHBF{U}\) OR OPTIMIZING SOME FUNCTION.

CONSTRAINTS AND OPTIMIZATION TECHNIQUES
TO SOLVE SUCH PROBLEMS, TECHNIQUES INCLUDE:

- LAGRANGE MULTIPLIERS: USEFUL WHEN CONSTRAINTS INVOLVE FIXED LENGTHS OR ANGLES.
- PARAMETRIC OPTIMIZATION: USING PARAMETER \(\THETA\), SOLVING FOR CRITICAL POINTS.
- GEOMETRIC METHODS: DRAWING THE VECTORS AND USING PROPERTIES OF CIRCLES AND ANGLES FOR INTUITION.

ExampLe: MaximMize \(A\MaTHeF{V} \cooT \MaTHBF{U}\) WITH LENGTH CONSTRAINT

GIVEN:

\[

\mMaTHBF{V]}| = &

\]

MAXIMIZE:

\l

\MaTHBF{V} \cooT \MATHBF{U} = [\MATHBF{V}| \MATHBF{U}| \cos \PHI

\]

wHere \(\PH1\) 1s THE ANGLE BETWEEN \(\MATHBF{V}\) AND \(AMATHBF{U}\). THE MAXIMUM occurs wHEN \(\PHI = 0\), IE.,
\(\MATHBF{V}\) POINTS IN THE SAME DIRECTION AS \(\MATHBF{U}\), GIVING:

\l

\MaTHBF{V} = r \rRAC{\MATHBF{U}}{|\MATHBF{U}I}

\]

AND THE MAXIMUM DOT PRODUCT:

\[

R [\MaTHBF{U]|

WHICH ALIGNS WITH EARLIER CONCLUSIONS.

PRACTICAL APPLICATIONS

UNDERSTANDING THE MAXIMUM VALUES OF ROTATING VECTORS HAS NUMEROUS APPLICATIONS:
- SIGNAL PROCESSING: MAXIMIZING THE SIGNAL STRENGTH IN A CERTAIN DIRECTION.

- MECHANICAL SYSTEMS: FINDING THE MAXIMUM COMPONENT OF A FORCE OR VELOCITY VECTOR.
- RoBoTIcs: ORIENTING ARMS OR SENSORS TO MAXIMIZE COVERAGE OR FORCE.

- PHysics: CALCULATING MAXIMUM WORK DONE OR ENERGY TRANSFER.

SUMMARY oOF KEY RESULTS



- THE MAXIMUM PROJECTION OF A ROTATING VECTOR \(AMATHBF{\V}\) OF FIxeD LENGTH \(R\) ONTO A FIXED VECTOR

\(\MaTher{U3\) I1s

FREQUENTLY ASkeD QUESTIONS

\WHAT DOES THE VECTOR ‘LET’ REPRESENT IN THE CONTEXT OF THE PROBLEM?

‘LET’ REPRESENTS A VECTOR ORIGINATING AT THE ORIGIN THAT ROTATES WITHIN THE PLANE, WITH ITS LENGTH (MAGNITUDE)
POSSIBLY CHANGING OVER TIME.

\WHAT IS THE MAIN GOAL WHEN ANALYZING THE VECTOR ‘LET’ IN THIS PROBLEM?

THE MAIN GOAL IS TO DETERMINE THE MAXIMUM VALUE OF THE VECTOR'S LENGTH AS IT ROTATES IN THE PLANE.

How DOES THE ROTATION OF THE VECTOR AFFECT ITS LENGTH IN THIS PROBLEM?

THE ROTATION AFFECTS ONLY THE DIRECTION OF THE VECTOR, NOT ITS LENGTH, UNLESS THE PROBLEM SPECIFIES A CHANGE IN
MAGNITUDE, THE FOCUS IS ON FINDING THE MAXIMUM LENGTH DURING ROTATION.

WHAT MATHEMATICAL TOOLS ARE USEFUL FOR SOLVING THE PROBLEM OF FINDING THE
MAXIMUM LENGTH OF A ROTATING VECTOR?

TOOLS SUCH AS VECTOR CALCULUS, TRIGONOMETRY, AND OPTIMIZATION TECHNIQUES ARE USEFUL FOR ANALYZING THE
VECTOR'S PROPERTIES AND DETERMINING ITS MAXIMUM LENGTH.

ARE THERE ANY CONSTRAINTS OR CONDITIONS TO CONSIDER WHEN FINDING THE
MAXIMUM LENGTH oF ‘LET'?

YES/ THE PROBLEM MAY SPECIFY BOUNDS OR RELATIONSHIPS, SUCH AS THE VECTOR'S COMPONENTS OR A FUNCTIONAL FORM,
WHICH MUST BE CONSIDERED TO ACCURATELY FIND THE MAXIMUM LENGTH.

CAN THE MAXIMUM LENGTH OF THE VECTOR BE DETERMINED WITHOUT KNOWING ITS
EXPLICIT FUNCTIONAL FORM?

TYPICALLY, EXPLICIT INFORMATION ABOUT THE VECTOR'S COMPONENTS OR ITS FUNCTIONAL BEHAVIOR OVER TIME IS NEEDED,
OTHERWISE, IT ISN'T POSSIBLE TO DETERMINE THE MAXIMUM LENGTH PRECISELY.

\WHAT IS THE SIGNIFICANCE OF THE ‘LeT BE A VECTOR W/ITH LENGTH THAT STARTS
AT THeE ORIGIN AND ROTATES IN THE -PLANE' STATEMENT?

[T INDICATES THAT THE VECTOR BEGINS AT THE ORIGIN, ROTATES WITHIN THE PLANE, AND ITS LENGTH IS VARIABLE OR TO BE
ANALYZED TO FIND ITS MAXIMUM VALUE DURING THIS ROTATION.

How CAN UNDERSTANDING THE MAXIMUM LENGTH OF SUCH A VECTOR BE APPLIED IN
REAL-\WORLD SCENARIOS?

THIS ANALYSIS CAN BE APPLIED IN PHYSICS (E.G./ OSCILLATIONS, ROTATIONS)/ ENGINEERING (E.G./ ROBOTIC ARM MOVEMENT)/
AND COMPUTER GRAPHICS (E.G., ROTATING OBJECTS), \WHERE MAXIMUM DISPLACEMENT OR EXTENSION IS RELEVANT.



ADDITIONAL RESOURCES

LET AND LET BE A VECTOR WITH LENGTH THAT STARTS AT THE ORIGIN AND ROTATES IN THE -PLANE. FIND THE MAXIMUM

INTRODUCTION

IN THE REALM OF VECTOR CALCULUS AND GEOMETRIC ANALYSIS, UNDERSTANDING THE BEHAVIOR OF VECTORS AS THEY
TRAVERSE A PLANE IS FUNDAMENTAL. THE PROBLEM STATEMENT— “LET AND LET BE A VECTOR WITH LENGTH THAT STARTS AT
THE ORIGIN AND ROTATES IN THE ~PLANE. FIND THE MAXIMUM”— APPEARS STRAIGHTFORWARD AT FIRST GLANCE BUT
ENCOMPASSES RICH MATHEMATICAL CONCEPTS INVOLVING VECTOR FUNCTIONS, PARAMETRIC EQUATIONS, MAXIMA AND MINIMA,
AND GEOMETRIC INTERPRETATIONS.

THIS ARTICLE AIMS TO DISSECT THIS PROBLEM THOROUGHLY , EXPLORING THE MATHEMATICAL BACKGROUND, FORMAL
DEFINITIONS, METHODS TO ANALYZE SUCH VECTOR FUNCTIONS, AND STRATEGIES TO FIND THEIR MAXIMUM MAGNITUDES. THE

DISCUSSION WILL SPAN FROM FOUNDATIONAL CONCEPTS TO ADVANCED ANALYTICAL TECHNIQUES, PROVIDING A COMPREHENSIVE
RESOURCE FOR STUDENTS, EDUCATORS, AND ENTHUSIASTS INTERESTED IN VECTOR ANALYSIS AND OPTIMIZATION.

UNDERSTANDING THE PROBLEM: CLARIFYING THE CONTEXT

BEFORE DELVING INTO CALCULATIONS, IT IS VITAL TO INTERPRET AND CLARIFY THE PROBLEM STATEMENT.

THE AMBIGUITY OF “LET AND LET BE A VECTOR”

THE PHRASE “LLET AND LET BE A VECTOR” CAN BE SOMEWHAT AMBIGUOUS. |T LIKELY REFERS TO A VECTOR
FUNCTION—POSSIBLY DENOTED AS R(T) OR V(T)—DEFINED OVER SOME PARAMETER \( T \), WHICH DESCRIBES THE POSITION OR

ORIENTATION OF A VECTOR AS IT MOVES IN THE PLANE.

- "STARTING AT THE ORIGIN” SUGGESTS THAT AT THE INITIAL PARAMETER VALUE, THE VECTOR ORIGINATES FROM THE
coorpINATE oriGIN \( (0,0) \).

- "ROTATES IN THE -PLANE” INDICATES THAT THE VECTOR’S DIRECTION CHANGES OVER TIME OR PARAMETER \( T \), ROTATING
WITHIN A TWO-DIMENSIONAL PLANE.

GIVEN THE CONTEXT, THE PROBLEM PROBABLY INVOLVES A ROTATING VECTOR WITH A FIXED MAGNITUDE OR VARYING LENGTH,
DEPENDING ON THE SPECIFIC CONDITIONS.

INTERPRETING THE “LENGTH” AND ROTATION
KEY POINTS TO CLARIFY:

- LENGTH OF THE VECTOR: IS IT CONSTANT OR VARIABLE? THE PHRASE “LENGTH THAT STARTS AT THE ORIGIN” SUGGESTS
THAT THE MAGNITUDE OF THE VECTOR BEGINS AT ZERO (ORIGIN POINT> AND PERHAPS INCREASES OR VARIES AS IT ROTATES.

- ROTATION IN THE -PLANE: THE NEGATIVE SIGN INDICATES THE ROTATION DIRECTION (CLOCK\X/ISE IF POSITIVE IS
COUNTERCLOCKWISE, OR VICE VERSA), OR PERHAPS IT'S A PLACEHOLDER — THE INTENDED PLANE IS LIKELY THE XY-PLANE (OR A

SIMILAR 2D PLANE).

- OBJECTIVE: TO FIND THE MAXIMUM VALUE OF THE VECTOR’S MAGNITUDE DURING ITS ROTATION, OR POSSIBLY THE MAXIMUM
OF SOME FUNCTION ASSOCIATED WITH THE VECTOR.

MATHEMATICAL FOUNDATIONS: VECTOR FUNCTIONS IN THE PLANE

To ANALYZE THIS PROBLEM, WE NEED TO FORMALIZE THE CONCEPT OF A ROTATING VECTOR IN A PLANE.



VECTOR REPRESENTATION

A VECTOR IN 2D SPACE CAN BE REPRESENTED AS:

\[
\MATHBRF{RI(T) = x(7) \MATHEF{1} + Y(T) \MATHBF{}

\]

wHERE \( x(T) \) anD \( v(T) \) ARE FUNCTIONS DESCRIBING THE COORDINATES AT PARAMETER \( T \) (WHICH couLD BE
TIME).

MAGNITUDE OF THE VECTOR

THe LENGTH (or MAGNITUDE) ofF \( \MATHBF{R}(T) \) IS GIVEN BY:

\[

\MaTHBF{R}I(T)| = \s@rT{x(T)"2 + v(T)"2}

\]

THIS MAGNITUDE CAN BE A FUNCTION OF \( T \), ESPECIALLY IF THE VECTOR'S LENGTH VARIES AS IT ROTATES.

ROTATION IN THE PLANE

A STANDARD WAY TO MODEL ROTATION IN THE PLANE INVOLVES ANGULAR PARAMETERS:

\[

x(T) =r(1) \cos \THeTA(T)
\]

\[

y(7) =r(T) \siNn \THETA(T)
\]

WHERE:

- \(R(T) \): THE LENGTH (MAGNITUDE) oF THE VECTOR AT TiME \( T \).

-\C\THETA(T) \): THE ANGLE (ORIENTATION) OF THE VECTOR IN THE PLANE AT TIME \( T \).

MODELING THE VECTOR: KEY ASSUMPTIONS AND FORMULATIONS

GIVEN THE AMBIGUITY, A TYPICAL AND INSTRUCTIVE APPROACH IS TO ASSUME A MODEL WHERE:

- THe vecTor's LENGTH \( R(T) \) VARIES FRoM O AT THE START (ORIGIN) AND POSSIBLY INCREASES TO SOME MAXIMUM.
- THE VECTOR ROTATES WITH ANGULAR VELOCITY, WHICH COULD BE CONSTANT OR VARIABLE.

- THE ROTATION OCCURS IN THE “PLANE, WHICH WE INTERPRET AS A ROTATION IN THE PLANE WITH A SPECIFIC DIRECTION.
A CoMMoN MoDEL: CONSTANT ANGULAR VELOCITY AND V ARIABLE LENGTH

SUPPOSE THE VECTOR UNDERGOES A ROTATION WITH A CONSTANT ANGULAR VELOCITY \( \oMega \). ITs LenaTH \(r(T) \)
VARIES OVER TIME, PERHAPS STARTING AT O AND INCREASING LINEARLY OR ACCORDING TO SOME FUNCTION.

A TYPICAL MODEL:

\l

RO =AT



\]
\l

\THETA(T) = - \OMEGA T

WHERE:
-\(A\) IS A CONSTANT RATE OF INCREASE OF LENGTH.
- \( \OMEGA \) IS THE ANGULAR VELOCITY, WITH THE NEGATIVE SIGN DENOTING ROTATION IN THE ~PLANE.

THe vecTor AT TIME \( T \) Is:

\[
\MATHBF{R}(T) = R(T) \LerT( \cos \THETA(T), \siNn \THETA(T) \RIGHT) = A T \LerT( \cos(- \oMega T), \sin(- \oMEGA
T) \RIGHT)

\]

USING THE IDENTITIES:

\[
\cos(- \THeETA) = \cos \THETA, \QUAD \SIN(- \THETA) = - \SIN \THETA

\]

WE GET:

\l

\MATHBF{R}(T) = A T \LerT( \cos \oMeGA T, - \siN \oMEGA T \RIGHT)

\]

FINDING THE MAXIMUM MAGNITUDE

THE PRIMARY GOAL IS TO DETERMINE THE MAXIMUM LENGTH OF THE VECTOR \( \MATHBF{R}(T)| \)—OR PERHAPS THE MAXIMUM
OF SOME RELATED QUANTITY—OVER THE DOMAIN of \( T \).

GIVEN THE MODEL:

\[
\MaTHBF{RI(T) =r(T) = AT

\]

WHICH INCREASES LINEARLY WITH \( T \). IF \( T \) IS UNBOUNDED, THE MAXIMUM IS INFINITE. BUT TYPICALLY, PHYSICAL OR
GEOMETRIC CONSTRAINTS LIMIT \( T \), OR THE PROBLEM ASKS FOR THE MAXIMUM IN A SPECIFIC INTERVAL.

ALTERNATIVELY, IF THE LENGTH \( R(T) \) IS FIXED, AND ONLY THE ROTATION VARIES, THEN THE MAXIMUM MAGNITUDE IS
SIMPLY THE FIXED LENGTH.

HOWEVER, IN MORE COMPLEX SCENARIOS WHERE \( R(T) \) VARIES NON-MONOTONICALLY, THE PROBLEM BECOMES MORE
INTERESTING.

GENERAL APPROACH TO FIND THE MAXIMUM

Suppose \(R(T) \) 1s A DIFFERENTIABLE FUNCTION, AND \( \THETA(T) \) IS A kNowN FUNCTION OF \( T \). THE MAGNITUDE
of THE VECTorR AT TIME \( T \) Is:



\[
\MaTHeF{R}(T)| = r(T)
\]

TO FIND THE MAXIMUM VALUE OF THE VECTOR'S LENGTH OVER A DOMAIN \( T \IN[T_0O, T_1]\), WE PROCEED AS FOLLOWS:

1. IDenTIFY THE FUNCTION \( R(T) \): THE LENGTH FUNCTION IS CRUCIAL, WHETHER IT'S GIVEN EXPLICITLY OR DERIVED FROM
THE PROBLEM CONTEXT.

2. ANALYZE CRITICAL POINTS: FIND \( T \) wHere \(R'(T) = 0 \), AS THESE ARE POTENTIAL MAXIMA OR MINIMA.
3. EVALUATE ENDPOINTS: SINCE MAXIMA CAN OCCUR AT CRITICAL POINTS OR ENDPOINTS, CHECK THE VALUES AT THESE POINTS.

4. DETERMINE THE MAXIMUM VALUE: THE LARGEST AMONG THESE VALUES IS THE MAXIMUM MAGNITUDE OF THE VECTOR IN THE
INTERVAL.

ANALYTICAL TECHNIQUES FOR MAXIMIZATION

DEPENDING ON THE FUNCTIONAL FORM OF \( R(T) \) AND \( \THETA(T) \), DIFFERENT TECHNIQUES APPLY:
CALcuLUS-BASED OPTIMIZATION

- DerivaTive TesTs: Fino \(R'(T) \) anp soLve \(r'(T) =0 \).

- SECOND DERIVATIVE TEST: DETERMINE THE NATURE (MAX OR MIN) OF CRITICAL POINTS.

- INTERVAL EVALUATION: COMPARE CRITICAL POINT VALUES WITH ENDPOINT VALUES.

GEOMETRIC INTERPRETATION

- THE VECTOR'S TIP TRACES A PATH IN THE PLANE, POSSIBLY A SPIRAL IF \( R(T) \) vARriEs anD \( \THETA(T) \) cHANGES
LINEARLY.

- THE MAXIMUM MAGNITUDE CORRESPONDS TO POINTS WHERE THE RADIAL DISTANCE \( R(T) \) PEAKS, OR WHERE THE PATH
REACHES EXTREMAL POINTS.

SpeciaL CASES
- ConsTANT LENGTH: IF \(R(T) =R \), THEN THE MAXIMUM MAGNITUDE IS SiMPLY \( R \).
- CONSTANT ANGULAR VELOCITY AND LINEAR LENGTH INCREASE: THE MAXIMUM OCCURS AT THE ENDPOINT OF THE INTERVAL.

- NON-MONOTONIC LENGTH FUNCTIONS: MAXIMA MAY OCCUR AT INTERNAL POINTS WHERE \( R(T) \) HAS LOCAL MAXIMA.

PrRACTICAL EXAMPLES AND APPLICATIONS
(UNDERSTANDING THESE PRINCIPLES IS VALUABLE IN VARIOUS APPLIED FIELDS:

- PHYSICS: ANALYZING THE MOTION OF PARTICLES OR OBJECTS ROTATING WITH VARIABLE SPEED OR LENGTH, SUCH AS A
TETHERED SATELLITE OR A ROTATING ARM WITH EXTENSION.

- ENGINEERING: DESIGNING MECHANICAL SYSTEMS WHERE ROTATING COMPONENTS EXTEND OR RETRACT, AND ENSURING MAXIMUM
REACH OR STRESS LIMITS.

- MATHEMATICS AND COMPUTER GRAPHICS: GENERATING SPIRAL OR ROTATIONAL PATTERNS WITH VARIABLE RADII, AND



OPTIMIZING THEIR SIZE OR COVERAGE.

AbVANCED CONSIDERATIONS: CONSTRAINTS AND REAL-W/ ORLD LIMITATIONS

IN REAL-WORLD SCENARIOS, ADDITIONAL CONSTRAINTS INFLUENCE THE MAXIMUM:

- PHYSICAL LIMITS: MAXIMAL LENGTH OF THE VECTOR DUE TO MATERIAL CONSTRAINTS.
- TIME OR DOMAIN RESTRICTIONS: THE INTERVAL OVER WHICH THE ROTATION OCCURS.
- ENERGY CONSIDERATIONS: THE ENERGY REQUIRED TO EXTEND OR ROTATE THE VECTOR.

IN SUCH CASES, OPTIMIZATION INVOLVES CONSTRAINED MAXIMIZATION TECHNIQUES, SUCH AS L AGRANGE MULTIPLIERS, OR
NUMERICAL METHODS IF THE FUNCTIONS ARE COMPLEX.

SUMMARY AND KEY TAKEAWAYS

- THE PROBLEM OF A VECTOR STARTING AT THE ORIGIN, ROTATING IN THE PLANE, AND SEEKING

Let And Let Be A Vector With L.ength That Starts At The
Origin And Rotates In The Plane Find The Maximum

Let And Let Be A Vector With Length That Starts At The Origin And Rotates In The Plane Find The
Maximum
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