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An Individual Has A Utility Function, U( Q1,q2) = Sqrt(q1,q2). (Mathematical
Assistance: (sqrt(x)= X^1/2). Understanding utility functions is fundamental
in microeconomics, as they represent an individual's preferences over
different bundles of goods. In this article, we explore the utility function
U(q1, q2) = √(q1 q2), its mathematical properties, economic implications, and
how it helps in analyzing consumer choices.

Introduction to Utility Functions
Utility functions serve as a mathematical representation of consumer
preferences. They assign numerical values to different combinations of goods,
with higher numbers indicating more preferred bundles. The form of a utility
function reflects the consumer’s attitude towards risk, substitution, and
preference intensity.

Specific Utility Function: U(q1, q2) = √(q1 q2)
This particular utility function is multiplicative and exhibits certain
characteristics:

It is continuous and differentiable over positive quantities.

It is strictly increasing in both q1 and q2, meaning more of either good
increases utility.

It exhibits diminishing marginal utility for each good, due to the
square root function.

It implies perfect complementarity at a certain level, but primarily
indicates a preference for balanced consumption of q1 and q2.

Mathematically, the square root function, sqrt(x), is equivalent to x^1/2,
which simplifies the calculation of derivatives and marginal utilities.

Mathematical Properties of the Utility Function
Understanding the properties of U(q1, q2) is essential for analyzing consumer



behavior.

1. Marginal Utilities
The marginal utility of each good measures how much additional utility is
gained from consuming an extra unit of the good, holding the other constant.

- Marginal Utility of q1 (MUq1):

\[
MU_{q1} = \frac{\partial U}{\partial q1} = \frac{1}{2} \times (q1 \times
q2)^{-1/2} \times q2 = \frac{q2}{2 \sqrt{q1 q2}} = \frac{1}{2} \times
\sqrt{\frac{q2}{q1}}
\]

- Marginal Utility of q2 (MUq2):

\[
MU_{q2} = \frac{\partial U}{\partial q2} = \frac{1}{2} \times (q1 \times
q2)^{-1/2} \times q1 = \frac{q1}{2 \sqrt{q1 q2}} = \frac{1}{2} \times
\sqrt{\frac{q1}{q2}}
\]

These expressions show that the marginal utility depends on the ratio of the
other good's quantity.

2. Marginal Rate of Substitution (MRS)
The MRS indicates how much of q2 a consumer is willing to give up to obtain
an additional unit of q1, keeping utility constant.

\[
MRS_{q1, q2} = - \frac{MU_{q1}}{MU_{q2}} = - \frac{\frac{1}{2}
\sqrt{\frac{q2}{q1}}}{\frac{1}{2} \sqrt{\frac{q1}{q2}}} = -
\frac{\sqrt{\frac{q2}{q1}}}{\sqrt{\frac{q1}{q2}}}
\]

Simplifying:

\[
MRS_{q1, q2} = - \frac{\sqrt{q2/q1}}{\sqrt{q1/q2}} = -
\frac{\sqrt{q2/q1}}{\sqrt{q1/q2}} = - \frac{\sqrt{q2/q1} \times
\sqrt{q2/q1}}{1} = - \frac{q2}{q1}
\]

Thus,

\[
MRS_{q1, q2} = - \frac{q2}{q1}



\]

This indicates that the rate at which the consumer is willing to substitute
q2 for q1 depends directly on the ratio of their quantities.

Economic Implications of the Utility Function
The form of the utility function influences consumer choices, demand
functions, and the nature of preferences.

1. Substitutability and Complementarity
The multiplicative form suggests that the consumer derives utility only when
both goods are consumed together. If either q1 or q2 is zero, utility drops
to zero:

\[
U(0, q2) = 0, \quad U(q1, 0) = 0
\]

This indicates a form of complementarity—both goods are necessary for
utility, but not perfect complements like in Leontief preferences.

2. Balanced Consumption
Since utility depends on the product q1 q2, the consumer prefers to consume
balanced quantities to maximize utility. For a fixed total expenditure, the
consumer's optimal choice involves equalizing the marginal utilities, which
is evident from the MRS expression.

3. Consumer Optimization Problem
Given a budget constraint:

\[
p_1 q_1 + p_2 q_2 = I
\]

where \(p_1, p_2\) are prices, and \(I\) is income, the consumer maximizes
utility:

\[
\max_{q_1, q_2} U(q_1, q_2) = \sqrt{q_1 q_2}
\]

subject to the budget constraint. Using Lagrangian optimization, the solution
involves setting the ratio of marginal utilities to price ratio:



\[
\frac{MU_{q1}}{MU_{q2}} = \frac{p_1}{p_2}
\]

From earlier, this ratio is:

\[
\frac{MU_{q1}}{MU_{q2}} = \sqrt{\frac{q_2}{q_1}}
\]

Therefore:

\[
\sqrt{\frac{q_2}{q_1}} = \frac{p_1}{p_2}
\]

Squaring both sides:

\[
\frac{q_2}{q_1} = \left( \frac{p_1}{p_2} \right)^2
\]

which allows the consumer to determine the optimal quantities:

\[
q_2 = q_1 \times \left( \frac{p_1}{p_2} \right)^2
\]

Substituting into the budget constraint:

\[
p_1 q_1 + p_2 \times q_1 \times \left( \frac{p_1}{p_2} \right)^2 = I
\]

Simplify:

\[
p_1 q_1 + p_2 q_1 \times \frac{p_1^2}{p_2^2} = I
\]

\[
p_1 q_1 + q_1 \times \frac{p_1^2}{p_2} = I
\]

\[
q_1 \left( p_1 + \frac{p_1^2}{p_2} \right) = I
\]

\[
q_1 = \frac{I}{ p_1 + \frac{p_1^2}{p_2} } = \frac{I p_2}{ p_1 p_2 + p_1^2 }
\]



Similarly, q2 can be determined accordingly.

Graphical Representation of the Utility
Function
Visualizing the utility function helps in understanding consumer preferences:

1. Indifference Curves
Indifference curves for U(q1, q2) = √(q1 q2) are rectangular hyperbolas,
because:

\[
q2 = \frac{U^2}{q1}
\]

for a given utility level U. These hyperbolas are convex to the origin,
reflecting diminishing marginal rates of substitution.

2. Edgeworth Box and Consumer Choice
In a more advanced setting, plotting indifference curves within an Edgeworth
box allows analysis of multiple consumers' preferences and the efficiency of
resource allocations.

Applications and Real-World Examples
Understanding this utility function has practical applications:

Modeling preferences for goods that are consumed together, such as
coffee and sugar.

Analyzing how consumers balance their consumption baskets to maximize
satisfaction.

Designing marketing strategies that emphasize complementary products.

Limitations and Assumptions
While the utility function U(q1, q2) = √(q1 q2) offers valuable insights, it
relies on assumptions:



- Rational preferences: Consumers always prefer more of both goods.
- Continuity and differentiability: No sudden jumps or discontinuities in
preferences.
- Preference completeness: Consumers can compare and rank all bundles.
- Convexity: Preferences are convex, favoring diversification.

However, real-world preferences may be more complex, and some goods may not
exhibit such neat mathematical relationships

Frequently Asked Questions

What is the form of the utility function provided?
The utility function is U(q1, q2) = √(q1 q2), which can also be written as
(q1 q2)^{1/2}.

How does the utility function U(q1, q2) = √(q1 q2)
reflect preferences?
It indicates that the individual's utility depends on the geometric mean of
quantities q1 and q2, implying perfect complementarity or substitutability
depending on context.

What are the marginal utilities for q1 and q2 in
this utility function?
The marginal utility with respect to q1 is MU_q1 = (1/2) (q2 / q1)^{1/2}, and
similarly for q2, MU_q2 = (1/2) (q1 / q2)^{1/2}.

Is the utility function homogeneous? If so, what
degree?
Yes, the utility function is homogeneous of degree 1, meaning if both q1 and
q2 are scaled by a factor t, the utility scales by t.

What does the marginal rate of substitution (MRS)
look like for this utility function?
The MRS of q1 for q2 is MRS_{q1,q2} = (q2 / q1), which shows the rate at
which the consumer is willing to substitute q2 for q1.

How would you find the optimal consumption bundle
given a budget constraint?
Set up the Lagrangian with the budget constraint, derive the first-order



conditions using the marginal utilities and MRS, and solve for q1 and q2
accordingly.

What are some real-world applications or
interpretations of a utility function like U(q1, q2)
= √(q1 q2)?
It can model scenarios where utility depends on the balanced consumption of
two goods, such as nutrition and energy, or in portfolio theory where the
geometric mean represents diversification benefits.

Additional Resources
Utility Function Analysis: U(Q₁, Q₂) = √(Q₁, Q₂)

In the realm of microeconomics, understanding consumer preferences through
utility functions is fundamental. They serve as mathematical representations
that capture how an individual derives satisfaction from different
combinations of goods or services. Today, we delve into a specific utility
function: U(Q₁, Q₂) = √(Q₁, Q₂), where the square root is applied to the pair
of quantities, Q₁ and Q₂. This article aims to provide an in-depth,
comprehensive exploration of this utility function, examining its
mathematical properties, implications for consumer behavior, and potential
applications.

---

Understanding the Utility Function: U(Q₁, Q₂) =
√(Q₁, Q₂)

At first glance, the notation U(Q₁, Q₂) = √(Q₁, Q₂) might seem
straightforward, but it raises important questions about the precise
interpretation. Typically, in standard consumer theory, utility functions are
expressed as functions of quantities of goods, such as U(Q₁, Q₂). The
notation √(Q₁, Q₂) suggests a function involving both quantities under a
square root, but the exact form warrants clarification.

Clarification of the Mathematical Form

- The notation √(Q₁, Q₂) is interpreted as the square root of the product of
Q₁ and Q₂. In mathematical terms:

\[
U(Q₁, Q₂) = \sqrt{Q₁ \times Q₂}
\]



- Alternatively, it could be interpreted as the square root of the sum, i.e.,
√(Q₁ + Q₂), but this is less common in utility functions that model
preferences emphasizing the joint effect of both goods.

Assumption for Analysis

For the purpose of this analysis, we will assume:

\[
\boxed{
U(Q₁, Q₂) = \sqrt{Q₁ \times Q₂}
}
\]

This is a classic form often used in consumer theory, known as the Cobb-
Douglas-like utility function, which exhibits certain desirable properties
such as smoothness, monotonicity, and convexity.

---

Mathematical Properties of the Utility Function

Understanding the behavior of the utility function requires examining its
mathematical characteristics, including differentiability, marginal
utilities, and the nature of the indifference curves it generates.

1. Differentiability and Continuity

- The function \( U(Q₁, Q₂) = \sqrt{Q₁ Q₂} \) is continuous and
differentiable for all \( Q₁ > 0 \) and \( Q₂ > 0 \).

- At the boundary points where either \( Q₁ = 0 \) or \( Q₂ = 0 \), the
utility drops to zero, but the partial derivatives become undefined at
exactly zero, which aligns with the idea that consuming zero units of a good
results in zero utility.

2. Marginal Utilities

The marginal utility of each good measures how much additional utility is
gained from an incremental increase in that good, holding the other constant.

- Marginal Utility of Q₁:

\[
MU_{Q₁} = \frac{\partial U}{\partial Q₁} = \frac{\partial}{\partial Q₁}



\sqrt{Q₁ Q₂} = \frac{1}{2} \times (Q₁ Q₂)^{-1/2} \times Q₂ = \frac{Q₂}{2
\sqrt{Q₁ Q₂}} = \frac{\sqrt{Q₂}}{2 \sqrt{Q₁}}
\]

- Marginal Utility of Q₂:

\[
MU_{Q₂} = \frac{\partial U}{\partial Q₂} = \frac{\partial}{\partial Q₂}
\sqrt{Q₁ Q₂} = \frac{Q₁}{2 \sqrt{Q₁ Q₂}} = \frac{\sqrt{Q₁}}{2 \sqrt{Q₂}}
\]

Implication:

- Both marginal utilities are positive when \( Q₁, Q₂ > 0 \), indicating that
the utility function is strictly increasing in both goods.

- Marginal utilities decrease as quantities increase, reflecting the
principle of diminishing marginal utility.

3. Marginal Rate of Substitution (MRS)

The MRS indicates how much of Q₂ a consumer is willing to give up to gain an
additional unit of Q₁ while keeping utility constant.

\[
MRS_{Q₁, Q₂} = - \frac{MU_{Q₁}}{MU_{Q₂}} = - \frac{\frac{\sqrt{Q₂}}{2
\sqrt{Q₁}}}{\frac{\sqrt{Q₁}}{2 \sqrt{Q₂}}} = - \frac{\sqrt{Q₂} \times 2
\sqrt{Q₂}}{\sqrt{Q₁} \times 2 \sqrt{Q₁}} = - \frac{Q₂}{Q₁}
\]

Key insight:

- The MRS is negative and proportional to the ratio \( \frac{Q₂}{Q₁} \).

- This indicates that the consumer's willingness to substitute Q₂ for Q₁
depends directly on their current quantities.

---

Indifference Curves and Consumer Preferences

Indifference curves graphically represent combinations of Q₁ and Q₂ that
provide identical utility levels. For \( U(Q₁, Q₂) = \sqrt{Q₁ Q₂} \):

\[
\sqrt{Q₁ Q₂} = U_0 \Rightarrow Q₁ Q₂ = U_0^2
\]



- The indifference curves are rectangular hyperbolas defined by \( Q₂ =
\frac{U_0^2}{Q_1} \).

- Shape and Behavior:

- As \( Q_1 \to 0^+ \), \( Q_2 \to \infty \), and vice versa.

- They are convex to the origin, reflecting diminishing MRS.

- Implication:

- The consumer values balanced bundles (where Q₁ and Q₂ are similar) more
than highly skewed ones, due to the nature of the hyperbolas.

---

Consumer Optimization: Budget Constraints and
Utility Maximization

Suppose the consumer faces a budget constraint:

\[
P_1 Q_1 + P_2 Q_2 = I
\]

where:

- \( P_1 \) and \( P_2 \) are the prices of goods 1 and 2, respectively.

- \( I \) is the consumer's income.

Objective:

Maximize \( U(Q₁, Q₂) = \sqrt{Q₁ Q₂} \) subject to the budget constraint.

Solution Approach:

- Set up the Lagrangian:

\[
\mathcal{L} = \sqrt{Q_1 Q_2} - \lambda (P_1 Q_1 + P_2 Q_2 - I)
\]

- Take partial derivatives and set to zero:

\[
\frac{\partial \mathcal{L}}{\partial Q_1} = \frac{Q_2}{2 \sqrt{Q_1 Q_2}} -
\lambda P_1 = 0



\]

\[
\frac{\partial \mathcal{L}}{\partial Q_2} = \frac{Q_1}{2 \sqrt{Q_1 Q_2}} -
\lambda P_2 = 0
\]

- Equate the two:

\[
\frac{Q_2}{2 \sqrt{Q_1 Q_2}} \div \frac{Q_1}{2 \sqrt{Q_1 Q_2}} =
\frac{\lambda P_1}{\lambda P_2} \Rightarrow \frac{Q_2}{Q_1} = \frac{P_1}{P_2}
\]

- Therefore:

\[
Q_2 = Q_1 \times \frac{P_1}{P_2}
\]

- Substitute into the budget constraint:

\[
P_1 Q_1 + P_2 \left( Q_1 \times \frac{P_1}{P_2} \right) = I \Rightarrow P_1
Q_1 + P_1 Q_1 = I \Rightarrow 2 P_1 Q_1 = I
\]

- Solve for \( Q_1 \):

\[
Q_1^ = \frac{I}{2 P_1}
\]

- Find \( Q_2^ \):

\[
Q_2^ = Q_1^ \times \frac{P_1}{P_2} = \frac{I}{2 P_1} \times \frac{P_1}{P_2} =
\frac{I}{2 P_2}
\]

Final optimal consumption bundle:

\[
Q_1^ = \frac{I}{2 P_1}, \quad Q_2^ = \frac{I}{2 P_2}
\]

This shows that the consumer allocates income equally across both goods,
adjusted for their prices, which aligns
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