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Understanding the relationship between variables in calculus is fundamental to solving complex
problems across various scientific and engineering disciplines. One of the most common types of
problems involves differential equations, where the rate of change of a variable depends on the
variable itself. In this article, we explore how to find an explicit equation for a function \(Y\) when its
rate of change with respect to \(X\) is proportional to its current value. Specifically, we focus on the

differential equation:
\[
\frac{dy}{dx} = \frac{1}{2} y

\

and guide you through the process of solving it step-by-step to determine the explicit form of \(Y\).

Understanding the Differential Equation



What Does \(\frac{dy}{dx} = \frac{1}{2} y\) Represent?

The differential equation \(\frac{dy}{dx} = \frac{1}{2} y\) indicates that the rate at which \(Y\) changes

with respect to \(X\) is directly proportional to the current value of \(Y\).
This relationship is characteristic of exponential growth or decay, depending on the sign of the

proportionality constant. Here, since the constant is positive (\(\frac{1}{2}\)), it suggests exponential

growth.

Real-World Applications

Such differential equations model various phenomena such as:
- Population growth where the growth rate is proportional to the current population.

- Radioactive decay where the decay rate is proportional to the remaining substance.

- Continuous compound interest calculations.

Mathematical Approach to Solving the Differential Equation

Separable Differential Equations

The differential equation \(\frac{dy}{dx} = \frac{1}{2} y\) is separable, meaning it can be rewritten as:

\[
\frac{dy}{y} = \frac{1}{2} dx
\]



This separation allows us to integrate both sides independently.

Step-by-Step Solution

To solve for \(Y\), follow these steps:

1. Rewrite the differential equation in separable form:
2. Integrate both sides:
3. Solve for \(Y\) explicitly.

4. Apply initial conditions if provided to find particular solutions.

Step 1: Rewrite the Differential Equation

Starting with:
\[
\frac{dy}{dx} = \frac{1}{2} y

\

divide both sides by \(y\) (assuming \(y \neq 0\)):



\[
\frac{1Ky} \frac{dy{dx} = \frac{142}
\]

which can be written as:

\[
\frac{dy}{y} = \frac{1}{2} dx
\

This form simplifies the process of integration.

Step 2: Integrate Both Sides

Integrate both sides:

\[
\int \frac{1Xy} dy = \int \frac{1}{2} dx
\]

The integrals are straightforward:
\[
\In |y] = \rac{1}{2} x + C

\

where \(C\) is the constant of integration representing the family of solutions.



Step 3: Solve for \(Y\)

Exponentiate both sides to solve for \(y\):

\[
ly| = eM\frac{1}{2} x + C} = eMC} eM\frac{1}2} x}
\]

Let \(A = eMC}\), which is an arbitrary positive constant. Since \(A\) can be positive or negative, we

write:
\[
y = A eM\frac{1}2} x}

\

This is the general solution to the differential equation.

Step 4: Applying Initial Conditions

If an initial condition such as \(y(x_0) = y_0\) is given, you can determine the specific value of \(A\):

\[
A =y 0 eM-\frac{1}{2} x_0}
\]



Thus, the particular solution becomes:
\[
y =y 0 eM\frac{1}{2} (x - x_0)}

\

This explicit formula allows you to calculate \(Y\) for any \(X\) once initial conditions are known.

Summary of the Solution

The differential equation \(\frac{dy}X{dx} = \frac{1}{2} y\) has the general solution:

\[

\boxed{

y = A eM\frac{1¥{2} x}
}

\

where \(A\) is an arbitrary constant determined by initial conditions.

Understanding Exponential Growth in Context



Implications of the Solution

- The solution indicates that \(Y\) grows exponentially with respect to \(X\).
- The rate of growth is proportional to the current value, which is typical in natural growth processes.
- The proportionality constant \(\frac{1}{2}\) directly influences how rapidly \(Y\) increases as \(X\)

increases.

Graphical Interpretation

- The graph of \(Y = A e*\frac{1}{2} x}\) is an exponential curve starting from the initial value \(A\) at
\(x=0\).

- The curve becomes steeper as \(x\) increases, reflecting faster growth over time.

Additional Considerations

Initial Conditions and Particular Solutions

- Knowing the initial value of \(Y\) at a specific \(X\) allows for determining the exact solution.

- For example, if \(Y(0) = Y_0\), then:

\[
Y =Y_0 e*\frac{1}{2} x}
\



Special Cases

- If the initial condition yields \(Y_0 = 0\), then the solution simplifies to \(Y = 0\) for all \(X\), which is a
trivial solution.
- Negative values of \(Y\) are also possible if initial conditions are negative, due to the absolute value

in the logarithm step.

Conclusion

In this comprehensive guide, we've shown how to derive the explicit equation for \(Y\) given the
differential equation \(\frac{dy}dx} = \frac{1}{2} y\). The key steps involve recognizing the equation as
separable, integrating both sides, and applying initial conditions to find particular solutions. The general

solution:

\[

\boxed{

Y = A eM\frac{1}{2} x}
}

\

captures the exponential growth behavior driven by the proportional rate of change. Understanding
such differential equations is essential in modeling real-world systems displaying exponential growth or

decay.



Further Resources

- Differential Equations Textbooks: For in-depth understanding and additional examples.
- Online Calculus Courses: Interactive tutorials on solving differential equations.

- Mathematical Software: Tools like Wolfram Alpha, MATLAB, or Desmos for visualizing solutions.

By mastering the process outlined here, you can confidently solve similar differential equations and

interpret their solutions within various scientific contexts.

Frequently Asked Questions

What type of differential equation is given by the rate of change of Y
with respect to X being one-half times Y?

It is a first-order linear differential equation of the form dy/dx = (1/2)Y.

How do you solve the differential equation dy/dx = (1/2)Y to find the
function Y in terms of x?
Separate variables: dY/Y = (1/2) dx, then integrate both sides to get In|Y| = (1/2)x + C, leading to Y =

CeMx/2}.

What is the general solution to the differential equation dy/dx =
(1/2)Y?

The general solution is Y(x) = CeMx/2}, where C is an arbitrary constant.



If an initial condition Y(O) = YO is given, how can you determine the
particular solution?

Substitute x=0 and Y=Y0 into Y(x) = Ce*{x/2} to find C = YO0, so the particular solution is Y(x) = YO
eNx/2}.

What is the significance of the constant C in the solution Y =
CeMNx/2}?

C represents the initial value of Y when x = 0, determining the specific solution matching initial

conditions.

How can this differential equation model real-world phenomena?

It models exponential growth processes where the rate of change of a quantity is proportional to its

current value, such as population growth or radioactive decay.

What is the derivative of Y = Ce”{x/2} with respect to x?

dy/dx = (1/2)CeMx/2} = (1/2)Y, confirming the original differential equation.

Can the solution to dy/dx = (1/2)Y be expressed in terms of other
functions besides exponential?

No, the solution inherently involves the exponential function due to the nature of the differential

equation.

How does the initial value influence the shape of the solution curve for
Y?

The initial value sets the vertical stretch of the exponential curve, with larger C resulting in higher initial

Y values.



Additional Resources

Understanding the Differential Equation: The Rate of Change of Y With Respect to X Is One-half

Times the Value of Y

When exploring the fascinating world of differential equations, one encounters many types of
relationships between variables and their rates of change. The problem at hand — "The rate of change
of Y with respect to X is one-half times the value of Y" — is a classic example of a first-order linear
differential equation, specifically a separable differential equation. This problem provides a rich
opportunity to understand the process of formulating, solving, and interpreting solutions to differential

equations.

In this comprehensive review, we will delve into the problem's mathematical underpinnings, solution
techniques, implications, and applications. We'll explore each part systematically to ensure clarity and

depth of understanding.

Introduction to Differential Equations

Before dissecting the specific problem, it’s essential to understand what differential equations are and

why they matter.

- Definition: A differential equation involves an unknown function and its derivatives. It describes how a
quantity changes concerning another variable.

- Types of Differential Equations:

- Ordinary Differential Equations (ODEs): Involve derivatives with respect to a single independent
variable.

- Partial Differential Equations (PDEs): Involve derivatives with respect to multiple variables.

- Order of a differential equation: The highest derivative present (here, first order).

- Linearity: Whether the function and its derivatives appear linearly.



The problem presents a first-order differential equation because it involves the first derivative of \( Y \)

with respect to \( X \).

Restating the Problem

The key statement is:

> The rate of change of \( Y \) with respect to \( X \) is one-half times the value of \( Y \).

Mathematically, this is expressed as:

\[

\frac{dY}{dX} = \frac{1}{2} Y

\

Given this differential equation, the goal is to find an explicit formula for \( Y \) as a function of \( X \).

Step 1: Recognizing the Type of Differential Equation

This is a separable differential equation because the variables \( Y \) and \( X \) are separable; we can

write all \( Y \)-terms on one side and all \( X \)-terms on the other:
\[
\frac{dYXY} = \frac{1}{2} dX

\

This form reveals that the differential equation can be integrated directly, leading to the solution.



Step 2: Solving the Differential Equation

Separable equations are among the simplest differential equations to solve because they involve

variables that can be separated and integrated individually.

Step-by-step solution:

1. Separate the variables:

\[

\frac{1}{Y} dY = \frac{1}{2} dX

\

2. Integrate both sides:

\[

\int \frac{1Y} dY = \int \frac{142} dX

\

3. Perform the integrals:

\[

\In |Y| = \rac{1}{2} X + C

\

where \( C\) is the constant of integration.

4. Solve for \( Y \):



\[
IY] = eM\frac{1}{2} X + C} = eMC} eM\frac{1{2} X}
\]

Let \( A = eMC}\), which is an arbitrary positive constant; then:

\[
Y = A eM\frac{1}{2} X}
\

Since \( A \) can be positive or negative, we can write:
\[

\boxed{

Y = C' eM\frac{1K2} X}

}

\

where \( C'\) is an arbitrary constant, possibly negative.

Step 3: General Solution and Interpretation

The general solution to the differential equation is:

\[

Y(X) = C er{\frac{1{2} X}

\

where \( C\) is determined by initial conditions or boundary conditions specific to the problem.



Implications:

- The solution shows exponential growth or decay depending on the value of \( C\).
-If\( C >0\), \( Y\)increases exponentially with \( X \).
-If\( C <0\), \( Y\) decreases exponentially.

- The rate of change of \( Y \) is proportional to \( Y \) itself, characteristic of exponential functions.

Step 4: Incorporating Initial Conditions

To uniquely determine \( C\), an initial condition like \( Y(X_0) = Y_0\) is needed.

- lllustrative example:

Suppose \( Y(0) = Y_0\). Then:

\[

Y(0)=C eMNO} = C

\

\[

\Rightarrow C = Y_0

\

Thus, the specific solution becomes:

\[
Y(X) = Y_0 er\rac{1}{2} X}
\]

This demonstrates how initial values fix the constant \( C \).



Step 5: Graphical Representation

Visualizing the solution helps in understanding its behavior:

- The graph of \( Y \) versus \( X \) is an exponential curve.

- The slope at any point is proportional to \( Y \), implying the curve's steepness depends on \( Y \)'s
current value.

- The growth rate is dictated by the exponent \( \frac{1}2} \), indicating a relatively slow exponential

growth compared to, say, \( eMX}\).

Step 6: Biological, Physical, and Engineering Applications

This differential equation models a variety of real-world phenomena:

- Population growth: If \( Y \) represents a population size, the growth rate being proportional to \( Y \)
aligns with exponential population increase in ideal conditions.

- Radioactive decay or growth: The rate of decay or growth of a substance is proportional to its current
amount.

- Financial modeling: Compound interest often follows exponential growth patterns.

- Physics: Radioactive decay and certain cooling models where the rate of change is proportional to

the quantity present.

Deep Dive: Variations and Related Concepts

1. Initial Condition Importance



The specific solution depends on initial conditions; without them, the solution remains indefinite.

2. Differential Equations with Variable Coefficients

While this example features a constant proportionality, more complex equations involve variable

coefficients, requiring advanced solution methods.

3. Nonlinear Variations

If the rate of change depended on \( YA2\) or other nonlinear functions, solutions could involve more

intricate functions or numerical methods.

Step 7: Summary of Key Concepts

| Concept | Explanation |

||

| Separable Differential Equation | An equation where variables can be separated for integration. |
| Exponential Function | The solution involves \( eAkX} \), indicating exponential growth or decay. |
| Constant of Integration | Represents initial conditions; determines the specific solution. |

| General vs. Particular Solution | General includes all solutions; particular uses initial/boundary

conditions. |

Conclusion

The differential equation \( \frac{dY}{dX} = \frac{1}{2} Y \) exemplifies a fundamental class of
equations—first-order linear ones with proportional rates of change. The solution, \( Y = C e*\frac{142}

X} \), encapsulates the essence of exponential growth or decay, a pervasive concept across scientific



disciplines.

Understanding how to derive, interpret, and apply such equations is crucial for students, researchers,
and professionals working with dynamic systems. Solving this problem illustrates the power of
separation of variables, the significance of initial conditions, and the broad relevance of exponential

functions.

Whether modeling population dynamics, radioactive decay, or financial investments, mastering these
concepts underpins much of applied mathematics and science, making this a foundational problem

with both theoretical and practical importance.

Further Reading and Practice

- Explore solving differential equations with different initial conditions.
- Investigate nonlinear differential equations and their solutions.
- Study applications of exponential growth and decay models in real-world contexts.

- Practice deriving solutions for more complex separable and non-separable equations.

In summary, the problem of finding an equation for \( Y \) given that its rate of change is half of its
value leads to a fundamental exponential function, offering insights into growth processes and the

methods to analyze them mathematically.
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