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Understanding matrix multiplication and its properties is fundamental in linear algebra. When dealing
with matrices of different sizes, the question of whether the products A B and B A are equal becomes
particularly intriguing. In this article, we will explore the specifics of multiplying a 2×3 matrix A by a 3×2
matrix B, analyze whether the products A B and B A are equal, and discuss the conditions under which
such equality might hold. We will also delve into the implications of having elements that are not all equal
and how that impacts matrix multiplication results.

Basics of Matrix Multiplication

Dimensions and Compatibility
Before analyzing the products, it is essential to understand the rules governing matrix multiplication:

The number of columns in the first matrix must equal the number of rows in the second matrix.1.

If matrix A is of size m×n and matrix B is of size n×p, then the product A B is of size m×p.2.

Product of A (2×3) and B (3×2)
Given:
- Matrix A is 2×3 (2 rows, 3 columns)
- Matrix B is 3×2 (3 rows, 2 columns)

Since the number of columns in A (3) equals the number of rows in B (3), the product A B is defined and
will result in a 2×2 matrix.

Similarly, for the product B A:



- B is 3×2
- A is 2×3

The number of columns in B (2) equals the number of rows in A (2), so the product B A is defined and will
result in a 3×3 matrix.

Comparing A B and B A

Dimensions of the Products
The fundamental difference is in their sizes:

A B is a 2×2 matrix.

B A is a 3×3 matrix.

Since their dimensions differ, these matrices cannot be equal.

Can A B and B A Be Equal?
Given that:

- The sizes of A B and B A are different (2×2 vs. 3×3), they cannot be equal matrices.
- Therefore, in general, A B ≠ B A due to their incompatible dimensions.

This leads to the conclusion that, unless under special circumstances, the products are not equal.

Special Cases and Conditions

While generally, the products A B and B A are not equal, exploring special cases helps understand the
nuances.



Case 1: When Matrices Are Square and Commutative
- For square matrices (n×n), the question of whether A B = B A makes sense for comparison.
- Commutativity (A B = B A) is rare and only occurs under specific conditions, such as when matrices
commute under multiplication, which is not generally true for arbitrary matrices.

Case 2: When Elements Are Not All Equal
- The statement "elements not all being equal" indicates the matrices have diverse entries.
- This diversity decreases the likelihood of special properties like symmetry or commutativity.
- Thus, matrices with varied elements rarely satisfy A B = B A, especially when their sizes differ, as in this
case.

Case 3: When Matrices Are Zero or Identity Matrices
- The identity matrix (I) plays a role in equality:
- If A or B is an identity matrix of appropriate size, then products simplify:
- A I = A
- I A = A
- But in our case, A (2×3) and B (3×2) cannot be identity matrices because their sizes don’t match the
identity matrices of these sizes.

Practical Insights and Implications

Impact of Matrix Sizes on Products
- The size mismatch between A B (2×2) and B A (3×3) shows that they are fundamentally different
matrices, making equality impossible unless both matrices are zero matrices or satisfy special properties.

Role of Element Values
- The fact that not all elements are equal indicates diversity in data, which impacts the structure and
potential properties of the matrices.
- It does not influence the fundamental size discrepancy but affects other properties like rank, invertibility,
and eigenvalues.



Applications in Real-World Scenarios
- Such matrices often appear in transformations, systems of equations, and data processing.
- Understanding whether A B equals B A can be critical in areas like computer graphics, control systems,
and statistical modeling.

Summary and Conclusion

- Dimensions Are Key: Given A as 2×3 and B as 3×2 matrices, their products are 2×2 (A B) and 3×3 (B A),
respectively.
- Not Equal by Nature: Because their resulting matrices have different sizes, A B and B A cannot be equal
matrices.
- Special Conditions Are Insufficient: The elements not all being equal do not change this fundamental fact;
the size difference is decisive.
- When Can They Be Equal? Only if both matrices are square and of the same size, and even then, equality
depends on specific properties like commutativity.

In conclusion, A B and B A are generally not equal in the case where A is a 2×3 matrix and B is a 3×2
matrix with elements not all being equal. The difference in their dimensions ensures they are inherently
different matrices, and their equality is impossible under standard matrix multiplication rules.

Understanding these principles helps in various fields, from engineering to data science, ensuring correct
interpretation of matrix operations and their implications.

Frequently Asked Questions

Are the products AB and BA always equal when A is a 2x3 matrix and B
is a 3x2 matrix?
No, AB and BA are generally not equal because they are different-sized matrices (AB is 2x2 and BA is
3x3), so they cannot be equal unless under specific special conditions.

What are the dimensions of the matrices AB and BA in this case?
The product AB will be a 2x2 matrix, and the product BA will be a 3x3 matrix, given A is 2x3 and B is
3x2.



Can matrices of different sizes ever be equal?
No, matrices of different sizes cannot be equal because equality requires they have the same dimensions
and corresponding elements.

If A and B are not all equal elements, does it affect the potential for AB
and BA to be equal?
Yes, since AB and BA are of different sizes, their elements are generally unrelated, and the fact that A and
B have non-equal elements does not make AB and BA equal; they are typically different matrices.

Under what conditions can AB and BA be equal when A is 2x3 and B is
3x2?
The products AB and BA can only be equal if both are square matrices of the same size and equal, which is
impossible here since their sizes differ (2x2 vs 3x3), so they cannot be equal in this scenario.

Is it possible for AB and BA to be equal matrices in any circumstance
with these dimensions?
No, because AB and BA have different dimensions (2x2 and 3x3 respectively), so they cannot be equal
matrices in any circumstance.
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In the world of linear algebra, the properties and behaviors of matrices often reveal fascinating insights
about the structures they represent. Among these properties, the question of whether the product of two
matrices is commutative — that is, whether \( AB = BA \) — is a classic and intriguing topic. When dealing
with matrices of different sizes, this question becomes even more nuanced. Consider two matrices: \( A \) of
size 2×3 and \( B \) of size 3×2, with elements not all being equal. The natural curiosity arises: are the
products \( AB \) and \( BA \) equal? At first glance, the question might seem straightforward, but it
touches on fundamental principles of matrix multiplication, dimensions, and the very nature of non-
commutative operations.

This article delves deep into this question, exploring the mathematical foundations, implications, and
specific conditions under which these products might or might not be equal. We will explore the
dimensions involved, the properties of matrix multiplication, and the significance of elements not all being
equal, providing a comprehensive and reader-friendly examination of this intriguing problem.



Understanding Matrix Dimensions and Multiplication

The Dimensions and Their Significance

Before analyzing whether \( AB \) and \( BA \) are equal, it's crucial to understand the dimensions of the
matrices involved.

- Matrix A: 2×3 (2 rows, 3 columns)
- Matrix B: 3×2 (3 rows, 2 columns)

The dimensions directly influence the products:

- Product \( AB \): Since \( A \) is 2×3 and \( B \) is 3×2, the inner dimensions (3) match, allowing the
multiplication. The resulting matrix will be of size 2×2.
- Product \( BA \): Since \( B \) is 3×2 and \( A \) is 2×3, the inner dimensions (2) match, and the result will
be of size 3×3.

This immediately indicates a fundamental point: the products \( AB \) and \( BA \) are not even of the
same size — one is 2×2, the other 3×3. Since matrices of different sizes cannot be equal, the question of
whether \( AB = BA \) holds or not becomes nuanced: they are not equal unless they are both square
matrices of the same size and, under special conditions, equal.

Conclusion: In the general case, \( AB \neq BA \) because their dimensions differ, making equality
impossible unless under special, highly specific circumstances.

The Non-Commutativity of Matrix Multiplication

Fundamental Principles

One of the key features of matrix algebra is that matrix multiplication is generally not commutative. That
is, for most matrices \( A \) and \( B \),

\[
AB \neq BA
\]

This is a stark contrast to multiplication of real numbers, where the order does not matter. The non-



commutative property is pivotal in fields such as quantum mechanics, computer graphics, and systems
theory.

Why is matrix multiplication non-commutative?

- Dimension constraints: As shown above, the resulting matrices from \( AB \) and \( BA \) may not even
be of the same size.
- Operational difference: Multiplying matrix \( A \) by \( B \) involves combining rows of \( A \) with
columns of \( B \), and vice versa. Since these are different operations, their results generally differ.

Implication of Dimensions on Commutativity

Given the matrices:

- \( A \): 2×3
- \( B \): 3×2

Their products:

- \( AB \): 2×2 matrix
- \( BA \): 3×3 matrix

are inherently incompatible for equality because they are not even the same size. Equality of matrices
requires identical dimensions and identical entries. So, without any additional conditions, the answer is
straightforward:

\( AB \neq BA \) in the general case, because they are matrices of different sizes.

Are There Special Cases Where \( AB = BA \)?

While generally not equal, mathematicians are often interested in special circumstances where equality
might hold, or at least where the products are related in meaningful ways.

When Are \( AB \) and \( BA \) Both Square and Possibly Equal?

In the specific context of matrices of sizes 2×3 and 3×2:

- \( AB \) is 2×2



- \( BA \) is 3×3

It is impossible for these two products to be equal because their dimensions differ. However, if instead, we
consider matrices where \( A \) and \( B \) are square matrices of size 2×2 or 3×3, the question becomes
more applicable.

In our case, since the sizes differ, the only chance for equality would be if both products are the same size,
which is not the case here.

Elements Not All Being Equal: Does It Change the Outcome?

The problem specifies that the elements of matrices \( A \) and \( B \) are not all equal. While this might
influence the specific entries and properties of the matrices, it does not change the fundamental fact that:

- \( AB \) and \( BA \) are of different sizes, hence cannot be equal in general.
- The non-equality of elements does not imply any special symmetry or property that would alter the
fundamental size mismatch or non-commutative nature.

Therefore, the statement "elements not all being equal" does not impact the core conclusion: \( AB \neq BA
\) in the general case.

Special Cases and Additional Insights

While the general conclusion is that \( AB \neq BA \) because of size incompatibility, there are interesting
considerations and special scenarios worth exploring.

Case 1: When Matrices Are Zero Matrices

Suppose matrices \( A \) and \( B \) are zero matrices of their respective sizes:

- \( A = 0_{2×3} \)
- \( B = 0_{3×2} \)

Then:

- \( AB = 0_{2×2} \)
- \( BA = 0_{3×3} \)



Again, sizes differ, so they are not equal. But if we define the matrix product as zero matrices of sizes
compatible for comparison, the zero-product matrices are equal in the sense that they are zero matrices, but
their dimensions differ, so they are not equal matrices in the strict sense.

Case 2: When Matrices Are Rank-Deficient or Special

If matrices \( A \) and \( B \) are constructed with particular properties, such as being rank-one or having
specific patterns, the products might exhibit some symmetry or special relations.

However, these do not alter the fundamental size mismatch. For example, if \( A \) and \( B \) are such that
the products \( AB \) and \( BA \) are both square and of the same size (say, both are 2×2), then equality
becomes a meaningful question. But in our original scenario, the sizes differ inherently.

Summary and Key Takeaways

To synthesize the discussion:

- Matrix size mismatch: The core reason \( AB \) and \( BA \) are not equal in the original problem is that
their dimensions are different (2×2 vs. 3×3). Matrices must have the same size to be equal.

- Non-commutativity: Even in scenarios where both \( AB \) and \( BA \) are square and of the same size,
matrix multiplication is generally non-commutative. Thus, equality is rare and requires special conditions.

- Elements not all being equal: The fact that the matrices have elements that are not all equal does not
influence the size or the fundamental non-commutative property.

- Special conditions: Only in particular cases—such as matrices being scalar multiples of the identity, or
matrices satisfying certain algebraic identities—might \( AB = BA \) hold, but these are exceptional.

Final conclusion: Given the matrices \( A \) (2×3) and \( B \) (3×2), the products \( AB \) and \( BA \) are
not equal because they are not even the same size. The difference in dimensions is the primary obstacle to
their equality. Moreover, the non-commutative nature of matrix multiplication reinforces that, in general,
\( AB \neq BA \).

This exploration underscores an essential principle in linear algebra: the importance of matrix dimensions
and the non-commutative property, which together shape the behavior and relationships of matrix
products in both theoretical and applied contexts.
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