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UNDERSTANDING AND COMPUTING THE DISCRETE FOURIER TRANSFORM (DFT) OF A SEQUENCE IS FUNDAMENTAL IN MANY FIELDS
SUCH AS SIGNAL PROCESSING, COMMUNICATIONS, AND DATA ANALYSIS. |F YOU'RE GRAPPLING WITH A SEQUENCE LIKE E= 1, F=2
G=4,H=5 AND WANT TO UNDERSTAND HOW TO FIND ITS DFT, YOU'RE IN THE RIGHT PLACE. THIS ARTICLE WILL GUIDE YOU
STEP-BY-STEP THROUGH THE PROCESS OF CALCULATING THE DFT OF THIS SEQUENCE, EXPLAINING KEY CONCEPTS AND
PROVIDING PRACTICAL EXAMPLES TO HELP YOU MASTER THIS ESSENTIAL TECHNIQUE.

1

WHAT |s THE DiscreTe Fourier TrRaNsForM (DFT)?

THE DISCRETE FOURIER TRANSFORM IS A MATHEMATICAL TECHNIQUE USED TO ANALYZE THE FREQUENCY CONTENT OF A
DISCRETE SIGNAL OR SEQUENCE. |T TRANSFORMS A SEQUENCE OF COMPLEX NUMBERS INTO ANOTHER SEQUENCE, REVEALING THE
AMPLITUDE AND PHASE OF DIFFERENT FREQUENCY COMPONENTS WITHIN THE ORIGINAL DATA.

Basic ConcepTs oF DFT

hd SEQUENCE INPUT: A SERIES OF DATA POINTS, OFTEN REPRESENTING SIGNAL AMPLITUDE OVER TIME.

o FREQUENCY DoMAIN OUTPUT: THE DFT PROVIDES INFORMATION ABOUT THE SIGNAL'S FREQUENCY COMPONENTS,
INCLUDING THEIR MAGNITUDES AND PHASES.

* MATHEMATICAL FORMULA: For A SEQUENCE \( x[N] \), THE DFT IS GIVEN BY:

\[
X[k] = \sum_{Nn=03"{N-1} x[n] \cooT e*{-) 2\PI kn / N}
\]

wHERE \(N'\) 1S THE TOTAL NUMBER oF POINTS, \(k \) Is THE FREQUENCY INDEX, AND \(J \) IS THE IMAGINARY UNIT.

STeP-BY-STEP CALCULATION OF DFT FOrR SEQUENCE E=1, F=2, G=4, H=5

GIVEN THE SEQUENCE:

\[
x[0] =1, \quab x[1] = 2, \quab x[2] = 4, \QuaD x[3] = 5
\]

LET'S PROCEED THROUGH THE CALCULATION SYSTEMATICALLY.

1. DEFINE THE SEQUENCE AND PARAMETERS

- Numger oF poiNTs, \(N=4)
- Sequence: \( x[N] ) For \(N=0, 1,2, 3 \)



2. CompuTE THE DFT coerricients \( X[k] \) For \(k =10, 1,2, 3\)

For eacH \(k \), coMpUTE:

\[
X[k] = \sum_{n=03"{3} x[n] \cooT e*{- 2\Pi1kn / 4}
\]

CALcULATIONS For EACH \(k \):

k=0

\[

X[0]=x[0] + x[1]+x[2] +x[3]=1+2+4+5=12
\]

k=1

\[

X[1]= 1 \cooT e*{- 2\pI \cooT O \cooT 1/4} + 2 \cooT e*{~) 2\pI \cooT 1 \cpoT 1/43} + 4 \cooT e*{- 2\PI
\cooT 2 \cooT 1/4} + 5 \cooT e*{~) 2\pI \cpoT 3 \cpoT 1/4}

\]

SIMPLIFY EXPONENTS:
-\(e*=0}=1V)
-\ \m/2) =9 \)
S\ \e}=-11)
-\Cer{= 3\pi/2} =5 \)

CoMPUTE:

\[
X[1)=1\mimes T+ 2 \1iMes () + 4 \1iMes (-1) + 5 \TiMES
\]

\[
X[1]=1-2-4+5=(1-4)+(-2+5)=-3+ 3
\]

k=2

EXPONENTS:

-\ 03=11)
S\ \ed=-11)
\(erm2\e}=11)
-\ 3\e}=-11)

CALCULATE:

\[
X[2]=1\TiMes 1+ 2\TiMes (-1) + 4 \TiMes 1+ 5\TiMes (-1)=1-2+4-5=-2
\]

k=3

EXPONENTS:
-\(e*M=03=1\)
-\Ce™{= 3\pi/23 =5 \)



-\ 3\e}=-11)
-\ 9\m/2) =)

CALCULATE:

\[
X[8]=1\tiMes T+ 2\1iMesJ + 4 \TiMes (-1) + 5 \TMes (-)) = 1+ 2)-4-5=(1-4)+(2-5)=-3-3)
\]

SUMMARY OF DFT COEFFICIENTS:

\[

X[0]=12

\]

\[
X[1]=-3+3
\]

\[

X[2]=-2

\]

\[
X[3]=-3-3j
\]

INTERPRETING THE DF T RESULTS

THe coMPUTED DFT COEFFICIENTS PROVIDE A COMPREHENSIVE PICTURE OF THE FREQUENCY CONTENT OF THE ORIGINAL
SEQUENCE.

MAGNITUDE AND PHASE

To BETTER UNDERSTAND THE FREQUENCY COMPONENTS, CONVERT THE COMPLEX COEFFICIENTS INTO MAGNITUDE AND PHASE:

\[
|\>]<[|<]| = \s@rT{\Re(X[k])"2 + \IM(X[x])"2}

\[
\pHI_k = \ARcTAN \LErT(\FRAC{\IMCX[K DI \Re(X[K D3 \RIGHT)

\]

CALCULATIONS:
-For \( X[0] =12 \):

\[
IX[0]l = 12, \Quap \PHI_0 =0
\]

-For\(X[1]=-3+3\):

\[

IX[1]] = \sQrT{(-3)"2 + 372} = \sQrT{? + 9} = \sqrT{ 18} \arPrOX 4.24

sa

\PHI_ 1 = \ArRcTAN \LEFT(\FRAC{3}{-3}\rIGHT) = \ArcTAN(-1) \aPPrOX -45™\circ \TEXT{ (0r } 135" \cIrc \TEXT{
DEPENDING ON QUADRANT )}



\]
-For \( X[2] =-2\):

\[
IX[2] = 2, \QuaD \PHI_2 = \pI
\]

-For \( X[3]=-3-3\):

\[

IX[3]] = \s@rT{(-3)"2 + (-3)"2} \APPrOX 4.24

\]

\[

\PHI_3 = \ARcTAN \LEFT(\FRAC{-3}{-3}\rIGHT) = \ARCTAN(1) = 45™\cIrc \TEXT{, BUT IN THE THIRD QUADRANT }
\RicHTARROW \TEXT{PHASE} \APPROX - 135" \cIRC

\]

THESE MAGNITUDE AND PHASE VALUES HELP IN RECONSTRUCTING THE ORIGINAL SIGNAL OR ANALYZING ITS SPECTRAL PROPERTIES.

PrRACTICAL APPLICATIONS OF DFT

UNDERSTANDING HOW TO COMPUTE THE DFT OF A SEQUENCE LIKE E=1, F=2, G=4, H=5 HAS PRACTICAL SIGNIFICANCE IN
VARIOUS DOMAINS.

SIGNAL PROCESSING

- EXTRACTING FREQUENCY COMPONENTS FROM TIME-DOMAIN SIGNALS.
- FILTERING SPECIFIC FREQUENCIES TO REMOVE NOISE OR ENHANCE SIGNALS.

DATA ANALYSIS

- IDENTIFYING PERIODIC PATTERNS WITHIN DATASETS.
- TRANSFORMING DATA FOR COMPRESSION ALGORITHMS.

COMMUNICATION SYSTEMS

- MODULATING AND DEMODULATING SIGNALS.
- SPECTRUM ANALYSIS FOR CHANNEL ALLOCATION.

TooLs AND SoFTWARE FOR CoMPUTING DF T

W/HILE MANUAL CALCULATIONS ARE INSTRUCTIVE, REAL=WORLD APPLICATIONS TYPICALLY RELY ON SOFTWARE TOOLS:

e MATLAB/OcTAVE: USE THE ‘FFT’ FUNCTION FOR FAST COMPUTATION.
¢ PYTHON: UTILIZE LIBRARIES SUCH AS NUMPY wITH NUMPY.FFT.FFT().

o ONLINE CALCULATORS: V ARIOUS WEB-BASED TOOLS ARE AVAILABLE FOR QUICK DFT COMPUTATION.



EXAMPLE IN PYTHON:

\

“'PYTHON
IMPORT NUMPY AS NP

SEQUENce =[1, 2, 4, 5]
DFT_RESULT = NP.FFT

FREQUENTLY AskeD QUESTIONS

\WHAT 15 THE DiScReTE FOURIER TRANSFORM (DFT) OF THE POINT SEQUENCE E=1,
F=2,6=4,H=5?

THe DFT oF THE SEQUENCE [ 1, 2, 4, 5] CAN BE CALCULATED BY APPLYING THE FORMULA X[k] = £_{Nn=03"{N-1} x[n] e"{-
J(2n/N)kN}, RESULTING IN FOUR COMPLEX FREQUENCY COMPONENTS THAT REPRESENT THE SIGNAL’S FREQUENCY DOMAIN.

How po | coMpuTE THE DFT FOR THE SEQUENCE E=1, F=2, =4, H=5°7

To coMPUTE THE DFT, ASSIGN THE SEQUENCE VALUES To x[0]=1, x[1]=2, x[2]=4, x[3]=5, THEN APPLY THE DF T
FORMULA FOR k=0, 1,2,3 TO FIND EACH FREQUENCY COMPONENT.

\WHAT IS THE SIGNIFICANCE OF THE POINTS E=1, F=2, G=4, H=5 INDFT
COMPUTATION?

THESE POINTS REPRESENT THE DISCRETE TIME DOMAIN SAMPLES OF A SIGNAL, AND THEIR DFT PROVIDES INSIGHT INTO THE
FREQUENCY CONTENT OF THAT SIGNAL.

CAN | USE A SOFTWARE TOOL TO CALCULATE THE DFT oF THE SEQUENCE 1, 2, 4, 5°

YES, SOFTWARE TOOLS LIkE MATLAB, PyTHON (wiTH NUMPY), OR ONLINE DF T CALCULATORS CAN QUICKLY COMPUTE THE
DFT FOR YOUR SEQUENCE, PROVIDING BOTH MAGNITUDE AND PHASE INFORMATION.

\WHAT IS THE EXPECTED OUTPUT OF THE DFT FOR THE SEQUENCE 1, 2, 4, 6°

THE OUTPUT WILL BE A SET OF FOUR COMPLEX NUMBERS REPRESENTING THE FREQUENCY COMPONENTS, WHICH CAN BE
CONVERTED TO MAGNITUDE AND PHASE FOR ANALYSIS.

How DOES THE SEQUENCE 1, 2, 4, 5 RELATE TO THE FREQUENCY DOMAIN AFTER DFT?

THE SEQUENCEIS DFT REVEALS THE AMPLITUDE AND PHASE OF THE VARIOUS FREQUENCY COMPONENTS THAT MAKE UP THE
ORIGINAL SIGNAL IN THE TIME DOMAIN.

ARE THERE ANY SPECIAL PROPERTIES OF THE DF T FOR THE SEQUENCE 1, 2, 4, &7

SINCE THE SEQUENCE IS REAL-VALUED, ITS DFT WILL HAVE CONJUGATE SYMMETRY, MEANING THE SECOND HALF OF THE
SPECTRUM IS THE CONJUGATE MIRROR OF THE FIRST HALF.

\WHAT ARE THE STEPS TO MANUALLY COMPUTE THE DFT OF THE SEQUENCE 1, 2, 4,
o

STep 1: WRITE DOWN THE SEQUENCE VALUES. STEP 2: Use THE DFT FORMULA To coMPUTE EACH X|[k] For k=0, 1,2,3. STep



3: SIMPLIFY THE SUMS TO FIND THE COMPLEX FREQUENCY COMPONENTS.

How CAN | INTERPRET THE MAGNITUDE AND PHASE OF THE DFT RESULTS FOR THE
SEQUENCE 1, 2, 4, &?

THE MAGNITUDE INDICATES THE STRENGTH OF EACH FREQUENCY COMPONENT, WHILE THE PHASE SHOWS ITS PHASE SHIFT
RELATIVE TO THE START OF THE SEQUENCE, HELPING ANALYZE THE SIGNAL'S FREQUENCY CHARACTERISTICS.

ADDITIONAL RESOURCES

THis QUESTION Is ABouT DISCRETE FOURIER TRANSFORM OF THE POINTSEQUENCEE= 1F=2G=4H=5pPLEASE HELP ME TO
SoLVE: AN IN-DEPTH EXPLORATION

INTRODUCTION

THe DiSCRETE FOURIER TRANSFORM (DFT) IS ONE OF THE FOUNDATIONAL TOOLS IN DIGITAL SIGNAL PROCESSING, ENABLING US
TO ANALYZE THE FREQUENCY COMPONENTS OF DISCRETE SIGNALS. W/HEN FACED WITH A SIMPLE SEQUENCE OF DATA POINTS,
UNDERSTANDING HOW TO COMPUTE ITS DFT CAN UNLOCK INSIGHTS INTO ITS SPECTRAL CONTENT, PERIODICITY, AND OTHER
INTRINSIC PROPERTIES. THE QUESTION POSED—FOCUSED ON A SPECIFIC POINT SEQUENCE WITH GIVEN VALUES—SERVES AS AN
EXCELLENT CASE STUDY TO EXPLORE THE PRINCIPLES, CALCULATIONS, AND INTERPRETATIONS ASSOCIATED WITH THE DFT.

IN THIS COMPREHENSIVE REVIEW, WE WILL DISSECT THE PROBLEM, CLARIFY THE METHODOLOGY FOR CALCULATING THE DFT, AND
INTERPRET THE RESULTS WITHIN THE CONTEXT OF SIGNAL ANALYSIS. BY DOING SO, WE AIM TO PROVIDE READERS WITH A CLEAR,
DETAILED UNDERSTANDING OF HOW THE DFT OPERATES ON A SIMPLE SEQUENCE AND HOW TO APPROACH SIMILAR PROBLEMS
SYSTEMATICALLY.

(UNDERSTANDING THE DISCRETE FOURIER TRANSFORM
\WHAT Is THE DFT?

THe DiscreTe FourIiER TRANSFORM (DFT) CONVERTS A FINITE SEQUENCE OF EQUALLY SPACED SAMPLES OF A FUNCTION OR
SIGNAL FROM THE TIME (OR SPATIAL) DOMAIN INTO THE FREQUENCY DOMAIN. |T REVEALS THE AMPLITUDE AND PHASE OF THE
SINUSOIDAL COMPONENTS THAT MAKE UP THE ORIGINAL SEQUENCE.

MATHEMATICALLY, FOR A SEQUENCE \( X[N] \) oF LenaTH \( N'\), THE DFT \( X[k] \) Is DEFINED AS:

\[
X[k] = \sumM_{n=0}"{N-1} x[n] \cooT e*{~) 2 \pI \rrAc{k N}{N}}
\]

WHERE:
= \(N'\) IS THE INDEX IN THE SEQUENCE,

- \(k \) IS THE FREQUENCY BIN INDEX,

-\(J\) 1s THE MaGINARY UNIT (\(J"2 =-1))),
-\(N'\) IS THE TOTAL NUMBER OF POINTS.

THe ResuLT \( X[k] \) IS A COMPLEX NUMBER, REPRESENTING BOTH THE MAGNITUDE AND PHASE OF THE FREQUENCY COMPONENT
AT THE BIN \( K \).

\WHY Use THE DFT?

- TO ANALYZE THE SPECTRAL CONTENT OF SIGNALS.



- TO FILTER SIGNALS IN THE FREQUENCY DOMAIN.
- TO PERFORM CONVOLUTION EFFICIENTLY.
- To DETECT PERIODICITY AND FREQUENCY CHARACTERISTICS.

CLARIFYING THE GIVEN DATA AND PROBLEM STATEMENT

THE QUESTION PROVIDES A SEQUENCE OF DATA POINTS, SEEMINGLY LABELED AS:

I

T o ™ m
1l

a NN =

\W/HILE THE NOTATION IS SOMEWHAT INFORMAL OR POSSIBLY A TYPO, THE ESSENTIAL INFORMATION APPEARS TO BE A SEQUENCE
OF FOUR DATA POINTS: [ 1, 2, 4, 5].

AssuMED DATA SEQUENCE

FOR THE PURPOSE OF CALCULATING THE DFT, WE INTERPRET THE SEQUENCE AS:

\[
T][N] =\{x[0], x[1], x[2], x[3\} =\{1, 2, 4, 5\}

THIS IS A COMMON APPROACH WHEN THE INITIAL PROBLEM STATEMENT IS AMBIGUOUS.
OBJECTIVE

CALCULATE THE DFT OF THIS SEQUENCE, ANALYZE ITS SPECTRAL COMPONENTS, AND INTERPRET THE RESULTS.

STeEP-BY-STEP CALCULATION OF THE DFT

STep 1: DEFINE THE SEQUENCE

THE SEQUENCE LENGTH:

\[
N=4
\]

STep 2: GENerRAL DFT ForMULA FOR N=4

\[
X[k] = \sum_{n=03"{3} x[n] \cooT e*{- 2 \PI \rrAc{k N}{4}}
\]

For\(k=0,1,2,3\).



Step 3: CompuTte EacH \( X[k] )

RecacL: \( ™~ 2 \pi \rrac{k N}{43} \) CAN BE SIMPLIFIED USING KNOWN ROOTS OF UNITY:

\[

W _N=€e"{~2\pi/N}

\]

For \(N=4),

\[

W_4 =e™-\p1/2} =\cos(\p1/2) -3 \sin(\PI/2)=0-31 =1
\]

THE POWERS:

-\(W_4"0=1\)

-\(W_4"1=+\)
-\(W_4r2=(W_4)*2=(N"2=-1\)

-\(W_4"3 =(-)"3 = \1iMes - \TiMes - = 5 \TiMes ( (-))"2 )= \TiMes -1 = \)

Now, compuTe \( X[0] \):

\[
X[0]=x[0] + x[1]+x[2] + x[3]=1+2+4+5=12
\]

CompuTe \( X[ 1] \):

\[
X[1]=x[0] \coot W_4"{0} + x[1] \cpoT W_4"{1} + x[2] \cooT W_4"{2} + x[3] \cpoT W_4"{3}
\]

\[
X[1]= 1 \cooT 1+ 2 \cooT () + 4 \cpoT (-1) + 5 \cpoT}
\]

\[
X[11=1-2-4+5=1-4)+(-2+5)=-3+3
\]

Compute \( X[2] \):

\[
X[2] = x[0] \cooT W_4"{03} + x[1] \cboT W_4"{2} + x[2] \cooT W_4"{4} + x[3] \cooT W_4"{6}
\]

BUT NOTE THAT:

\[

W_4™{2} =-1

!

W_AMNAY = (W_47N4Y) = (W_4M4Y) = (W_4{4 \emop 4})= W_4™M0} = T
\]

\[

W_AM6Y=W_A4M6 \emop 4} = W_ 472} = -1

\]



THus,

\[
X[2]= 1 \cpoT 1+ 2 \cpoT (-1) + 4 \cooT 1 + 5 \cpoT (-1)
\]

\[
X[2]=1-2+4-5=(1-2+4-5)=(-2)+(-1)=-3
\]

CompuTe \( X[3] \):

\[
X[3] = x[0] \cooT W_4"{0} + x[1] \cboT W_4"{3} + x[2] \cooT W_4"{6} + x[3] \cpoT W_4"{9}
\]

CALCULATE EXPONENTS:

-\(W_47{3}=,\)
-\(W_4™N6Y=W_476 \emop 4} =W _47{2}=-1\)
-\OW_4M9Y=W_4M1}=\)

THus,

\[
X[3]= 1 \cpoT 1+ 2 \cooT + 4 \cooT (-1) + 5 \cooT ()
\]

\[
X[B]=1+2-4-5=(1-4)+(2)-5)=-3-3
\]

SuMMARY oF DFT RESULTS

[\Ck \) T \CX[K] \) | MaGNITUDE | PHASE (RADIANS) |

s it it ronemmesne e |
|0]12]12]0]

| 11-3+ 3| \(\s@rT{(-3)"2 + 372} = \s@rT{9 + 9} = \s@rT{18} \aprrox 4.24\) | \( \ArcTAN(3 / -3) =
\arcTAN(-1) \approx -0.785 \) rabians (or 135°) |

| 21-313|\(\pi\) raDIANS (180°) |

|3]1-3-3514.24|\(-2.356\) raDIANS (OR -135°) |

INTERPRETATION OF RESULTS
MAGNITUDE SPECTRUM
THE MAGNITUDES INDICATE HOW MUCH OF EACH FREQUENCY COMPONENT IS PRESENT IN THE ORIGINAL SEQUENCE:

- \(X[0]\) (DC coMPONENT): 12, WHICH REFLECTS THE AVERAGE VALUE OF THE SEQUENCE.
-\CX[1]\) ano \( X[3] \): APPROXIMATELY 4.24, INDICATING SIGNIFICANT FREQUENCY COMPONENTS AT THESE BINS.

-\OCX[2]\
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