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Introduction

A Pencil Case Contains 8 Blue And 4 Greenpens. A Pen Is Chosen At Random And Not Returned, And

Then A Second presents an intriguing problem in probability theory. It involves understanding the

likelihood of various outcomes when selecting pens sequentially without replacement from a fixed

collection. While at first glance, the scenario might seem straightforward, exploring it thoroughly

reveals important concepts such as probability calculations, conditional probability, and combinatorial

reasoning. This article delves into the detailed analysis of this problem, breaking down the steps

involved and examining the probabilities of different outcomes in depth.

Understanding the Scenario

Initial Composition of the Pencil Case

The pencil case contains a total of 12 pens, divided into two categories:

Blue pens: 8

Green pens: 4



This initial setup provides the basis for calculating various probabilities associated with drawing pens

sequentially without replacement.

Nature of the Selection Process

A pen is selected at random from the case, and the selected pen is not returned. Then, another pen is

selected from the remaining pens. The key aspects of this process are:

- Random selection: Each pen has an equal chance of being chosen at each step.

- No replacement: Once a pen is drawn, it is removed from the case, affecting the composition for

subsequent draws.

- Sequential selection: The outcome depends on the order of selection, and probabilities may vary

depending on previous choices.

Understanding these features allows us to model the problem accurately and compute relevant

probabilities.

Possible Outcomes and Events

When selecting two pens without replacement, various outcomes are possible depending on the colors

chosen in sequence. These outcomes are often expressed as ordered pairs, for example, (Blue,

Green) or (Green, Blue).

Event Definitions

Let's define some key events:



- Event A: The first pen selected is blue.

- Event B: The first pen selected is green.

- Event C: The second pen selected is blue.

- Event D: The second pen selected is green.

Using these events, we can analyze different probability scenarios such as:

- The probability that both pens are blue.

- The probability that the first is green and the second is blue.

- The probability that exactly one green pen is selected in the two draws.

- The probability that both pens are of the same color.

By formalizing these events, we can proceed to compute their probabilities systematically.

Calculating Basic Probabilities

Probability of the First Draw

The probability of selecting a specific color on the first draw is straightforward:

- Probability of first pen being blue (Event A):

\[

P(A) = \frac{8}{12} = \frac{2}{3}

\]

- Probability of first pen being green (Event B):

\[



P(B) = \frac{4}{12} = \frac{1}{3}

\]

Probability of the Second Draw Given the First

Since the second draw depends on the first, we must consider conditional probabilities.

- If the first pen was blue:

Remaining pens: 7 blue, 4 green (total 11).

- If the first pen was green:

Remaining pens: 8 blue, 3 green (total 11).

The probabilities for the second draw depend on which color was chosen first.

Calculating Joint Probabilities of Specific Outcomes

Let's analyze the probability of specific ordered outcomes, such as selecting a blue pen first and a

green pen second.

Probability that First is Blue and Second is Green

The probability that the first pen is blue:

\[



P(\text{First is Blue}) = \frac{8}{12}

\]

Given the first was blue, the remaining pens are:

- Blue: 7

- Green: 4

- Total: 11

Probability that the second is green:

\[

P(\text{Second is Green} \mid \text{First is Blue}) = \frac{4}{11}

\]

Thus, the joint probability:

\[

P(\text{Blue, then Green}) = P(A) \times P(\text{Second Green} \mid A) = \frac{8}{12} \times \frac{4}{11}

= \frac{2}{3} \times \frac{4}{11} = \frac{8}{33}

\]

Probability that First is Green and Second is Blue

Similarly, the probability that the first is green:

\[

P(\text{First Green}) = \frac{4}{12} = \frac{1}{3}

\]



Given first was green, remaining:

- Blue: 8

- Green: 3

- Total: 11

Probability second is blue:

\[

P(\text{Second Blue} \mid \text{First Green}) = \frac{8}{11}

\]

Joint probability:

\[

P(\text{Green, then Blue}) = \frac{1}{3} \times \frac{8}{11} = \frac{8}{33}

\]

Probability that Both Pens are Blue

This is the probability that both selected pens are blue, regardless of order:

\[

P(\text{both blue}) = P(\text{Blue, then Blue}) + P(\text{Green, then Blue}) \text{ (incorrect, see below)}

\]

Actually, the correct way is to consider:

- First pen blue, second pen blue:



\[

P(\text{Blue, then Blue}) = \frac{8}{12} \times \frac{7}{11} = \frac{2}{3} \times \frac{7}{11} = \frac{14}{33}

\]

- First pen green, second pen blue:

\[

P(\text{Green, then Blue}) = \frac{4}{12} \times \frac{8}{11} = \frac{1}{3} \times \frac{8}{11} = \frac{8}{33}

\]

Adding these:

\[

P(\text{both blue}) = \frac{14}{33} + \frac{8}{33} = \frac{22}{33} = \frac{2}{3}

\]

Similarly, the probability both are green can be computed as:

\[

P(\text{both green}) = P(\text{Green, then Green}) = \frac{4}{12} \times \frac{3}{11} = \frac{1}{3} \times

\frac{3}{11} = \frac{3}{33} = \frac{1}{11}

\]

Note that total probabilities for all possible pairs sum to 1, as expected.

Conditional Probabilities and Their Applications

Conditional probability is essential in understanding the likelihood of an event given that another event

has occurred. Here, it helps compute the probability of the second pen's color based on the first pen's

selection.



Example: Probability that the Second Pen is Green Given First is Blue

From previous calculations:

\[

P(\text{Second Green} \mid \text{First Blue}) = \frac{4}{11}

\]

This is derived from the remaining pens after the first blue has been removed.

Similarly,

\[

P(\text{Second Blue} \mid \text{First Green}) = \frac{8}{11}

\]

These conditional probabilities help in calculating more complex probabilities, such as the probability of

exactly one green pen in the two draws.

Probability of Exactly One Green Pen in Two Draws

To find the probability that exactly one of the two selected pens is green, we consider two cases:

1. First pen is blue, second is green.

2. First pen is green, second is blue.

From earlier calculations:

- Case 1:



\[

P(\text{Blue, then Green}) = \frac{8}{33}

\]

- Case 2:

\[

P(\text{Green, then Blue}) = \frac{8}{33}

\]

Adding these:

\[

P(\text{Exactly one green}) = \frac{8}{33} + \frac{8}{33} = \frac{16}{33}

\]

This value indicates that, in roughly 48.48% of the cases, exactly one green pen is chosen in two

draws.

Summary and Insights

The detailed exploration of the problem reveals several important insights:

- Probabilities are sensitive to the sequence of selection due to the changing composition of the

remaining pens.

- Calculations involve both basic probability and conditional probability, illustrating the importance of

considering the impact of prior events on future probabilities.

- The likelihoods of various outcomes can be systematically computed using combinatorial reasoning

and probability rules, which are fundamental in fields like statistics and decision theory.



By understanding these concepts, one can extend the analysis to more complex scenarios, such as

drawing multiple pens, considering replacement, or analyzing different distributions of pen colors.

Conclusion

The problem of selecting pens from a pencil case without replacement exemplifies core principles of

probability theory. It demonstrates how initial conditions influence outcomes, the importance of

conditional probabilities, and the utility of systematic reasoning in calculating the

Frequently Asked Questions

What is the probability of selecting a blue pen on the first draw?

The probability is 8/12, which simplifies to 2/3.

If a blue pen is drawn first and not replaced, what is the probability of

drawing a green pen second?

After removing one blue pen, there are 7 blue and 4 green pens left. The probability is 4/11.

What is the probability of drawing two blue pens in succession without

replacement?

The probability is (8/12) (7/11) = (2/3) (7/11) = 14/33.

What is the probability of drawing two green pens in a row without



replacement?

The probability is (4/12) (3/11) = (1/3) (3/11) = 1/11.

What is the probability of drawing one blue and one green pen in any

order?

It is the sum of probabilities for both orders: (8/12)(4/11) + (4/12)(8/11) = (2/3)(4/11) + (1/3)(8/11) =

(8/33) + (8/33) = 16/33.

What is the probability of drawing a blue pen first and a green pen

second?

The probability is (8/12) (4/11) = (2/3) (4/11) = 8/33.

What is the probability that both pens drawn are the same color?

It is the sum of the probabilities for both being blue or both being green: 14/33 + 1/11 = 14/33 + 3/33 =

17/33.

If the first pen drawn is blue, what is the probability that the second

pen is also blue?

Given the first was blue, the probability is 7/11.

What is the combined probability that the first pen is green and the

second is blue?

The probability is (4/12) (8/11) = (1/3) (8/11) = 8/33.



Additional Resources

Pencil Case Pen Selection Probability Analysis: An In-Depth Exploration

When it comes to understanding probability in everyday scenarios, few examples are as

straightforward yet rich in insight as selecting pens from a pencil case. Imagine a pencil case that

contains 8 blue pens and 4 green pens—totaling 12 pens. Suppose you randomly pick one pen, do not

return it, and then pick a second pen. This scenario may seem simple on the surface, but it offers a

fascinating window into probability theory, combinatorics, and decision-making under uncertainty.

In this article, we will dissect this situation comprehensively, exploring the underlying mathematics,

real-world applications, and implications of sequential draws without replacement. Whether you're a

student, teacher, or just a curious mind, you'll find this analysis both engaging and insightful.

---

Understanding the Basics: The Composition of the Pen

Collection

Before delving into probabilities, it’s essential to understand the initial conditions:

- Blue pens: 8

- Green pens: 4

- Total pens: 12

This composition is critical because the proportion of each color influences the likelihood of drawing a

pen of a particular color.

Key observations:



- The ratio of blue to green pens is 8:4, simplifying to 2:1.

- The probability of selecting a particular color at the start (before any pens are drawn) is proportional

to its count:

- Blue: 8/12 = 2/3

- Green: 4/12 = 1/3

---

Single Draw Probabilities: First Pen Selection

The initial step involves selecting one pen at random from the full set of 12 pens.

Probability of Drawing a Blue Pen (First Draw)

\[

P(\text{First pen is blue}) = \frac{8}{12} = \frac{2}{3}

\]

Probability of Drawing a Green Pen (First Draw)

\[

P(\text{First pen is green}) = \frac{4}{12} = \frac{1}{3}

\]

These probabilities are straightforward, based on the initial counts, and serve as the foundation for

subsequent calculations.

---



Second Draw Probabilities: Sequential Selection Without

Replacement

Once the first pen is drawn, it isn't returned to the case. Therefore, the composition of the remaining

pens changes, affecting the probabilities for the second draw.

Case 1: First Pen is Blue

- Remaining pens: 7 blue, 4 green (total 11)

- Probability of second pen being blue:

\[

P(\text{Second blue} \mid \text{First blue}) = \frac{7}{11}

\]

- Probability of second pen being green:

\[

P(\text{Second green} \mid \text{First blue}) = \frac{4}{11}

\]

Case 2: First Pen is Green

- Remaining pens: 8 blue, 3 green (total 11)

- Probability of second pen being blue:

\[

P(\text{Second blue} \mid \text{First green}) = \frac{8}{11}

\]



- Probability of second pen being green:

\[

P(\text{Second green} \mid \text{First green}) = \frac{3}{11}

\]

---

Calculating Joint Probabilities: The Sequential Outcomes

To understand the overall likelihood of various sequences, we combine the probabilities of the first and

second draws using the multiplication rule.

Scenario A: First Blue, then Blue

\[

P(\text{Blue, then Blue}) = P(\text{First blue}) \times P(\text{Second blue} \mid \text{First blue}) =

\frac{8}{12} \times \frac{7}{11} = \frac{2}{3} \times \frac{7}{11} = \frac{14}{33}

\]

Scenario B: First Blue, then Green

\[

P(\text{Blue, then Green}) = \frac{8}{12} \times \frac{4}{11} = \frac{2}{3} \times \frac{4}{11} = \frac{8}{33}

\]

Scenario C: First Green, then Blue

\[

P(\text{Green, then Blue}) = \frac{4}{12} \times \frac{8}{11} = \frac{1}{3} \times \frac{8}{11} = \frac{8}{33}



\]

Scenario D: First Green, then Green

\[

P(\text{Green, then Green}) = \frac{4}{12} \times \frac{3}{11} = \frac{1}{3} \times \frac{3}{11} =

\frac{1}{11}

\]

Summary of two-step sequences:

| Sequence | Probability |

|-----------------------------------|-------------|

| Blue → Blue | 14/33 |

| Blue → Green | 8/33 |

| Green → Blue | 8/33 |

| Green → Green | 1/11 |

---

Exploring Key Probabilities and Their Implications

With these calculations, we can explore several interesting questions:

1. What is the probability that both pens drawn are blue?

\[

P(\text{Both blue}) = P(\text{Blue, then Blue}) = \frac{14}{33} \approx 0.424

\]



Approximately 42.4% chance that two sequential picks without replacement will both be blue.

2. What is the probability that at least one green pen is drawn?

This can be computed by summing the probabilities of sequences where green appears at least once:

\[

P(\text{At least one green}) = 1 - P(\text{Both blue}) = 1 - \frac{14}{33} = \frac{19}{33} \approx 0.576

\]

So, there's about a 57.6% chance that at least one green pen appears in two draws.

3. What is the probability that the second pen is green?

This involves considering all scenarios where the second pen is green:

\[

P(\text{Second green}) = P(\text{Blue, then Green}) + P(\text{Green, then Green}) = \frac{8}{33} +

\frac{1}{11} = \frac{8}{33} + \frac{3}{33} = \frac{11}{33} = \frac{1}{3}

\]

Interestingly, the probability that the second pen is green is exactly 1/3, matching the initial proportion

of green pens. This is a key insight: despite drawing without replacement, the probability that the

second pen is green remains the same as the initial probability for the first draw, highlighting a form of

symmetry in the process.

---



Broader Applications and Real-World Analogies

While this analysis centers on pens in a pencil case, the principles extend broadly across various fields

and everyday situations.

Quality Control and Sampling

Manufacturers often sample items from a batch without replacement to estimate quality. Understanding

the probabilities of selecting defective items (analogous to green pens) versus non-defective ones

(blue pens) helps in making informed decisions about batch quality.

Lottery and Gambling

Sequential draws without replacement are common in lottery games, card games, and raffle draws.

Calculating the odds of specific sequences informs players and organizers about fairness and

expected outcomes.

Medical Testing

In scenarios where samples are drawn sequentially for testing (e.g., blood samples), understanding the

probabilities of certain traits appearing in sequential tests can influence testing strategies and

interpretations.

Decision-Making Under Uncertainty

Sequential selection models help in decision theory, where choices depend on previous outcomes.

Recognizing how probabilities evolve after each selection aids in developing optimal strategies.

---



Advanced Considerations: Conditional Probabilities and

Expected Values

Beyond basic probabilities, advanced analysis considers expected value and Bayesian updates.

Expected Number of Green Pens in Two Picks

The expected number of green pens in two draws can be computed as:

\[

E = 0 \times P(\text{no green}) + 1 \times P(\text{exactly one green}) + 2 \times P(\text{two green})

\]

From previous calculations:

- \( P(\text{two green}) = 1/11 \)

- \( P(\text{exactly one green}) = P(\text{Blue then Green}) + P(\text{Green then Blue}) = 8/33 + 8/33 =

16/33 \)

Number of green pens in each sequence:

- Two green: 2

- Exactly one green: 1

- None: 0

Thus:

\[

E = 0 \times \frac{7/33} + 1 \times \frac{16/33} + 2 \times \frac{1/11} = 0 + \frac{16}{33} + \frac{2}{11}

\]



Note that:

\[

\frac{2}{11} = \frac{6}{33}

\]

Therefore:

\[

E = \frac{16}{33} + \frac{6}{33} = \frac{22}{33} = \frac{2}{3}

\]
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