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In the realm of geometry, triangles serve as fundamental building blocks that reveal intricate
properties and fascinating relationships. A triangle with side lengths such as AB = 4, BC = 5, and CA
= 3 provides a perfect example for exploring concepts like bisectors, ratios, and coordinate
calculations. The point D, being the intersection of the bisectors—particularly the angle bisector
from one vertex—offers insights into how triangles are divided and how various properties like the
incenter and side ratios come into play. This comprehensive guide delves into the specifics of this
triangle, examining its properties, calculating key points, and understanding the significance of the
bisectors.

Understanding Triangle ABC and Its Key Properties

Before diving into the specifics of the bisectors and point D, it's essential to understand the basic
properties of triangle ABC based on the given side lengths.

Side Lengths and Triangle Validity

- Given sides:

-AB=4
-BC=5
-CA=3

- Triangle inequality theorem:

The sum of any two sides must be greater than the third.
-44+5=9>3-Valid

-4 +3=7>5-Valid

-5+3=8>4-Valid

Thus, triangle ABC is valid with sides 3, 4, and 5, which forms a scalene triangle.

Type of Triangle

- Since all sides are different, ABC is a scalene triangle.



- Notably, the sides 3, 4, and 5 form a Pythagorean triple, indicating that triangle ABC could be
right-angled.

Determining the Nature of Triangle ABC

Let's verify if ABC is right-angled:

- The longest side is BC = 5.

- Check the Pythagorean theorem:

\(AB"2 + AC"2=4"2+3"2=16+9=25))
\(BC"2 =572 =25))

Since \( AB™2 + AC"™2 = BC"2)), triangle ABC is a right triangle with the right angle at A (opposite
side BC).

Coordinate Geometry Approach for Triangle ABC

To analyze bisectors and the point D precisely, placing the triangle in a coordinate plane simplifies
calculations.

Setting Coordinates

- Place point B at the origin: \( B = (0, 0) \)
- Place point C along the x-axis: \( C = (5, 0) \)
- Find coordinates of A:

Because AB = 4 and AC = 3, and B = (0,0), C = (5,0):

- Coordinates of A satisfy:

\( |AB| = 4 \Rightarrow \)
((xA-0"2+(yA-0"2=16))
(x A”2+y A2 =16))..(1)

- Also, \( |AC| = 3 \Rightarrow \)
\((xA-5)"2+yA™2=9))..(2)

Subtract (2) from (1):

\[

X A2+ yA™2-[xA-5)"2+y A™2]=16-9
\]

\[

X A™2-(x A”2-10x A+25)=7



\]

\[

X A”2-Xx A”2 + 10x A-25=7
\]

\[

10x A = 32

\]

\[

x A=32

\]

Now, substitute into equation (1):

\[

(3.2)"2+y A™2=16
\]

\[

10.24 +y A™2 =16
\]

\[

y A~2 =5.76

\]

\[

y A=\pm2.4

\]

Choose the positive value for simplicity:

\[
A=(3224)
\]

Finding the Point D—The Intersection of the Bisectors

In triangle ABC, D is typically the point where the bisectors intersect, often the incenter (the point
where the internal angle bisectors meet). Assuming D is the incenter, we proceed to find it.

What Is the Incenter?

- The incenter of a triangle is the point where all three internal angle bisectors meet.
- It is equally distant from all sides.
- The coordinates can be calculated using the side lengths and the vertices.



Calculating the Incenter Coordinates

The incenter \( I\) has coordinates given by:

\[
[ x=\frac{ax A+bxB+cxC}{a+b+c}
\]
\[
[y=\fraclfayA+byB+cyC}{a+b+c}
\]

Where:
-\(a = BC =5)) (opposite side A)

-\(b = AC = 3) (opposite side B)
-\(c = AB = 4)) (opposite side C)

Vertices:
-\(A=(3.2,2.4)\)
-\(B=(0,0)\)
-\(C=(5,0V)
Calculate:

\[

I x = \frac{5 \times 3.2 + 3 \times 0 + 4 \times 5}{5 + 3 + 4} = \frac{16 + 0 + 20} {12} =
\frac{36}{12} =3

\]

\[

[ y =\frac{5 \times 2.4 + 3 \times 0 + 4 \times 0} {12} = \frac{12 + 0 + 0}{12} =1

\]

Thus, the incenter D is at (3, 1).

Properties of the Incenter D in Triangle ABC

Understanding the properties of point D (the incenter) provides insights into the triangle's internal
structure.

Key Properties of the Incenter

- Equidistant from all sides:



The perpendicular distance from D to each side is equal.

- Location relative to triangle vertices:
It lies inside the triangle, closer to the side centers.

- Uses in triangle inscribed circle (incircle):
The incenter is the center point of the incircle, which touches all three sides.

Calculating the Radius of Incircle (Inradius)

The inradius \( r\) can be calculated from the area and semi-perimeter:

\[

r = \frac{A}{s}
\]

Where:

-\( A\\) = area of triangle ABC
-\('s\) = semi-perimeter = \( \frac{a + b + c}{2} )

Calculate semi-perimeter:

\[

s =\frac{5 + 3 + 4}{2} = \frac{12}{2} =6

\]

Calculate area \( A \):

Since ABC is a right triangle with legs AB = 4 and AC = 3 (and hypotenuse BC = 5):

\[
A =\frac{1}{2} \times AB \times AC = \frac{1}{2} \times 4 \times 3 = 6
\]

Calculate inradius:

\[
r = \frac{6}{6} =1
\]

The inradius is 1, confirming the distance from D to each side is 1.

Applications and Significance of Triangle Bisectors

Understanding the bisectors and the incenter in triangles like ABC has practical applications across



various fields.

1. Geometric Constructions

- Bisectors help in constructing inscribed circles, which are essential in design and engineering.
- They assist in dividing triangles into smaller, similar triangles.

2. Optimization Problems

- Incenter points are used to optimize positioning within triangular areas, such as in facility
placement.
- Ensuring equal distance to sides helps in fair resource distribution.

3. Computational Geometry

- Algorithms often rely on bisectors for mesh generation and collision detection.
- Coordinates of incenter and other centers are vital in computer graphics.

4. Educational Significance

- Studying bisectors enhances comprehension of triangle properties.
- It provides geometric proofs and problem-solving exercises.

Summary: Key Takeaways About Triangle ABC and
Point D

- Triangle ABC with sides 3, 4, and 5 is right-angled at A.
- Coordinates of vertices:
-\(A = (

Frequently Asked Questions

What are the side lengths of triangle ABC?
The side lengths are AB = 4, BC = 5, and CA = 3.



What is the point D in triangle ABC?

D is the point of intersection of the angle bisectors of triangle ABC, known as the incenter.

How do you find the coordinates of point D (the incenter) in
triangle ABC?

The incenter D can be found using the formula: D = ((ax A+ bx B+ cx C)/(a+ b +c¢), (ay A +
by B+ cy C)/(a+ b + c)), where a, b, ¢ are side lengths opposite to vertices A, B, C.

Given the side lengths, how can we verify the triangle's
validity?

By applying the triangle inequality: each side must be less than the sum of the other two. Here, 4 +
3>5,44+5>3, and 3 + 5 > 4, so the triangle is valid.

What is the significance of the incenter D in triangle ABC?

The incenter D is the center of the inscribed circle (incircle) that touches all three sides of the
triangle.

How can we calculate the length of the inradius of triangle
ABC?

Using the formula: r = Area / semi-perimeter. First, find the area using Heron's formula, then divide
by the semi-perimeter.

What is Heron's formula for the area of triangle ABC?

Heron's formula states that Area = V[s(s - a)(s - b)(s - ¢)], where s is the semi-perimeter (half the
perimeter). For sides 3, 4, and 5, s = (3 + 4 + 5)/2 = 6.

Calculate the area of triangle ABC given sides 3, 4, and 5.
Using Heron's formula: s=6, Area=v[6(6-3)(6-4)(6-5)] = V[6321]= v36=6 square units.

How can the inradius be determined for this triangle?

Inradius r = Area / semi-perimeter = 6 / 6 = 1 unit.

What is the approximate position of point D (the incenter) in
coordinate form for triangle ABC?

If the vertices are known, D can be computed using the weighted average of the vertices with
weights proportional to side lengths. Without coordinates, only the concept can be explained; with
coordinates, use the incenter formula.
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Introduction

In the realm of geometry, triangles serve as fundamental building blocks for understanding spatial
relationships, angles, and distances. They are not only crucial in pure mathematics but also in
practical applications ranging from engineering design to computer graphics. Today, we delve into a
specific problem involving a triangle with given side lengths and the intriguing properties of its
bisectors. We will analyze triangle ABC, where AB = 4, BC = 5, and CA = 3, and focus on the point
D, which is the intersection point of the angle bisectors within the triangle. This exploration will
serve to uncover insights about the triangle’s internal structure, the role of bisectors, and how these
concepts interconnect to reveal the triangle’s properties.

Understanding Triangle ABC: Basic Properties and Setup

Before diving into the specifics of the bisectors, it's essential to understand the fundamental
characteristics of triangle ABC, given its side lengths.

Side Lengths and Triangle Validity

- Sides:

- AB = 4 units
- BC = 5 units
- CA = 3 units

These lengths satisfy the Triangle Inequality Theorem, which states that the sum of any two sides
must be greater than the third:

-44+45=9>3
-4+3=7>5
-5+3=8>14

Thus, triangle ABC is valid and can be constructed geometrically.
Triangle Classification

Based on side lengths, triangle ABC is scalene because all three sides are of different lengths. It is
also a non-right triangle, which can be confirmed via the Pythagorean theorem:

- Check if Pythagoras holds for any combination:
-32+42=94+16=25
-52 =25

Indeed, 32 + 42 = 52, suggesting that triangle ABC is a right triangle with the hypotenuse BC = 5.



So, triangle ABC is a right-angled triangle with the right angle at A, since sides AB and AC are the
legs.

Coordinates Placement for Clarity
To analyze the internal bisectors analytically, coordinate geometry provides an effective approach:

- Place point A at the origin: A(0,0).
- Place point C along the x-axis: C(3,0), since AC = 3.
- Find point B such that AB = 4 and BC = 5.

Let B = (%, y). Using the distance formulas:

- From A(0,0):
\(\sqrt{(x-0)"2 + (y-0)"2} =4))
\(x~2 +y~2=16)\) (Equation 1)

- From C(3,0):
\(\sqrt{(x-3)"2 +y~2} =5))
\((x-3)"2 +y~2 =25)) (Equation 2)

Subtract Equation 1 from Equation 2:

\[
(x-3)"2+y"2-(x"2+y"2)=25-16
\]
\[
(x™2-6x+9)+y"2-x"2-y"2=9
\]
\[
6x+9=9
\]
\[
-6x=0
\]
\[
=0
\]

Substitute x = 0 into Equation 1:

\[
0"2+y"2=16
\]

\[

y~2 =16

\]

\[

y =\pm 4

\]



Choosing y = 4 (placing B above the x-axis), B is at (0,4).

Coordinates Summary:

-A=(0,0)
-B=(0,4
-C=(@3,0

This setup simplifies subsequent calculations of bisectors and internal points.

The Nature and Significance of Angle Bisectors

Understanding the intersection point D requires grasping what an angle bisector is and why it’s
important.

What is an Angle Bisector?

An angle bisector in a triangle is a line segment that divides one of the triangle’s angles into two
equal parts. In triangle ABC:

- The bisector of angle A is a line from A to a point D on side BC such that angle BAD = angle DAC.
- Similarly, bisectors can be drawn from B and C, intersecting at a common point D, known as the
incenter.

Properties of the Incenter

The point D, where all three angle bisectors meet, has special properties:

- Equidistance from sides: D is equidistant from all sides of the triangle.

- Center of inscribed circle: D is the center point of the circle inscribed within the triangle, tangent

to all three sides.

This point plays a crucial role in many geometric constructions and proofs, serving as a locus point
with symmetric properties.

Constructing and Analyzing the Angle Bisectors

Since the incenter D is the intersection of the bisectors, calculating the bisectors explicitly provides
deeper insight.

Step 1: Find Side Lengths and Coordinates

From earlier:

-A=(0,0)
-B=(0,4
-C=(3,0



Side lengths:

-AB=4
- BC = sqrt((3-0)"2 + (0-4)"2) = sqrt(9 + 16) = sqrt(25) =5
-CA=3

Step 2: Find the Coordinates of D on BC

To locate D, the point on BC where the angle bisector at A meets BC, use the Angle Bisector
Theorem, which states:

> The bisector divides the opposite side into segments proportional to the adjacent sides.
Specifically, for bisector at A:

\[
\frac{BD}{DC} = \frac{AB}{AC} = \frac{4}{3}
\]

Given that BC = 5, and D divides BC:

\[

BD+DC=BC=5

\]

\[

BD = \frac{4}{4 + 3} \times 5 = \frac{4}{7} \times 5 = \frac{20}{7}
\]

\[

DC = \frac{3}{7} \times 5 = \frac{15}{7}

\]

Now, find coordinates of D on BC:

- Coordinates of B = (0,4)
- Coordinates of C = (3,0)

Using section formula:

\[
D =\left(\fracimx 2 +nx 1}{m + n}, \frac{my 2 + ny 1}{m + n} \right)

\]

Where:
\(m = BD = \frac{20}{7} ),
-\(n=D —\frac{15}{7}\
\(x1,y1\)=B=(04),
\(x 2,y 2\)=C=(30).

Calculate:



\[

D x = \frac{\frac{20}{7} \times 3 + \frac{15}{7} \times 0} {\frac{20}{7} + \frac{15}{7}} =
\frac{\frac{60}{7} + 0}{\frac{35}{7}} = \frac{\frac{60}{7} }{\frac{35}{7}} = \frac{60}{7}
\times \frac{7}{35} = \frac{60}{35} = \frac{12}{7}

\]

\[
D y = \frac{\frac{20} {7} \times 0 + \frac{15} {7} \times 4} {\frac{20}{7} + \frac{15}{7}} =
\frac{0 + \frac{60}{7}}{\frac{35}{7}} = \frac{\frac{60}{7}}{\frac{35}{7}} = \frac{60}{35} =

\frac{12}{7}
\]

Thus, point D has coordinates:

\[

D = \left( \frac{12}{7}, \frac{12}{7} \right)

\]

This point lies inside the triangle, as expected.

Step 3: Verify the Incenter Properties

Since D is the incenter, it should be equidistant from all sides.
- Distance from D to side AB

- Distance from D to side AC

- Distance from D to side BC

Calculating these distances confirms D's position as the incenter.

Calculating the Incenter and Its Significance

The point D calculated aligns with the incenter, which can also be found via a weighted average of
the vertices based on side lengths:

\[
I=\frac{aA+bB+cC}{a+b+c}
\]

Where:

-\(a=BC=5))
-\(b=AC =3))
-\(c=AB =4\

Calculating:

\[
I x = \frac
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