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This scenario presents a fascinating opportunity to explore concepts in probability, statistics, and
their applications in real-world situations. When selecting a small sample from a larger population,
understanding the distribution and likelihood of certain outcomes becomes crucial. In this context,
the community with a known proportion (P=0.1) of individuals possessing a particular characteristic
allows us to examine questions related to the probability of encountering a specific number of such
individuals in a random sample. This analysis can be applied to various fields, including public
health, market research, social sciences, and epidemiology. To delve deeper, we will explore the
probability distributions involved, interpret their implications, and consider how these insights can
inform decision-making.

Understanding the Population and Sampling Context

The Population Characteristics

Total Population: Large and unspecified, but with a known proportion of individuals with a
specific trait.

Proportion (P): 10% or 0.1, meaning 1 in every 10 people exhibits the characteristic of interest.

Trait of Interest: Could be anything, such as having a certain disease, owning a particular
product, or belonging to a specific demographic group.

Sampling Methodology

Random Selection: Each individual has an equal chance of being selected, ensuring unbiased
sampling.

Sample Size: 20 individuals, which is relatively small compared to the total population.

Objective: To assess the likelihood of finding a certain number of individuals with the trait
within this sample.



Modeling the Scenario: The Binomial Distribution

Introduction to the Binomial Distribution
The binomial distribution models the number of successes (e.g., individuals with the trait) in a fixed
number of independent Bernoulli trials (each selection), where each trial has the same probability of
success (P=0.1).

Parameters: n = 20 (number of trials), p = 0.1 (probability of success in each trial).

Random Variable: X = number of individuals with the trait in the sample.

Probability Mass Function (PMF)
The probability of observing exactly k successes (trait carriers) in the sample is given by:

P(X = k) = C(n, k) p^k (1 - p)^{n - k}
where C(n, k) is the binomial coefficient, representing the number of ways to choose k successes out
of n trials.

Calculating Specific Probabilities

Probability of finding exactly 0 individuals with the trait:

Probability of finding exactly 1 individual:

Probability of finding exactly 2 individuals:

These calculations help understand the variability and likelihood of different outcomes within the
sample.

Expected Value and Variance

Expected Number of Trait Carriers
The expected value (mean) provides an average estimate of how many individuals with the trait are
likely to be found in the sample:

E[X] = n p = 20 0.1 = 2
This suggests that, on average, we expect to find about 2 individuals with the trait in each random
sample of 20 people.



Variance and Standard Deviation
The variance measures the variability around the expected value:

Var(X) = n p (1 - p) = 20 0.1 0.9 = 1.8
The standard deviation is the square root of variance:

SD(X) = √1.8 ≈ 1.34
Understanding variability is essential for assessing the reliability of the expected value as a
predictor in practical scenarios.

Probability of Specific Outcomes

Probability of Zero Individuals with the Trait
Using the binomial formula:

P(X=0) = C(20, 0) 0.1^0 0.9^{20} ≈ 1 1 0.1216 ≈ 0.1216
Approximately a 12.16% chance that none of the 20 individuals have the trait.

Probability of Exactly One Individual with the Trait
P(X=1) = C(20, 1) 0.1^1 0.9^{19} ≈ 20 0.1 0.135 \approx 0.270

About a 27.0% chance of finding exactly one person with the trait.

Probability of Exactly Two Individuals with the Trait
P(X=2) = C(20, 2) 0.1^2 0.9^{18} ≈ 190 0.01 0.150 \approx 0.285

Roughly a 28.5% chance of encountering exactly two trait carriers.

Distribution Shape and Interpretation

Shape of the Binomial Distribution

Skewed towards lower values of k due to P=0.1.

Most probable outcomes are around the mean (2), with probabilities decreasing as k moves
away from the mean.



Implications of the Distribution

High likelihood (over 70%) of observing fewer than 4 trait carriers in the sample.

Low probability of observing a large number of trait carriers (e.g., more than 5) due to the
small p.

Real-World Applications and Considerations

Public Health and Disease Screening

If the trait relates to a disease with a 10% prevalence, health officials can estimate the
likelihood of detecting cases in small screenings.

Understanding variability helps in planning resources and expected case numbers.

Market Research and Consumer Behavior

Estimating the number of consumers with a particular preference or characteristic in a small
sample.

Assisting in targeted marketing strategies based on expected trait prevalence.

Limitations and Assumptions

Assumes independent selection and identical probability for each individual.

In real-world settings, population heterogeneity or sampling bias can affect outcomes.

Small sample sizes may not perfectly represent the larger community.

Extensions and Advanced Considerations



Using the Normal Approximation
For larger samples or different parameters, the binomial distribution can be approximated by the
normal distribution for simplicity:

Normal approximation: N(μ, σ²) where μ = n p and σ = √(n p (1 - p))
However, for small n or skewed distributions, the binomial model remains more accurate.

Considering Other Probability Models

Hypergeometric distribution if sampling without replacement from a finite population.

Poisson distribution as an approximation for rare events in large populations.

Conclusion
Analyzing the probability of selecting a certain number of individuals with a particular trait from a
community where 10% of the population exhibits that trait offers essential insights into randomness,
variability, and expectations. Using the binomial distribution, we can estimate the likelihood of
various outcomes, understand the expected number of trait carriers, and assess the variability
around this expectation. These statistical tools are invaluable in designing sampling strategies,
interpreting results, and making informed decisions across diverse fields. Ultimately, recognizing
the probabilistic nature of such samples helps in setting realistic expectations and designing
effective interventions or policies based on the characteristics of the community.

Frequently Asked Questions

What is the probability that exactly 2 out of 20 randomly
selected people are from the community, given that 10% of the
community belongs to the group?
This can be modeled using the binomial distribution: P(X=2) = C(20,2) (0.1)^2 (0.9)^{18}.

What is the expected number of people from the community in
a random sample of 20?
The expected number is n p = 20 0.1 = 2 people.

What is the probability that at least 3 people in the sample are



from the community?
Calculate P(X ≥ 3) = 1 - P(X ≤ 2), where P(X ≤ 2) is the sum of probabilities for 0, 1, and 2 successes
using the binomial distribution.

If we want to be 95% confident that the sample contains at
least 1 person from the community, what is the minimum
sample size?
Solve for n in P(at least 1 person) = 1 - (1 - p)^n ≥ 0.95; thus, (1 - 0.1)^n ≤ 0.05. n ≥
log(0.05)/log(0.9) ≈ 28.4, so n=29.

What is the probability that none of the 20 people are from the
community?
This is P(X=0) = (0.9)^{20} ≈ 0.122.

How does increasing the sample size affect the probability of
selecting at least one person from the community?
As sample size increases, the probability of selecting at least one community member increases,
approaching 1 as n becomes large.

Is the distribution of the number of community members in
the sample approximately normal? If so, under what
conditions?
Yes, for large n, the binomial distribution approximates a normal distribution, especially if np and
n(1-p) are both greater than 5. Here, np=2 and n(1-p)=18, so approximation is reasonable.

If 5 people in the sample are from the community, what is the
probability of this event occurring?
Using the binomial formula: P(X=5) = C(20,5) (0.1)^5 (0.9)^{15}.

Additional Resources
Understanding the Probabilistic Landscape of Random Selection in a Community with a 10%
Prevalence Rate

When examining the implications of randomly selecting individuals from a community where a
specific characteristic or trait occurs with a known probability, it becomes essential to understand
the underlying statistical principles. In this case, we are considering the scenario where 20 people
are randomly selected from a community in which 1 out of every 10 people (or 10%, represented by
P = 0.1) possess a particular characteristic. This situation lends itself to a variety of statistical



models, primarily the binomial distribution, which can help us analyze probabilities, expected values,
variances, and other relevant metrics.

---

Contextualizing the Community and Selection Process

The Community Profile

- Population Size: While the total population size (N) is not specified, the probabilistic models
generally assume a large community where sampling is either with or without replacement. For
most practical purposes, especially in large communities, sampling can be considered with
replacement, simplifying calculations.

- Prevalence Rate (P): The key parameter here is P = 0.1, indicating that 10% of the population
possesses the characteristic of interest. This could be any trait—such as being infected with a
disease, having a certain genetic marker, or holding a specific opinion.

- Sampling Method: The selection of 20 individuals is assumed to be random, meaning each
individual in the community has an equal chance of being selected, and the process is unbiased.

Why is this scenario significant?

Understanding the distribution and likelihood of certain outcomes—in particular, how many
individuals in the sample are expected to possess the characteristic—allows researchers,
policymakers, and statisticians to make informed decisions, plan interventions, or assess risks.

---

Statistical Foundation: The Binomial Distribution

The Binomial Model

- When each individual has a fixed probability P = 0.1 of exhibiting the trait, and each selection is
independent, the number of individuals in the sample with the trait follows a binomial distribution.

- Parameters:
- Number of trials (n): 20
- Probability of success in each trial (p): 0.1

Probability Mass Function (PMF):

\[
P(X = k) = \binom{n}{k} p^k (1 - p)^{n - k}
\]



Where:

- \(X\): Number of individuals with the trait in the sample
- \(k\): Number of successes (trait-positive individuals), where \(k = 0, 1, 2, ..., 20\)

---

Expected Values and Variance

Expected Number of Trait-Positive Individuals

\[
E[X] = np = 20 \times 0.1 = 2
\]

- On average, in a random sample of 20, we expect 2 individuals to possess the characteristic.

Variance and Standard Deviation

\[
Var[X] = np(1 - p) = 20 \times 0.1 \times 0.9 = 1.8
\]

\[
\text{Standard Deviation} = \sqrt{1.8} \approx 1.34
\]

Implication:

- While the expected number is 2, actual observed counts may vary, typically within a range of about
1 to 3 for most samples, considering the standard deviation.

---

Probability Distribution and Key Probabilities

Assessing specific probabilities provides insight into how likely certain outcomes are.

Probability of Zero Individuals with the Trait (k=0)

\[
P(X=0) = \binom{20}{0} (0.1)^0 (0.9)^{20} \approx 1 \times 1 \times 0.1216 \approx 0.1216
\]

- About 12.16% chance that none of the selected individuals have the trait.



Probability of Exactly One Individual with the Trait (k=1)

\[
P(X=1) = \binom{20}{1} (0.1)^1 (0.9)^{19} \approx 20 \times 0.1 \times 0.1351 \approx 0.270
\]

- Roughly 27% chance of exactly one trait-positive individual.

Probability of Exactly Two Individuals (k=2)

\[
P(X=2) = \binom{20}{2} (0.1)^2 (0.9)^{18} \approx 190 \times 0.01 \times 0.150 \approx 0.285
\]

- About 28.5% chance of exactly two.

Cumulative Probability of Having Up to Two Trait-Positive Individuals

\[
P(X \leq 2) \approx P(0) + P(1) + P(2) \approx 0.1216 + 0.27 + 0.285 = 0.6766
\]

- There is approximately a 67.7% chance that in a random sample of 20, the number of people with
the trait is less than or equal to 2.

---

Using the Normal Approximation for Larger
Calculations

While the binomial distribution is precise for this scenario, for larger sample sizes or when
computing probabilities for a range of values, normal approximation becomes practical.

Conditions for Approximation:

- \(np \geq 5\) and \(n(1 - p) \geq 5\). Here, \(np=2\), which is marginal, but for larger samples, this
becomes more reliable.

Normal Approximation Parameters:

\[
\mu = np = 2
\]
\[
\sigma = \sqrt{np(1-p)} \approx 1.34
\]

Applying Continuity Correction



For example, to approximate probability of at most 2:

\[
P(X \leq 2) \approx P\left(Z \leq \frac{2 + 0.5 - \mu}{\sigma}\right) = P\left(Z \leq \frac{2.5 -
2}{1.34}\right) \approx P(Z \leq 0.37)
\]

From standard normal tables:

\[
P(Z \leq 0.37) \approx 0.6443
\]

This estimate (~64.4%) is close to the exact binomial calculation (~67.7%), illustrating the
approximation's utility.

---

Implications for Community Health, Policy, and
Research

Epidemiological Insights

- If the characteristic relates to a disease or health condition, understanding the probability
distribution helps in resource allocation.

- For example, with a 10% prevalence, in a sample of 20 people, there's a high likelihood (about
67.7%) that no more than 2 have the condition, but there's also about a 12% chance that none do at
all, indicating the potential for underestimation or overestimation in small samples.

Public Health Strategies

- Knowing the expected number (2) and variance helps in designing screening programs or surveys.

- If the aim is to identify at least one individual with the trait, the probability is:

\[
P(\text{at least one}) = 1 - P(0) \approx 1 - 0.1216 = 0.8784
\]

- Nearly 88% chance that a random sample of 20 contains at least one person with the trait.

Limitations and Considerations

- Sampling Bias: Real-world sampling might not be perfectly random, especially in small or clustered
populations.

- Population Size: For small communities, the hypergeometric distribution might be more



appropriate due to sampling without replacement.

- Trait Clustering: If the trait is clustered geographically or socially, independence assumptions
could be violated.

---

Extensions and Deeper Analysis

Multiple Traits or Subgroups

- The model can be extended to scenarios with multiple traits or subgroups within the community by
employing multinomial models or stratified sampling techniques.

Conditional Probabilities

- For example, the probability that exactly 2 individuals are trait-positive given certain demographic
factors.

Predictive Modeling

- Combining probabilistic models with demographic data allows for more accurate predictions about
community health metrics.

Bayesian Approaches

- Bayesian methods can incorporate prior knowledge about prevalence, updating beliefs as new data
are gathered.

---

Conclusion: The Power of Probabilistic Modeling in
Community Analysis

Understanding the distribution of traits within a community through probabilistic models like the
binomial distribution provides invaluable insights for researchers, public health officials, and
policymakers. The scenario where 20 individuals are randomly selected from a population with a
10% prevalence rate showcases how statistical concepts translate into practical expectations and
risk assessments.

- The expected number of trait-positive individuals in such a sample is 2, with a notable standard
deviation of approximately 1.34.

- Probabilities of various counts can be precisely calculated, aiding in planning and decision-making.

- Approximate methods like the normal distribution streamline calculations, especially for larger



samples or more complex analyses.

- Recognizing the assumptions underlying these models is critical
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