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Using The Error Formula (5.23), Bound The Error In Tn(f) Applied To The
Following Integrals Pi/2 Integral is an essential technique in numerical
analysis, particularly when approximating definite integrals using polynomial
methods such as the Taylor polynomial or Taylor series expansion. In this
article, we explore the application of the error bound formula (5.23) to
integrals over the interval \ ([0, \pi/2]\), focusing on how to estimate the
error when employing the polynomial approximation \(T_n(f)\), the degree-—

\ (n\) Taylor polynomial of a function \ (f\).

Understanding how to bound the error in numerical integration is crucial for
ensuring the accuracy of computational methods in scientific computing,
engineering, and applied mathematics. This guide provides a comprehensive
overview of the theoretical foundation, practical steps, and illustrative
examples to help you confidently apply the error bound formula when
approximating integrals over \ ([0, \pi/2]\).

Foundations of Error Estimation in Polynomial
Approximation

The Role of Polynomial Approximation in Numerical
Integration

Polynomial approximation involves replacing a complex function \(f(x)\) with
a polynomial \(T_n(f) (x)\), often a Taylor polynomial centered at a
particular point \(a\). This approach simplifies the integral of \(f\) by
integrating the polynomial instead, which is straightforward. The primary
concern then becomes quantifying the difference between the actual integral
and the approximation, i.e., the error.

In numerical analysis, Taylor's theorem provides a way to estimate this
error, especially when the derivatives of \(f\) are known or bounded. The key

is to leverage bounds on the derivatives to establish a maximum possible
error, leading to more reliable numerical results.

The Error Formula (5.23)

While the specific formula (5.23) varies depending on the context, in the
setting of Taylor polynomial approximation, it generally takes the form:

| R_n(f) (x) | \leq \frac{M}{(n+1)!'!'} |x — a|"{n+1}



where:

- \( R_n(f) (x) \) is the remainder (error) term when approximating \ (f (x)\)
with its degree-\ (n\) Taylor polynomial at \ (a\),

- \( M \) is an upper bound for the \((n+1)"{th}\) derivative of \(f\) on the
interval of interest,

- \( (n+t1)! \) is the factorial of \( n+l \),

- \( |x — al”{n+1} \) indicates the distance from the center point \ (a\).

In the context of integrals over an interval, the error bound for the
integral itself involves integrating the remainder term, leading to an
estimate of the total approximation error.

Applying the Error Bound to Integrals over
\ ([0, \pi/2]\)

Step 1: Choosing the Function and Approximation Point

Suppose you want to approximate the integral:

\ [
I = \int_{0}"{\pi/2} f(x) \, dx
\]

using the Taylor polynomial \( T_n(f) (x) \) of degree \( n \) centered at \(
a \). The choice of \( a \) depends on the context, but often \( a = 0 \) or

\( a = \pi/4 \) for symmetry or convenience.

For example, consider \( f(x) = \sin x \). Its Taylor expansion centered at
\(a=20)\) is:

\ [
T_n(\sin x) = \sum_{k=0}"n \frac{(-1)"k}{(2k+1)!} x~{2k+1}
\]

which converges to \(\sin x\) on \ ([0, \pi/2]1\).

Step 2: Determining the Derivative Bound \( M \)

The critical step in applying the error formula involves finding an upper
bound \( M \) for the \((n+l1)"{th}\) derivative of \(f\) over the interval:

\ [
M \geq \max_{x \in [0, \pi/2]} [£°{(n+1)} (%) ]
\1]

For \(f(x) = \sin x\):



[£7{ (k) }(x) | \leqg 1

for all \(x\), since sine and cosine oscillate between \(-1\) and \ (1\).
Therefore, for the \((n+l)"{th}\) derivative:

\ [

M =1

\1

This simplifies error estimation as \( M \) is bounded by 1 over the entire
interval.

Step 3: Estimating the Remainder Term \( R_n(f) \)

Applying the general formula, the error in the Taylor polynomial
approximation at a point \( x \) is:

| R_n(f) (x) | \leq \frac{M}{(n+1)!'!'} |x = a|"™{n+1}

To bound the error in the integral:

\ [

\left| \int_{0}"{\pi/2} \left[ f(x) - T_n(f) (x) \right] dx \right| \leg
\int_{0}"{\pi/2} | R_n(f) (x) | dx

\1

which leads to:

\ [
| \text{Error} | \leq \frac{M}{(n+1)!'!'} \int_{0}"{\pi/2} |x - al"™{n+l} dx
\1

Choosing \( a = 0 \) (centered at 0):

\ [
| \text{Error} | \leq \frac{1}{(n+1)!} \int_{0}"{\pi/2} x*{n+1} dx
\1

Calculating the integral:

\ [

\int_{0}"{\pi/2} x"{n+1} dx = \frac{ (\pi/2){n+2}}{n+2}
\1]

Thus, the bound becomes:



\ [
| \text{Error} | \leq \frac{1}{(n+1)!} \times \frac{ (\pi/2)"{n+2}}{n+2}

\1
This provides a quantitative estimate of the maximum possible error when

approximating the integral of \( \sin x \) using the degree-\( n \) Taylor
polynomial.

Practical Examples of Error Bounding in \ ([O,

\pi/2]\)

Example 1: Approximating \ (\int_02{\pi/2} \sin x \,
dx\) with Degree 3 Taylor Polynomial

- Step 1: Taylor polynomial centered at \( a = 0 \):

\ [

T 3(\sin x) = x — \frac{x"3}{6}

\]

- Step 2: Derivatives of \(f(x) = \sin x\):
\ [

£2{(4)}(x) = \sin x

\1

which satisfies \( [£°{(4)}(x)] \leg 1 \), so:

- Step 3: Error bound:

\ [

| \text{Error} | \leq \frac{1}{4!'} \times \frac{ (\pi/2)"5}{5} = \frac{1}{24}
\times \frac{ (\pi/2)"5}{5}

\1

Calculating numerically:

\ [
(\pi/2)"5 \approx (1.5708)"5 \approx 9.6637
\1]

then:

\ [

| \text{Error} | \leq \frac{1}{24} \times \frac{9.6637}{5} \approx
\frac{1}{24} \times 1.9327 \approx 0.0805

\]



This indicates that the approximation of the integral using the degree 3
Taylor polynomial will be accurate within approximately 0.0805.

Example 2: Approximating \ (\int_02{\pi/2} \tan x \,
dx\) with a Taylor Polynomial

- Step 1: \( f(x) = \tan x \) has derivatives that grow rapidly near

\ (\pi/2\), so the bound \( M \) must account for the maximum of

N (£ (n+1) } (x)\) on \ ([0, \pi/2)\). Since \(\tan x \to \infty\) as \( x \to
\pi/2 \), the error bound must be carefully chosen, possibly restricting the
interval to \ ([0, \pi/3]\) or similar to ensure bounded derivatives.

- Step 2: Choose \ (a=0\), so derivatives are manageable at \ (x=0\):
£f2{(n+1) } (0) = \text{known constants}

- Step 3: Apply the error formula with an appropriate \ (

Frequently Asked Questions

What is the Error Formula (5.23) used for in the
context of numerical integration?

The Error Formula (5.23) provides an estimate of the difference between the
exact value of an integral and its approximation using a numerical method,
such as the trapezoidal or Simpson's rule, by bounding the error based on
derivatives of the integrand.

How do you apply the Error Formula (5.23) to bound
the error in Tn(f) for the integral from 0 to mn/2?

To apply the Error Formula (5.23), identify the relevant derivative of the
integrand, evaluate or estimate its maximum absolute value over [0, n/2], and
then plug this into the formula to obtain an upper bound for the error in the
approximation Tn(f) .

What are the key steps to bound the error in the
integral over Pi/2 using Tn(f)?

The key steps include: (1) selecting an appropriate numerical rule (e.g.,
trapezoidal or Simpson's), (2) computing or estimating the maximum of the
relevant derivative of the integrand on [0, n/2], (3) substituting these
values into the Error Formula (5.23), and (4) calculating the resulting bound
for the error.



Why is it important to evaluate the derivatives of
the integrand when using the Error Formula (5.23)°?

Because the Error Formula (5.23) relates the error bound to the magnitude of
certain derivatives of the integrand, evaluating these derivatives helps
determine how large the error can be, ensuring the approximation's accuracy
is properly bounded.

Can the Error Formula (5.23) be used for all types of
integrals over [0, n/2]?

The formula is most applicable when the integrand is sufficiently smooth
(i.e., possesses the required derivatives) over the interval. For functions
with discontinuities or non-differentiable points, the error bound may not be
valid or may need adjustments.

How does the choice of the number of subinterwvals n
influence the error bound in Tn(f)?

Increasing n generally decreases the error bound because the approximation
becomes more accurate, as reflected in the Error Formula (5.23), which
typically involves terms inversely proportional to n or n squared depending
on the rule used.

What is a practical example of applying the Error
Formula (5.23) to the integral of sin(x) over [O,
n/2]?

For the integral of sin(x), one would identify the relevant derivative (e.qg.,
the second derivative for the trapezoidal rule), estimate its maximum over
[0, n/2], and then substitute into the error bound formula to determine how
many subintervals are needed to achieve a desired accuracy.

How can understanding the Error Formula (5.23)
improve the accuracy of numerical integration
methods?

By analyzing the error bounds provided by the formula, practitioners can
choose appropriate step sizes, select suitable numerical rules, and
confidently control the approximation error to meet desired accuracy levels
in integrals over [0, n/2].

Additional Resources

Error Bound Analysis for Trapezoidal Rule Using Formula (5.23): A
Comprehensive Guide

When it comes to numerical integration, precision and reliability are
paramount. Whether you're an engineer, mathematician, or data scientist,
understanding how to estimate errors in numerical methods helps you make
informed decisions about the accuracy of your approximations. Among various
numerical techniques, the Trapezoidal Rule stands out for its simplicity and



efficiency, especially for smooth functions over finite intervals. Central to
refining its usage is the application of the error formula (5.23), which
provides a systematic way to bound the approximation error.

In this comprehensive review, we'll delve deep into the process of applying
the error formula (5.23) to the Trapezoidal Rule, with a focus on integrals
of the form:

\ [
\int_{0}"{\pi/2} f£(x) \, dx
\]

This specific interval is common in trigonometric integrals, Fourier
analysis, and many applications in physics and engineering. We'll explore the
theoretical foundations, practical computations, and interpretative insights
necessary to leverage the error bound effectively.

Understanding the Error Formula (5.23)

Before applying the error bound to specific integrals, it's crucial to
understand what the formula entails.

What Is the Error Formula (5.23)°?

The error formula (5.23) is a mathematical expression that quantifies the
difference between the true value of an integral and its approximation using
the Trapezoidal Rule. It is typically expressed as:

\ [
|[E_T| \leq \frac{(b - a)”3}{12 n”2} \max_{x \in [a, b]} |f''(x) |
\]

where:

- \(E_T\) is the error in the Trapezoidal approximation,
\(a\) and \(b\) are the limits of integration,

- \(n\) 1s the number of subintervals,
\N(f'"(x)\) is the second derivative of the function.

This formula presumes that \(f\) is twice differentiable on \([a, b]\) and
that the maximum of \(|f''(x)]|\) over the interval can be determined or
estimated.

Why Is This Error Bound Important?

Understanding the magnitude of \(E_T\) allows practitioners to:

— Decide how many subintervals (\(n\)) are needed to achieve a desired
accuracy.

— Justify the use of a certain number of points in numerical integration.
— Provide theoretical guarantees on the approximation's quality, which is
critical in applications requiring high precision.



Application to the Integral \ (\int_{0}*{\pi/2}
f(x) dx\)

Let’s now examine how to apply the error formula to specific integrals over
\N ([0, \pi/2]\). We'll consider a general function \(f(x)\) that is twice
differentiable on this interval.

Step 1: Identify the Function \ (f(x))\)

Suppose \ (f(x)\) is a well-behaved function such as:

- \(f(x) = \sin x\)

- \(f(x) = \cos x\)

- \(f(x) = e{x}\)

- \(f(x) = \tan x\) (with caution, as \(\tan x\) has discontinuities)
For the sake of illustration, let's analyze \(f(x) = \sin x\), which is

smooth and easily differentiable on \ ([0, \pi/2]\).

Step 2: Determine \ (f''(x)\) and Its Maximum on \ ([O,
\pi/2]1\)

For \(f(x) = \sin x\):

\ [

f'(x) = \cos x
\1]

\ [

f''"(x) = —\sin x

\]
The absolute value:

\ [
[£''(x) ] = |\sin x|

\]

on \ ([0, \pi/21\), \(\sin x\) ranges from 0 to 1. Its maximum is at \(x =
\pi/2\):

\ [
\max_{x \in [0, \pi/2]} |f''"(x)| =1
\]



Step 3: Choose the Number of Subintervals \ (n\)

Suppose we want to estimate the integral with an error less than a specified
tolerance, say \ (\varepsilon = 107{-4}\).

Using the error bound formula:

\ [
|E_T| \legq \frac{(b - a)”3}{12 n”2} \max_{x \in [a, bl} |f''(x) |
\]

Plugging in the wvalues:

\ [

a =0, \quad b = \pi/2, \quad (b - a) = \pi/2

\1

\ [

|E_T| \legq \frac{\left (\frac{\pi}{2}\right)”*3}{12 n"2} \times 1
\1

Simplify:

\ [

IE_T| \leg \frac{\pi”"3}{96 n"2}
\1]

To ensure the error is less than \ (\varepsilon\):

\ [
\frac{\pi”3}{96 n*2} \leqg 10~{-4}
\1]

Solve for \(n\):

\ [
n \geqg \sqgrt{\frac{\pi~3}{96 \times 10"~{-4}}}
\]

Calculating:

\ [

\pi~3 \approx 31.006

\]

\ [

96 \times 107{-4} = 0.0096
\1]

Therefore:

\ [
n \geq \sgrt{\frac{31.006}{0.0096}} \approx \sqrt{3230.62} \approx 56.86
\1

Thus, choosing \(n \geqg 57\) subintervals guarantees the desired accuracy.



Step 4: Compute the Approximate Integral Using the
Trapezoidal Rule
The Trapezoidal Rule approximation:

\ [
T_n = \frac{h}{2} \left[ f(a) + 2 \sum_<{k=1}"{n-1} f(x_k) + f£(b) \right]

where

\ [

h = \frac{b - a}{n} = \frac{\pi/2}{n}

\1

\ [

x_k = a + k h, \quad k =1, 2, \ldots, n-1
\1

For \(f(x) = \sin x\):

- \N(£(0) = 0\)

- \(f(\pi/2) = 1\)

Calculate the sum over the points:

\ [

T_n = \frac{h}{2} \left[ 0 + 2 \sum_{k=1}"{n-1} \sin \left ( \frac{\pi}{2}
\times \frac{k}{n} \right) + 1 \right]

\1

This sum can be computed numerically or through software tools.

Interpreting the Error Bound Results

Applying the error formula provides more than Jjust an estimate; it offers a
framework for understanding the interplay between the function's curvature,
the number of subdivisions, and the resulting accuracy.

Key Takeaways:

- The error diminishes quadratically with increasing \ (n\): doubling the
number of subintervals roughly reduces the error by a factor of four.
— The maximum of \(|f''(x)|\) plays a critical role; functions with higher

curvature require more subdivisions for the same accuracy.
— For functions like \ (\sin x\), which have bounded second derivatives, the
error bound is reliable and straightforward to compute.



Extending to Other Functions and Intervals

While the above example focused on \ (\sin x\) over \ ([0, \pi/2]\), the
methodology extends to other functions and intervals.

For example:

- For \(f(x) = e™{x}\) over \ ([0, \pi/2]\):

\ [

£17(x) = e’{x}

\1

\ [

\max_{x \in [0, \pi/2]} e*{x} = e*{\pi/2} \approx 4.81
\1

The error bound becomes:

\ [
|E_T| \legq \frac{ (\pi/2)73}{12 n”2} \times e™{\pi/2}
\]

- For \(f(x) = \tan x\), caution is needed due to discontinuities at \(x =
\pi/2\), which invalidate the assumptions behind the error formula.

Practical Recommendations for Using The Error
Bound

To maximize the utility of the error formula (5.23) in practical
calculations:

1. Identify \(f''(x)\): Ensure the second derivative exists and is continuous
on the interval.

2. Estimate \(\max |f''(x)|\): Use calculus or numerical methods to find or
approximate this maximum.

3. Determine \ (n\): Solve the inequality for the number of subintervals
needed to meet your accuracy requirements
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