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Understanding linear transformations and their corresponding matrices is fundamental in linear algebra,
especially in the context of transformations in the plane. When a transformation involves rotating points in
the two-dimensional plane, it can be represented succinctly through a matrix. This article will explore how to
determine the standard matrix of a linear transformation \( T: \mathbb{R}^2 \to \mathbb{R}^2 \) that
performs rotations, providing a comprehensive guide to understanding and calculating rotation matrices.

Introduction to Linear Transformations in \(\mathbb{R}^2\)

Linear transformations are functions between vector spaces that preserve vector addition and scalar
multiplication. In the context of \(\mathbb{R}^2\), such transformations can include rotations, reflections,
scalings, and shears. The key property of linear transformations is that they can be represented by matrices.
For a transformation \( T: \mathbb{R}^2 \to \mathbb{R}^2 \), the associated matrix \( A \) satisfies:

\[
T(\mathbf{v}) = A \mathbf{v}
\]

for any vector \( \mathbf{v} \in \mathbb{R}^2 \).

Why matrices are important?
Matrices allow us to perform complex transformations efficiently, analyze their properties, and compose
multiple transformations easily.

Understanding Rotation in \(\mathbb{R}^2\)

Rotation is a special kind of linear transformation that turns every point in the plane around the origin by a
specified angle \( \theta \). This transformation maintains the distance from the origin (it is an isometry) and
preserves angles between vectors.

Properties of rotation matrices:

- Orthogonal matrices with determinant 1.
- They preserve the length (norm) of vectors.
- They rotate vectors counterclockwise by an angle \( \theta \).

Mathematical Representation of Rotation

Given an angle \( \theta \), the rotation transformation \( R_\theta \) maps a point \( (x, y) \) to a new point
\( (x', y') \) defined as:

\[
\begin{cases}
x' = x \cos \theta - y \sin \theta \\



y' = x \sin \theta + y \cos \theta
\end{cases}
\]

In matrix form, this can be written as:

\[
\begin{bmatrix}
x' \\
y'
\end{bmatrix}
=
\begin{bmatrix}
\cos \theta & -\sin \theta \\
\sin \theta & \cos \theta
\end{bmatrix}
\begin{bmatrix}
x \\
y
\end{bmatrix}
\]

This matrix:

\[
R_\theta =
\begin{bmatrix}
\cos \theta & -\sin \theta \\
\sin \theta & \cos \theta
\end{bmatrix}
\]

is called the standard rotation matrix in \(\mathbb{R}^2\).

Deriving the Standard Matrix \(A\) of the Transformation \(T\)

Since \( T \) is a linear transformation that rotates points in \(\mathbb{R}^2\), it must be characterized by
the rotation matrix \( R_\theta \). To find this matrix explicitly, consider how \( T \) acts on the standard
basis vectors:

- \( \mathbf{e}_1 = (1, 0) \)
- \( \mathbf{e}_2 = (0, 1) \)

Applying \( T \) to these basis vectors yields the columns of the matrix \( A \).

Step-by-step process:

1. Determine the image of \(\mathbf{e}_1\):
Applying \( T \) to \( \mathbf{e}_1 \):

\[
T(\mathbf{e}_1) = R_\theta \mathbf{e}_1 =
\begin{bmatrix}
\cos \theta & -\sin \theta \\
\sin \theta & \cos \theta
\end{bmatrix}
\begin{bmatrix}



1 \\
0
\end{bmatrix}
=
\begin{bmatrix}
\cos \theta \\
\sin \theta
\end{bmatrix}
\]

2. Determine the image of \(\mathbf{e}_2\):
Applying \( T \) to \( \mathbf{e}_2 \):

\[
T(\mathbf{e}_2) = R_\theta \mathbf{e}_2 =
\begin{bmatrix}
\cos \theta & -\sin \theta \\
\sin \theta & \cos \theta
\end{bmatrix}
\begin{bmatrix}
0 \\
1
\end{bmatrix}
=
\begin{bmatrix}
-\sin \theta \\
\cos \theta
\end{bmatrix}
\]

3. Construct the matrix \(A\):
The columns of the matrix \(A\) are \( T(\mathbf{e}_1) \) and \( T(\mathbf{e}_2) \):

\[
A =
\begin{bmatrix}
\cos \theta & -\sin \theta \\
\sin \theta & \cos \theta
\end{bmatrix}
\]

Thus, the standard matrix \(A\) for the rotation transformation \(T\) is:

\[
\boxed{
A = R_\theta =
\begin{bmatrix}
\cos \theta & -\sin \theta \\
\sin \theta & \cos \theta
\end{bmatrix}
}
\]

Properties of the Rotation Matrix \( R_\theta \)

Understanding the properties of the rotation matrix is essential to grasp its geometric significance and its
algebraic behavior.



Key Properties:

- Orthogonality:
\( R_\theta^T R_\theta = I \), where \( R_\theta^T \) is the transpose of \( R_\theta \), and \( I \) is the
identity matrix.

- Determinant:
\( \det(R_\theta) = 1 \), confirming that rotation matrices preserve area and orientation.

- Inverse:
The inverse of \( R_\theta \) is \( R_{-\theta} \):

\[
R_\theta^{-1} = R_{-\theta} =
\begin{bmatrix}
\cos \theta & \sin \theta \\
-\sin \theta & \cos \theta
\end{bmatrix}
\]

- Eigenvalues and Eigenvectors:
The eigenvalues are complex conjugates \( e^{i \theta} \) and \( e^{-i \theta} \), reflecting the rotation's
effect in the complex plane.

Applications of Rotation Matrices

Rotation matrices are widely used in various fields such as computer graphics, robotics, physics, and
engineering. Some common applications include:

- 2D graphics transformations:
Rotating images and objects on screen.

- Robotics:
Calculating joint movements and orientations.

- Physics:
Analyzing rotational motion.

- Mathematical analysis:
Simplifying problems involving symmetry and periodicity.

Step-by-Step Example

Suppose we want to find the standard matrix \(A\) for a rotation by \( \theta = 45^\circ \) (or \( \pi/4 \)
radians).

Step 1: Convert the angle to radians:

\[
\theta = 45^\circ = \frac{\pi}{4}
\]

Step 2: Compute \(\cos \theta\) and \(\sin \theta\):



\[
\cos \frac{\pi}{4} = \frac{\sqrt{2}}{2}, \quad \sin \frac{\pi}{4} = \frac{\sqrt{2}}{2}
\]

Step 3: Write down the rotation matrix:

\[
A =
\begin{bmatrix}
\frac{\sqrt{2}}{2} & -\frac{\sqrt{2}}{2} \\
\frac{\sqrt{2}}{2} & \frac{\sqrt{2}}{2}
\end{bmatrix}
\]

This matrix rotates any vector in \(\mathbb{R}^2\) by 45 degrees counterclockwise.

Summary and Conclusion

In this article, we've explored the process of finding the standard matrix of a linear transformation \( T:
\mathbb{R}^2 \to \mathbb{R}^2 \) that performs rotations. The key steps involved understanding the
geometric nature of rotation, expressing it algebraically via the rotation matrix \( R_\theta \), and applying
the transformation to the standard basis vectors to identify the matrix columns.

Key takeaways:

- Rotation matrices in \(\mathbb{R}^2\) have the form:

\

Frequently Asked Questions

What is the standard matrix of a rotation transformation T: R^2 � R^2
that rotates points by an angle θ?

The standard matrix of such a rotation T is given by
[[cos θ, -sin θ], [sin θ, cos θ]].

How can you determine the angle of rotation from the standard matrix of
T?

The angle θ can be found by examining the entries of the matrix, specifically using arccos of the (1,1) entry or
arcsin of the (2,1) entry, considering the signs to determine the correct quadrant.

What are the properties of the standard matrix of a rotation in R^2?

The matrix is orthogonal with determinant 1, preserving lengths and angles, and represents a rotation without
reflection.

If T rotates points in R^2 by 90 degrees counterclockwise, what is its



standard matrix?

The standard matrix is
[[0, -1], [1, 0]].

How does the standard matrix of T change if the rotation is clockwise
instead of counterclockwise?

The matrix is similar, but with a negative angle: for clockwise rotation by θ, the matrix is
[[cos θ, sin θ], [-sin θ, cos θ]].

Can the standard matrix of a rotation be used to find the image of any point
in R^2?

Yes, multiplying the standard matrix by the coordinate vector of any point gives its rotated image.

What is the significance of the standard matrix in understanding the linear
transformation T?

The standard matrix fully characterizes the rotation linear transformation, allowing easy computation of
rotated points and analysis of its properties.

How do you verify that a given matrix represents a rotation in R^2?

Check that the matrix is orthogonal (its transpose is its inverse) and that its determinant is 1; these confirm
it’s a proper rotation matrix.

If T rotates points by an angle θ, what is the effect of T on the basis
vectors e1 and e2?

T(e1) = [cos θ, sin θ] and T(e2) = [-sin θ, cos θ], corresponding to the columns of the rotation matrix.

Additional Resources
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Understanding how to find the standard matrix of a linear transformation such as rotation in the plane is a
fundamental skill in linear algebra. When given a transformation \( T: \mathbb{R}^2 \to \mathbb{R}^2 \),
especially one that involves geometric operations like rotation, it’s crucial to understand how the
transformation acts on basis vectors and how this action translates into a matrix. In this guide, we will
explore the process of determining the standard matrix of a rotation transformation \( T \), assuming \( T \)
is linear, and specifically focus on rotations in the plane. This comprehensive explanation will include
theoretical foundations, step-by-step procedures, and practical examples to deepen your understanding.

---

What Is a Linear Transformation and Why Does It Matter?

Before diving into the specifics of rotation matrices, it's essential to clarify what a linear transformation is.
A linear transformation \( T: \mathbb{R}^2 \to \mathbb{R}^2 \) is a function that satisfies two key
properties:

- Additivity: \( T(\mathbf{u} + \mathbf{v}) = T(\mathbf{u}) + T(\mathbf{v}) \) for all vectors \( \mathbf{u},



\mathbf{v} \in \mathbb{R}^2 \).
- Homogeneity: \( T(c\mathbf{v}) = cT(\mathbf{v}) \) for all scalars \( c \) and vectors \( \mathbf{v} \in
\mathbb{R}^2 \).

These properties ensure that the transformation preserves vector addition and scalar multiplication, making it
compatible with the algebraic structure of \( \mathbb{R}^2 \).

The significance of linear transformations lies in their simplicity and structure: they can be represented by
matrices, and understanding their matrices allows for straightforward computation of the transformation's
effect on any vector.

---

The Standard Matrix of a Linear Transformation

Given a linear transformation \( T: \mathbb{R}^2 \to \mathbb{R}^2 \), its standard matrix \( [T] \) is the
matrix that satisfies:

\[
T(\mathbf{v}) = [T]\mathbf{v}
\]

for all vectors \( \mathbf{v} \in \mathbb{R}^2 \). To find this matrix, the common approach involves:

1. Applying \( T \) to the standard basis vectors \( \mathbf{e}_1 = (1, 0) \) and \( \mathbf{e}_2 = (0, 1) \).
2. The images \( T(\mathbf{e}_1) \) and \( T(\mathbf{e}_2) \) form the columns of the matrix.

Mathematically, if:

\[
T(\mathbf{e}_1) = \mathbf{v}_1 \quad \text{and} \quad T(\mathbf{e}_2) = \mathbf{v}_2,
\]

then the standard matrix \( [T] \) is:

\[
[T] = \begin{bmatrix}
| & | \\
\mathbf{v}_1 & \mathbf{v}_2 \\
| & |
\end{bmatrix}
\]

---

Rotation in the Plane as a Linear Transformation

Rotation is a classic example of a linear transformation in \( \mathbb{R}^2 \). Specifically, rotating points
about the origin by an angle \( \theta \) counterclockwise is represented by a matrix that, when multiplied by
any vector, results in the vector rotated by \( \theta \).

Geometric Intuition

- Rotation by \( \theta \) preserves the length of vectors (it's an isometry).
- It changes the direction of vectors but not their magnitude.
- The transformation is linear, meaning the combination of rotations is equivalent to the sum of angles, and the
rotation matrix can be derived from basic trigonometric principles.

The Rotation Matrix



The standard matrix for a rotation by an angle \( \theta \) in \( \mathbb{R}^2 \) is:

\[
R_\theta = \begin{bmatrix}
\cos \theta & -\sin \theta \\
\sin \theta & \cos \theta
\end{bmatrix}
\]

This matrix has the following properties:

- Orthogonality: \( R_\theta^T R_\theta = I \).
- Determinant: \( \det(R_\theta) = 1 \), indicating an orientation-preserving transformation.
- Inverse: \( R_{-\theta} \), rotating the vectors back by \( \theta \).

---

Step-by-Step Guide to Find the Standard Matrix of \( T \)

Suppose you are given the transformation \( T \), which rotates points in \( \mathbb{R}^2 \) by an unknown
angle \( \theta \). Your goal is to find the standard matrix of \( T \).

Step 1: Confirm that \( T \) Is a Rotation

- Ensure \( T \) is linear.
- Confirm \( T \) preserves lengths and angles (if given explicitly).

Step 2: Find \( T(\mathbf{e}_1) \) and \( T(\mathbf{e}_2) \)

- Apply \( T \) to the standard basis vectors \( \mathbf{e}_1 = (1, 0) \) and \( \mathbf{e}_2 = (0, 1) \).
- These images are the columns of the matrix.

For example, if \( T \) rotates by \( \theta \):

\[
T(\mathbf{e}_1) = (\cos \theta, \sin \theta),
\]
\[
T(\mathbf{e}_2) = (-\sin \theta, \cos \theta).
\]

Step 3: Construct the Matrix

- Use the images of the basis vectors as columns:

\[
[T] = \begin{bmatrix}
T(\mathbf{e}_1) & T(\mathbf{e}_2)
\end{bmatrix}
= \begin{bmatrix}
\cos \theta & -\sin \theta \\
\sin \theta & \cos \theta
\end{bmatrix}.
\]

- If \( \theta \) is known, substitute it directly.
- If \( \theta \) is unknown, use additional information or data points to determine it.

Step 4: Verify the Rotation Matrix



- Confirm that the matrix is orthogonal and has a determinant of 1.
- Check that the transformation preserves length and angles.

---

Practical Example: Find the Standard Matrix of a Rotation by 45 Degrees

Let's walk through an example where \( T \) rotates points in \( \mathbb{R}^2 \) by \( 45^\circ \) (or \( \pi/4
\) radians).

Step 1: Write the rotation matrix

\[
R_{45^\circ} = \begin{bmatrix}
\cos 45^\circ & -\sin 45^\circ \\
\sin 45^\circ & \cos 45^\circ
\end{bmatrix}
= \frac{1}{\sqrt{2}} \begin{bmatrix}
1 & -1 \\
1 & 1
\end{bmatrix}.
\]

Step 2: Apply to basis vectors

- \( T(\mathbf{e}_1) = (\cos 45^\circ, \sin 45^\circ) = \left(\frac{\sqrt{2}}{2}, \frac{\sqrt{2}}{2}\right)
\).
- \( T(\mathbf{e}_2) = (-\sin 45^\circ, \cos 45^\circ) = \left(-\frac{\sqrt{2}}{2},
\frac{\sqrt{2}}{2}\right) \).

Step 3: Write the matrix explicitly

\[
[T] = \begin{bmatrix}
\frac{\sqrt{2}}{2} & -\frac{\sqrt{2}}{2} \\
\frac{\sqrt{2}}{2} & \frac{\sqrt{2}}{2}
\end{bmatrix}.
\]

This matrix, when multiplied by any vector in \( \mathbb{R}^2 \), rotates it by 45 degrees counterclockwise.

---

Special Cases and Additional Considerations

Rotation by 0 or 180 Degrees

- \( \theta = 0 \): the identity matrix.
- \( \theta = 180^\circ \) or \( \pi \): the matrix becomes \( -I \).

Rotation in Different Directions

- A negative \( \theta \) corresponds to clockwise rotation.
- The standard matrix adapts naturally by replacing \( \theta \) with \( -\theta \).

Non-Linear Transformations

- If the transformation is not linear, the matrix approach does not apply directly.
- For nonlinear transformations, other methods or approximations are necessary.



---

Summary of Key Steps

1. Verify linearity of the transformation.
2. Apply \( T \) to the standard basis vectors \( \mathbf{e}_1 \) and \( \mathbf{e}_2 \).
3. Form the matrix with these images as columns.
4. Identify the geometric nature of the transformation (rotation angle \( \theta \
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