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In the realm of mathematics, especially in the study of functions and relations,
understanding how different relations behave is fundamental. Consider a function \(F : A \to
B\), where \(A\) and \(B\) are sets. We define a relation \(T\) on set \(A\) such that for any
\(x, y\in A\), \(x T y\) if and only if \(F(x) = F(y)\). The goal is to rigorously prove that this
relation \(T\) is an equivalence relation on \(A\). This entails demonstrating that \(T\)
satisfies the three key properties: reflexivity, symmetry, and transitivity. Establishing these
properties not only deepens our understanding of the structure of the set \(A\) in relation to
the function \(F\) but also provides insights into how functions induce partitions of their
domain into equivalence classes.

Understanding the Relation T

Before diving into the proof, it is essential to clarify what the relation \(T\) signifies and why
such a relation is meaningful in mathematical analysis.

Definition of the Relation T

Given a function \(F : A \to B\), the relation \(T\) is defined as follows:

e For all \(x, y \in A\), \(x T y\) if and only if \(F(x) = F(y)\).

This relation essentially groups elements of \(A\) based on the outputs of the function \(F\).
Elements that share the same image under \(F\) are related, forming what are called
equivalence classes.

Intuition Behind the Relation

The relation \(T\) partitions the set \(A\) into subsets where each subset contains elements
mapped to a particular element in \(B\). This partitioning is a direct consequence of the
properties of the function \(F\), and the relation \(T\) formalizes this concept
mathematically.



Proving T Is An Equivalence Relation

To establish that \(T\) is an equivalence relation, we need to verify three properties:

1. Reflexivity

Definition: For all \(x \in A\), \(x T x\).
Proof:
- Since \(F\) is a function, for any \(x \in A\), \(F(x) = F(x)\).

- Therefore, \(x T x\) holds because \(F(x) = F(x)\)
- Conclusion: \(T\) is reflexive.

2. Symmetry

Definition: For all \(x, y \in A\), if \(x T y\), then \(y T x\).

Proof:

- Assume \(x T y\). By the definition of \(T\), this means \(F(x) = F(y)\).
- Equality is symmetric; if \(F(x) = F(y)\), then \(F(y) = F(x)\).

- Since \(F(y) = F(x)\), it follows that \(y T x\).
- Conclusion: \(T\) is symmetric.

3. Transitivity

Definition: For all \(x, y, z\in A\), if \(x T y\) and \(y T z\), then \(x T z\).
Proof:

- Suppose \(x T y\) and \(y T z\). By the definition of \(T\), this implies \(F(x) = F(y)\) and
\(F(y) = F(2)\).

- Transitivity of equality tells us that \(F(x) = F(2)\).

- Therefore, \(x T 2\).

- Conclusion: \(T\) is transitive.

Conclusion: T Is an Equivalence Relation

Having verified the three essential properties—reflexivity, symmetry, and transitivity—we
conclude that the relation \(T\) is indeed an equivalence relation on the set \(A\).



Implications of T Being an Equivalence Relation

- Partitioning of \(A\): The set \(A\) is partitioned into disjoint equivalence classes, each
corresponding to a unique element in \(F(A)\), the image of \(A\) under \(F\).

- Formation of Quotient Sets: The set of all equivalence classes, denoted \(A / T\), can be
considered as a quotient set where each class contains elements that map to the same
element in \(B\).

- Application in Mathematics: This concept is fundamental in various fields such as algebra,
topology, and analysis, where equivalence relations help simplify complex structures by
grouping elements with similar properties.

Summary

In summary, starting with a function \(F : A \to B\), defining the relation \(T\) such that \(x T
y\) iff \(F(x) = F(y)\), and rigorously proving that \(T\) satisfies reflexivity, symmetry, and
transitivity, we establish that \(T\) is an equivalence relation. This relation naturally
partitions the domain set \(A\) into equivalence classes, each class representing elements
sharing the same image under \(F\). Recognizing such relations is fundamental in
understanding how functions induce structure and organization within mathematical sets,
paving the way for advanced concepts in various mathematical disciplines.
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Frequently Asked Questions

What is the relation T defined on set A by X T Y iff F(x)
= F(y)?

The relation T on A is defined such that for any elements X and Y in A, X T Y if and only if
F(x) equals F(y).

How do we prove that the relation T is an equivalence
relation?

To prove T is an equivalence relation, we need to show that it is reflexive, symmetric, and
transitive.

Why is the relation T reflexive?

Because for any element X in A, F(x) = F(x), so X T X holds, satisfying reflexivity.



How is symmetry established for the relation T?

If X TY, then F(x) = F(y). Since equality is symmetric, F(y) = F(x), hence Y T X, proving
symmetry.

What is the transitive property for the relation T?

IfXTYandYTZ, then F(x) = F(y) and F(y) = F(z), so F(x) = F(z), thus X T Z, establishing
transitivity.

What role does the function F play in defining the
relation T?

F determines the equivalence classes by grouping elements of A that share the same
function value, thus defining T.

Can T partition the set A into equivalence classes?

Yes, since T is an equivalence relation, it partitions A into disjoint subsets where all
elements in each subset share the same F(x) value.

Is the relation T dependent on the choice of the
function F?

Yes, the nature of T depends entirely on the function F, as it dictates how elements are
grouped based on their images under F.

What is the significance of proving T is an equivalence
relation in mathematical analysis?

Proving T is an equivalence relation helps in understanding the structure of A via
partitioning into equivalence classes, facilitating classification and analysis of elements
based on F.

Additional Resources

Let F A B Be A Function. Define A Relation T On A By X T Y Iff F(x) = F(y). Prove That T Is An
Equivalence

Understanding the foundational structures in mathematics, especially in the realm of set
theory and relations, is crucial for grasping more advanced concepts such as equivalence
relations, partitions, and quotient sets. The statement "Let F A B be a function. Define a
relation T on A by X TY if and only if F(x) = F(y)" is a classic setup that illustrates how
functions induce equivalence relations on their domain. This article aims to thoroughly
analyze this statement, prove that the relation T is an equivalence relation, and discuss its
implications, features, and applications.



Introduction to Functions and Relations

Before delving into the specifics of the relation T, it is essential to clarify the fundamental
definitions involved:

- Function F : A - B: A rule that assigns each element x in set A exactly one element F(x) in
set B.

- Relation T on A: A subset of the Cartesian product A x A, which pairs elements of A with
other elements of A according to a specific rule.

- Equivalence Relation: A relation that is reflexive, symmetric, and transitive, thereby
partitioning the set into equivalence classes.

Understanding these core concepts provides the necessary background to analyze the
relation T and its properties.

Defining the Relation T

The relation T is defined on the set A as follows:

Forx,y € A,

x Ty if and only if F(x) = F(y).

This relation essentially groups elements of A based on the images under F. Elements that

share the same image in B are related to each other, forming what are known as "fibers" or
"preimages" of elements in B.

Proving That T Is An Equivalence Relation

To establish that T is an equivalence relation on A, we need to verify that it satisfies the
three defining properties:

1. Reflexivity
Claim: Forall x € A, x T x.

Proof:



Since F is a function, for every x in A, F(x) = F(x), which is trivially true. Therefore, x T x
because F(x) = F(x).

Conclusion: T is reflexive.

2. Symmetry
Claim: Forallx,y € A, ifx Ty, theny T x.
Proof:

Assume x Ty, which means F(x) = F(y). Since equality is symmetric, F(y) = F(x). Therefore,
y TX.

Conclusion: T is symmetric.

3. Transitivity

Claim: Forallx,y,z€A,ifxTyandy Tz thenxTz.
Proof:

Suppose x TyandyT z.

- X Ty implies F(x) = F(y).
-y T z implies F(y) = F(2).

From these, F(x) = F(z). Therefore, x T z.

Conclusion: T is transitive.

Summary

Since T satisfies reflexivity, symmetry, and transitivity, T is an equivalence relation on A.

Implications of T Being an Equivalence Relation

The fact that T is an equivalence relation has significant consequences:

- Partitioning of A: The set A can be partitioned into disjoint equivalence classes, where
each class corresponds to a particular value of F.



- Fibers or Preimages: Each equivalence class is the preimage of a single element in B, i.e.,
the set F~{-1}(b) for some b € B.

- Quotient Set: The set of all these equivalence classes, denoted A/~, forms a quotient set,
which is fundamental in various areas such as topology, algebra, and analysis.

Features and Applications of the Relation T

Features:

- Partitioning: T naturally partitions A into classes of elements that share the same image
under F.

- Universality: This construction applies to any function, regardless of whether F is injective,
surjective, or neither.

- Constructive: The relation T provides a way to understand the structure of F's fibers
explicitly.

Applications:

- Factorization of Functions: T helps in defining functions on the quotient set A/~, which can
lead to simplified or canonical forms of functions.

- Equivalence Classes in Algebra: In algebra, similar relations define cosets, which are
crucial for constructing quotient groups, rings, and modules.

- Topology and Geometry: Equivalence relations like T are used in identifying points in
spaces to form quotient spaces, affecting topology and geometric structures.

Pros and Cons of Defining Relations via Functions

Pros:

- Clarity: The relation defined via a function's equality is intuitive and easy to verify.

- Structural Insight: It reveals the internal structure of the domain concerning the image
space.

- Facilitates Quotients: Enables the formation of quotient sets and spaces, simplifying
complex problems.

Cons:

- Limited to Same Image: Only relates elements with identical images; does not account for
other types of relations.

- Dependence on F: The nature of the relation heavily depends on the properties of F
(injectivity, surjectivity), which can limit the relation's utility in some contexts.

- Potential for Trivial Relations: If F is constant, the relation T becomes trivial (all elements



are related), which might not be meaningful in certain analyses.

Conclusion

The relation T, defined on a set A by grouping elements according to their images under a
function F, is a fundamental concept illustrating how functions induce equivalence relations.
The proof that T is an equivalence relation hinges on the properties of equality and the
nature of functions. Recognizing T as an equivalence relation allows mathematicians to
partition sets into meaningful classes, understand the structure of functions deeply, and
facilitate the construction of quotient objects across various mathematical disciplines. This
foundational idea exemplifies the power of relations in organizing, simplifying, and
understanding complex mathematical structures, making it an essential concept in the
study of set theory, algebra, topology, and beyond.

In summary:

- T is an equivalence relation on A.

- It partitions A into classes based on the fibers of F.

- Its properties are directly derived from the properties of equality and the definition of a
function.

- Its applications span multiple mathematical fields, providing a unifying framework for
analyzing structures and functions.

This comprehensive exploration demonstrates the importance and elegance of how simple
definitions can lead to profound structural insights in mathematics.
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