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Understanding the natural frequencies and mode shapes of structures is fundamental in the field of
structural dynamics and vibration analysis. When a structure such as a beam, plate, or any elastic
member undergoes transverse vibrations, it exhibits specific frequencies at which it tends to oscillate
naturally, known as its natural or resonant frequencies. Correspondingly, each of these frequencies
has an associated deformation pattern called a mode shape. Accurately determining these parameters
is crucial for predicting dynamic behavior, avoiding resonance conditions, and designing structures for
safety and durability. This article provides an in-depth exploration of the methods used to compute the
first three natural frequencies and their mode shapes of transverse vibrations, primarily focusing on

beams modeled through classical theories.

Fundamentals of Transverse Vibration Analysis

Basic Concepts

Transverse vibrations refer to oscillations perpendicular to the longitudinal axis of a structural element.

For beams, these are motions across the height or width, typically governed by the beam's material



and geometric properties. The primary parameters influencing these vibrations include:

- Material properties: Density (D), Young's modulus (E)
- Geometric properties: Cross-sectional area (A), moment of inertia (1)

- Boundary conditions: Simply supported, clamped, free, or combinations thereof

Mathematical Modeling

The governing differential equation for free transverse vibrations of an Euler-Bernoulli beam (assuming

small deflections and linear elasticity) is:

\[
El \frac{\partial*4 w(x,t)}{\partial x*4} + \rho A \frac{\partial*2 w(x,t)}{\partial t*2} = 0
\]

where:

- \(w(x,t)\): transverse displacement at position \(x\) and time \(t\)
- \(E\): Young’s modulus

- \(I\): second moment of area

- \(\rho\): material density

- \(A\): cross-sectional area

The solution involves separating variables and applying boundary conditions to find eigenvalues

(natural frequencies) and eigenfunctions (mode shapes).

Methodology for Computing Natural Frequencies and Mode



Shapes

The process involves solving a boundary value problem resulting from the differential equation. The

main steps are outlined below.

Step 1: Assume a Separation of Variables

Assuming harmonic motion:

\[
w(x,t) = \phi(x) \cdot \cos(\omega t)
\]

Substituting into the governing PDE yields an ordinary differential equation (ODE):

\[
El \frac{d*4 \phi(x)}{dx"4} - \rho A \omega”2 \phi(x) =0
\

where \(\omega\) is the angular frequency.

Step 2: Solve the Spatial Differential Equation

The general solution to the spatial ODE is:

\[
\phi(x) = C_1 \sin(kx) + C_2 \cos(kx) + C_3 \sinh(kx) + C_4 \cosh(kx)
\



with:

\[

k* = \frac{\rho A \omega”2}{El}

\]

or equivalently:

\[

k = \left( \frac{\rho A \omega”2}{EI} \right)*{1/4}

\

This form accounts for the oscillatory and exponential parts of the solution.

Step 3: Apply Boundary Conditions

Different boundary conditions lead to different characteristic equations. For the most common cases:

- Simply Supported (Pinned-Pinned):

Boundary conditions:

\[
w(0) = 0, \quad w(L) = 0
\
\[
M(0) = 0, \quad M(L) = 0
\

- Clamped-Clamped:



Boundary conditions:

\

w(0) = 0, \quad w(L) = 0
\

\[

w'(0) = 0, \quad w'(L) = 0
\

- Free-Free:

Boundary conditions involve zero bending moment and shear force at free ends.

Applying these boundary conditions leads to a system of equations whose non-trivial solutions exist

only when certain determinant conditions (characteristic equations) are satisfied.

Step 4: Derive Characteristic Equations and Find Frequencies

The boundary conditions produce a frequency equation, often transcendental, which relates \(k\) (and

hence \(\omega\)) to the boundary conditions and length \(L\):

- For simply supported beams, the characteristic equation simplifies to:
\[

\sin(kL) \sinh(kL) = 0

\]

which yields eigenvalues:

\[



k nL=n\pi,\quad n =1, 2, 3, \dots
\]

Corresponding natural frequencies are then:
\[
\omega_n = \frac{k_n*2}\sqrt{\frac{\rho AKEI}}} = \frac{(n \pi / L)*2}{\sqgrt{\frac{\rho AKEI}}}

\

- For other boundary conditions, solving the characteristic equation numerically or graphically is

necessary.

Step 5: Calculate Mode Shapes

Once the eigenvalues \(k_n\) are known, substitute back into the general solution for \(\phi(x)\). The

mode shape for the \(n*{th}\) mode is:
\[
\phi_n(x) = C_1\sin(k_n x) + C_2\cos(k_n x) + C_3 \sinh(k_n x) + C_4 \cosh(k_n x)

\

The ratios of constants are determined by boundary conditions, normalized for convenience.

Practical Computation of the First Three Modes

Example: Simply Supported Beam



Suppose a simply supported beam with:

- Length \(L = 2\, \text{m}\)

- Cross-sectional area \(A = 0.01\, \text{m}*2\)

- Moment of inertia \(I = 8.33 \times 107{-6}\, \text{m}"4\)
- Density \(\rho = 7800\, \text{kg/m}"3\)

- Young’s modulus \(E = 2 \times 10*11}\, \text{Pa}\)

Step-by-step:

1. Calculate the parameter:

\[

\sqrt{\Mfrac{\rho AKEI}} = \sqrt{\frac{7800 \times 0.01}{2 \times 10*{11} \times 8.33 \times 10*{-6}}}

\

2. The natural frequencies:

\[

\omega_n = \left(\frac{n \pi}{L}\right)*2 \times \frac{1}{\sqrt{\frac{\rho AKEI}}}

\

3. Convert \(\omega_n\) to frequencies \(f_n = \omega_n / (2\pi)\).

Result:

- \(n=1\) (First mode):

\[

k_1 L = \pi \Rightarrow \omega_1 = \frac{\pi"2}{L*2} \times \frac{1}\sqrt{\frac{\rho AKEI}}}
\



- \(f_1\) can be directly computed.

-\(n=2,3\) follow similarly with \(k_n L = 2\pi, 3\pi\).

Mode Shapes:

- The first mode shape resembles a single half sine wave, with maximum deflection at mid-span.

- The second mode has two half sine waves, with a node at the center.

- The third mode exhibits three half waves.

Numerical Methods and Software Tools

In practice, solving transcendental characteristic equations analytically is often impractical for complex

boundary conditions or geometries. Numerical techniques such as:

- Root-finding algorithms: Newton-Raphson, bisection methods

- Finite Element Analysis (FEA): Software like ANSYS, Abaqus, or COMSOL Multiphysics

are employed to accurately determine natural frequencies and mode shapes.

Finite Element Method (FEM)

FEM discretizes the structure into smaller elements, solving the eigenvalue problem:
\[
[K] {\phi\} = \omega”2 [M] \{\phi\}

\

where:



- \([K]\): stiffness matrix
- \(IM]\): mass matrix

- \(\{\phi\}\): mode shape vector

The eigenvalues \(\omega”2\) give the square of the natural frequencies, and eigenvectors provide the

mode shapes.

Significance and Applications

Accurate computation of the first three natural frequencies and mode shapes informs:

- Design optimization: Ensuring operating frequencies do not coincide with natural frequencies.
- Vibration control: Implementing damping or altering geometry.
- Structural health monitoring: Changes in frequencies/mode shapes indicate damage.

- Dynamic response prediction: For seismic, machinery vibrations, or aerodynamic forces.

Conclusion

Calculating the first three natural frequencies and their corresponding mode shapes

Frequently Asked Questions

What is the process to compute the first three natural frequencies of a

beam undergoing transverse vibrations?

The process involves modeling the beam using differential equations of transverse vibrations, applying

boundary conditions, deriving the characteristic equation, and solving for eigenvalues to find the



natural frequencies. Typically, methods like separation of variables and solving the resulting

transcendental equations are used.

How are the mode shapes associated with the natural frequencies of a
vibrating structure identified?

Mode shapes are obtained by solving the differential equation of motion with the corresponding natural
frequency eigenvalues. These solutions describe the deformation pattern of the structure at each

natural frequency and are normalized for comparison.

What boundary conditions are typically considered when calculating
natural frequencies and mode shapes of beams?

Common boundary conditions include clamped (fixed), simply supported, free, or a combination
thereof. These conditions influence the characteristic equations and thus affect the computed natural

frequencies and mode shapes.

Can finite element analysis be used to compute the first three natural
frequencies and mode shapes? If yes, how?

Yes, finite element analysis (FEA) can be used by discretizing the structure into elements, assembling
the global stiffness and mass matrices, and solving the eigenvalue problem to find the natural

frequencies and associated mode shapes.

What is the significance of the first three natural frequencies and
mode shapes in structural design?

They are critical for understanding the dynamic response of structures, avoiding resonance conditions,
and designing structures to withstand dynamic loads by ensuring operational frequencies do not

coincide with these natural frequencies.



How do material properties and geometry affect the natural
frequencies and mode shapes of a beam?

Material properties like density and Young’s modulus influence the stiffness and mass distribution,
thereby affecting natural frequencies. Geometry factors such as length, cross-sectional area, and

shape also significantly impact these vibrational characteristics.

What approximations are commonly made when calculating natural
frequencies and mode shapes for complex structures?

Approximations include assuming linear elastic behavior, small deflections, and using simplified
boundary conditions or idealized models. These simplify the mathematics but may introduce some

deviations from real behavior.

Why is it important to compute multiple mode shapes beyond the first
natural frequency in vibrational analysis?

Higher mode shapes can influence the dynamic response, especially under complex loads or in
structures susceptible to higher-frequency vibrations. Considering multiple modes ensures a

comprehensive understanding of the structure's vibrational behavior.

Additional Resources

Compute The First Three Natural Frequencies And The Corresponding Mode Shapes Of The

Transverse Vibrations

Understanding the vibrational characteristics of mechanical structures is a cornerstone in engineering
design and analysis. Among these characteristics, the natural frequencies and their corresponding
mode shapes play a vital role in predicting how structures respond to dynamic loads, avoiding

resonance phenomena, and ensuring safety and durability. In this article, we delve into the process of



computing the first three natural frequencies and their mode shapes associated with transverse

vibrations—a fundamental aspect in the study of beams, plates, and other slender structures.

Introduction to Transverse Vibrations and Their Significance

Transverse vibrations refer to oscillations perpendicular to the longitudinal axis of a structure, typically
observed in beams, rods, or plates subjected to dynamic forces or initial disturbances. These
vibrations are characterized by specific natural frequencies (also called eigenfrequencies) at which the

structure tends to oscillate freely when disturbed, without any ongoing external excitation.
Understanding these frequencies and the associated mode shapes is crucial for several reasons:

- Resonance Avoidance: Ensuring operational frequencies do not coincide with natural frequencies
prevents catastrophic failures.

- Structural Optimization: Design modifications can be made to shift natural frequencies away from
excitation sources.

- Vibration Control: Accurate mode shapes assist in implementing effective damping or isolation

systems.

Given their importance, engineers and researchers often employ mathematical models and

computational methods to determine these frequencies and shapes for various structures.

Mathematical Foundations of Natural Frequencies and Mode Shapes

The Governing Differential Equation

The analysis begins with formulating the differential equation governing transverse vibrations of a



beam. For simplicity, consider an Euler-Bernoulli beam, which assumes plane sections remain plane

and perpendicular to the neutral axis during bending. The differential equation is:

\[ \frac{\partial*2}{\partial x"2} \left( El \frac{\partial*2 w}{\partial x*2} \right) + \rho A \frac{\partial*2

wi{\partial t*2} = 0 \]

Where:

-\( w(x, t) \): transverse displacement
-\( E\): Young's modulus

-\( I'\): second moment of area

- \('\rho \): density

- \( A\): cross-sectional area

- \( x \): position along the beam

-\(t)): time

Assuming uniform properties and separable solutions, the equation simplifies for free vibrations to an

eigenvalue problem.

Eigenvalue Problem

Seeking solutions of the form:

\[ w(x, t) = \phi(x) \sin(\omega t) \]

where \( \phi(x) \) is the mode shape and \( \omega \) is the angular frequency, leads to the spatial

differential equation:

\[ El \frac{d"4 \phi{dx*4} = \rho A \omega2 \phi \]

This is a classical eigenvalue problem where:



- The eigenvalues \( \lambda_n = \omega_n"2 )

- The eigenfunctions \( \phi_n(x) \) are the mode shapes

Boundary conditions depend on the support conditions (simply supported, clamped, free, etc.), which

influence the solutions.

Computing the First Three Natural Frequencies

Step 1: Selecting Boundary Conditions

Different boundary conditions lead to different solution sets. For illustration, consider a simply

supported beam of length \( L \):

- At\( x=0\) and \( x=L \):

-\( \phi = 0\) (displacement zero)

-\( M = -El \frac{d*2 \phi{dx*2} = 0 \) (moment zero)

These conditions simplify the eigenvalue problem and allow for analytical solutions.

Step 2: Deriving the Characteristic Equation

The general solution for the mode shape:

\[ \phi(x) = A \sin(kx) + B \cos(kx) + C \sinh(kx) + D \cosh(kx) \]

Applying boundary conditions yields a system of equations leading to the characteristic equations:

- For simply supported beams, the solutions reduce to:



\[ \phi_n(x) = \sin\left(\frac{n \pi x}{L}\right) \]

where \( n=1,2,3,... \).

Step 3: Calculating Frequencies

The natural frequencies are derived from the eigenvalues:

\[ \omega_n = \frac{n"2 \pi*2}{L"2} \sqrt{\frac{EI}{\rho A}} \]

Correspondingly, the frequencies:

\[ f_n = \frac{lomega_n}{2 \pi} = \frac{n"242L"2} \sqrt{\frac{EI}{\rho A} \]

For the first three modes:

- First Mode (n=1):

\[ 1 = \frac{172}{2L 2} \sqrt{\frac{E}{\rho A} \]

- Second Mode (n=2):

\[ f_2 = \frac{4}{2L"2} \sqrt{\frac{EI}{\rho A}} \]

- Third Mode (n=3):

\[ f_3 = \frac{9}{2L"2} \sqgrt{\frac{EI}{\rho A}} \]

Numerical Example:

Suppose a steel beam with:



- Length \( L = 2\, \text{m} \)

-\( E = 2 \times 10M11}\, \text{Pa} \)

-\( I = 8.1 \times 10{-6}\, \text{m}*4 \)

- \( \rho = 7850\, \text{kg/m}"3 \)

- Cross-sectional area \( A = 1 \times 107{-4}\, \text{m}'2 \)

Calculate:

\[ \sqgrt{\frac{EI}{\rho A}} = \sqgrt{\frac{2 \times 10*{11} \times 8.1 \times 10™{-6}}{7850 \times 1 \times

10M-4}}} \approx 45.7\, \text{m/s} \]

Then,

- \( f_1 \approx \frac{1}2 \times 4} \times 45.7 \approx 5.7\, \text{Hz} \)

- \( f_2 \approx \frac{4}{2 \times 4} \times 45.7 \approx 22.8\, \text{Hz} \)

- \( f_3 \approx \frac{9}{2 \times 4} \times 45.7 \approx 51.5\, \text{Hz} \)

These are the first three natural frequencies for the specified beam.

Determining Corresponding Mode Shapes

Analytical Mode Shapes

For a simply supported beam, the mode shapes are sinusoidal:

\[ \phi_n(x) = \sin\left(\frac{n \pi x}{L}\right) \]

- First Mode:



\[ \phi_1(x) = \sin\left(\frac{\pi x}{L}\right) \]

- Second Mode:

\[ \phi_2(x) = \sin\left(\frac{2 \pi x}{L}\right) \]

- Third Mode:

\[ \phi_3(x) = \sin\left(\frac{3 \pi x}{L}\right) \]

These shapes represent the deflection profiles of the beam at each mode when vibrating at the

corresponding natural frequency.

Visualization and Physical Interpretation

- First Mode: The entire beam vibrates in a single arc, with maximum displacement at the center and
nodes at supports.

- Second Mode: The beam exhibits one additional node at the center, with two regions of maximum
displacement on either side.

- Third Mode: Two nodes divide the beam into three segments, each oscillating out of phase with

neighboring segments.

Numerical Methods for Complex Structures

For more complex boundary conditions, geometries, or non-uniform properties, analytical solutions

become intractable. Engineers rely on computational techniques such as:

- Finite Element Method (FEM): Discretizes the structure into elements, approximating mode shapes
and frequencies numerically.
- Modal Analysis Software: Tools like ANSYS, ABAQUS, or COMSOL facilitate detailed modal

analysis, providing precise mode shapes and frequencies.



Practical Applications and Considerations

Resonance Avoidance in Design

Engineers meticulously compute the first few natural frequencies during design phases to ensure

operational loads do not match these frequencies. For instance:

- Bridges are designed so that wind or traffic-induced vibrations do not resonate with their natural

frequencies.

- Aerospace structures undergo modal testing to prevent flutter or aeroelastic instabilities.

Damping and Control Strategies

While natural frequencies are intrinsic to the structure, damping mechanisms can be introduced to

mitigate the amplitude of vibrations near these frequencies, enhancing safety.

Limitations and Assumptions

- The classical Euler-Bernoulli beam theory assumes small deflections and linear elastic behavior.

- Real-world structures may have damping, non-uniform properties, or complex boundary conditions

that require advanced modeling techniques.

Conclusion

Calculating the first three natural frequencies and their mode shapes is a fundamental step in
understanding and controlling the vibrational behavior of structures subject to transverse vibrations.

From analytical solutions in idealized boundary conditions to sophisticated numerical simulations for



complex geometries, this process enables engineers to design safer, more reliable, and efficient

structures.
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