Consider The Several Variable Function F
Defined By F(x, Y, Z) =X + Y + Z + 2xyz. (a)
[8 Marks] Calculate

Understanding the Several Variable Function F(x, y, z)
=X+Yy+2z+ 2xyz

Consider The Several Variable Function F Defined By F(x,y, z) = x + y + z + 2xyz. (a) [8
Marks] Calculate

When dealing with multivariable functions in calculus, understanding how to analyze and compute
derivatives or other properties is fundamental. The function in question, F(x,y,z) =x+y +z +
2xyz, is a composite of linear and cubic terms involving three variables. This article aims to provide
a comprehensive guide on how to approach calculations involving such functions, including partial
derivatives, critical points, and potential applications.

Breaking Down the Function F(x,y,z) =x+y+z +
2XyZ

Structure of the Function

The function comprises:

e Linear terms: X, y, z

e Multiplicative term: 2xyz

This structure suggests that the function's behavior can be analyzed by examining the contribution
of each component separately and then understanding how their interaction influences the overall
function.

Possible Calculations Involving F

Typical calculations with such a function include:

1. Calculating the partial derivatives with respect to each variable



2. Finding critical points for optimization problems
3. Evaluating the function at specific points

4. Determining the gradient vector

Calculating Partial Derivatives of F(x, y, z)

Partial Derivative with Respect to x
To find the partial derivative of F with respect to x, treat y and z as constants:
oF/ax = d/dx [x + y + z + 2xyz]

=1+0+ 0 + 2yz
1+ 2yz

Thus, oF/ox = 1 + 2yz.

Partial Derivative with Respect to y

Similarly, treating x and z as constants:

oF/0y = d/dy [x + y + z + 2xyz]
=0+ 1+ 0 + 2xz
=1 + 2xz

Thus, dF/gy = 1 + 2xz.

Partial Derivative with Respect to z

Treating x and y as constants:

oF/0z = d/dz [x + y + z + 2xyz]
=0+ 0+ 1+ 2xy
=1 + 2xy

Thus, dF/oz = 1 + 2xy.

Finding Critical Points of the Function



Setting Partial Derivatives Equal to Zero

Critical points occur where all partial derivatives are zero simultaneously. Therefore, solve the
system:

1 +2yz=0
1+ 2xz =20
1+ 2xy =0

Solving the System of Equations

1. From the first equation: 2yz = -1 - yz = -1/2
2. From the second equation: 2xz = -1 - xz = -1/2

3. From the third equation: 2xy = -1 - xy = -1/2

Analyzing the Solutions

Notice that:

-xy =-1/2
-yz =-1/2
-xz = -1/2

Multiplying all three equations: (xy)(yz)(xz) = (-1/2)~3 = -1/8

But (xy)(yz)(xz) = x"2y"2 272

Hence, (xy z)"2 =-1/8

Since the square of a real number cannot be negative, there are no real solutions where all three

partial derivatives are zero simultaneously. This indicates that the function has no critical points in
the real domain, but understanding this helps in analyzing its behavior further.

Evaluating the Function at Specific Points

Example Calculations

Suppose we evaluate F at some specific points to understand its behavior:

e At (0, 0, 0):



I
(o)

F(6, 0, 0) =0 + 0 + 0 + 2000

e At (1,1, 1):

3+2=75

F(1, 1, 1) =1+ 1+ 1 + 2111

e At (-1, -1, -1):

Gradient Vector of F(x, y, z)

Definition of Gradient

The gradient vector, VF, points in the direction of the greatest rate of increase of the function and is
composed of the partial derivatives:

VF = (oF/ox, oF/dy, oF/0z)

Gradient of F

From previous calculations:

VF = (1 + 2yz, 1 + 2xz, 1 + 2xy)

Applications of Gradient

e Determining the direction of steepest ascent
e Finding tangent planes and normal vectors to level surfaces

e Optimizing functions constrained to surfaces



Further Applications and Insights

Optimizing the Function F

Despite the absence of real critical points, the function's extremal behavior can be analyzed by
examining boundary conditions or specific slices of the domain.

Analyzing the Behavior at Infinity

As variables tend to infinity, the term 2xyz dominates, causing the function to tend toward infinity or
negative infinity depending on the signs of x, y, and z.

Use in Multivariable Calculus and Optimization

Functions like F(x, y, z) are typical in multivariable calculus, where understanding their derivatives,
critical points, and level surfaces is essential for optimization tasks in engineering, physics, and
economics.

Summary of Key Calculations

e Partial derivatives:
o gF/ox = 1 + 2yz
o gFfay = 1 + 2xz

o gF/az = 1 + 2xy

e Critical points do not exist in the real domain based on the system of equations.
e Function evaluation at specific points provides insights into its behavior.

e The gradient vector indicates the direction of maximum increase and is given by (1 + 2yz, 1 +
2xz, 1 + 2xy).

Conclusion

Understanding multivariable functions like F(x, y, z) = x + y + z + 2xyz is crucial for advanced
calculus applications. Calculating derivatives, analyzing critical points, and evaluating the function



at specific points aid in comprehending its properties and potential uses in various scientific
domains. Although the function lacks critical points in the real domain, its behavior at different
points and directions remains rich for exploration, especially in optimization and modeling contexts.

Frequently Asked Questions

What is the function F(x, y, z) defined as in the given problem?

The function F(x, y, z) is defined as F(x,y, z) = x + y + z + 2xyz.

What is the first step to calculate the partial derivative of F
with respect to x?

The first step is to treat y and z as constants and differentiate F(x, y, z) with respect to x.

How do you compute the partial derivative of F(x, y, z) with
respect to y?

Differentiate F with respect to y, treating x and z as constants, resulting in 1 + 2xz.

What is the partial derivative of F with respect to z?

The partial derivative of F with respect to z is 1 + 2xy.

How can you evaluate the function F at a specific point, say (x,
y, z) = (1, 2, 3)?

Substitute the point into the function: F(1,2,3)=1+2+3+2123 =6+ 12 =18.

What is the significance of calculating the partial derivatives
of F in multivariable calculus?

Partial derivatives measure how the function changes with respect to each variable independently,
which is essential for understanding the function's behavior and for applications like optimization.

What is the total differential of the function F(x, y, z)?

The total differential dF is given by dF = (9F/ox) dx + (0F/dy) dy + (0F/dz) dz, which simplifies to (1 +
2yz) dx + (1 + 2xz) dy + (1 + 2xy) dz.

Additional Resources



Understanding the Variable Function F(x,y,z) =x +vy
+ z + 2xyz: A Comprehensive Exploration

In the realm of multivariable calculus and mathematical analysis, functions that involve multiple
variables often reveal intricate relationships and complex behaviors. Among these, the function F(x,
y, Z) = X + ¥ + z + 2xyz stands out due to its combination of linear and nonlinear components. This
function presents an intriguing landscape for analysis, especially when considering how its values
change with respect to the variables involved. The purpose of this article is to delve into the depths
of this function, exploring its properties, derivatives, and potential applications, all while
maintaining an accessible yet detailed tone suitable for learners and professionals alike.

Introduction to the Function F(x,y,z) =x+y+z +
2XyZ

The function \( F(x, y, z) = x + y + z + 2xyz ) is a three-variable function combining simple additive
terms with a multiplicative interaction term. Its structure invites questions about how the individual
variables influence the overall value of \( F \), how the function behaves under different constraints,
and how to compute various derivatives—an essential step in understanding the function's nature.

Key characteristics of the function:

- Linearity in individual variables: The terms \( x, y, z\) are linear, contributing directly to the overall
sum.

- Nonlinear interaction: The term \( 2xyz \) introduces a multiplicative interaction, making the
function nonlinear and more complex to analyze.

- Symmetry: The function is symmetric in \( %, y, z\), meaning swapping any two variables leaves the
function form unchanged, which simplifies certain analyses.

Part A: Calculating Partial Derivatives of F

A key step in understanding the behavior of multivariable functions involves calculating their
derivatives—specifically, the partial derivatives. These derivatives describe how the function
changes as one variable varies while holding the others constant.

1. Partial Derivative with Respect to x (\( \frac{\partial
F}{\partial x} \))

Given:



\[
Fx,y,z) =x+y+2z+ 2xyz
\]

Calculating \( \frac{\partial F}{\partial x} \):

- Derivative of \( x \) with respect to \( x\) is 1.

- Derivative of \( y \) with respect to \( x\) is 0 (constant).
- Derivative of \( z \) with respect to \( x\) is 0.

- Derivative of \( 2xyz \) with respect to \( x \):

\[

\frac{\partial} {\partial x} (2xyz) =2y z

\]

Thus,

\[

\boxed{

\frac{\partial F}{\partialx} =1+0+0+2yz=1+2yz
}

\]

Interpretation: The rate of change of \( F \) with respect to \( x \) depends linearly on the product of
\(y\) and \( z\). When \(y\) and \( z\) are zero, the derivative reduces to 1, indicating a purely
linear dependence in that case.

2. Partial Derivative with Respect to y (\( \frac{\partial
F}{\partial y} \))

Similarly:

\[
\frac{\partial F}{\partial y} = \frac{\partial}{\partial y} (x + y + z + 2xyz)
\]

- Derivative of \( y \) with respect to \(y\) is 1.
- Derivative of \( x \) with respect to \(y ) is 0.
- Derivative of \( z \) with respect to \(y ) is 0.
- Derivative of \( 2xyz \):

\[
\frac{\partial} {\partial y} (2xyz) =2xz
\]

Therefore,



\[

\boxed{

\frac{\partial F}{\partialy} =1+ 2xz
}

\]

Interpretation: The change in \( F \) with respect to \( y \) depends on \( x\) and \( z \), emphasizing
the interactive nature of the function.

3. Partial Derivative with Respect to z (\( \frac{\partial
F}{\partial z} \))

Similarly:

\[
\frac{\partial F}{\partial z} = \frac{\partial}{\partial z} (x + y + z + 2xyz)
\]

- Derivative of \( z \) with respect to \( z\) is 1.
- Derivatives of \( x \) and \( y \) with respect to \( z ) are 0.
- Derivative of \( 2xyz \) with respect to \( z \):

\[
\frac{\partial} {\partial z} (2xyz) =2 xy
\]

Thus,

\[

\boxed{

\frac{\partial F}{\partial z} =1 + 2xy
}

\]

Summary of partial derivatives:

| Variable | Partial Derivative | Expression |

I | | |

| \(x\) | \(\frac{\partial F}{\partial x} \) [\(1 +2yz)) |
[\(y\) | \(\frac{\partial F}{\partial y} \) |\(1 + 2xz\) |
[\(z\) | \(\frac{\partial F}{\partial z} \) [\(1 + 2xy\) |




Part B: Computing the Gradient and Its Significance

The gradient vector of a multivariable function encapsulates the direction and rate of the steepest
ascent. For the function \( F(x, y, z) \), the gradient is:

\[

\nabla F = \left( \frac{\partial F}{\partial x}, \frac{\partial F} {\partial y}, \frac{\partial F}{\partial
z} \right) =\left(1 +2yz\, 1 +2x2z)\ 1+ 2xy\right)

\]

Significance:

- Direction of steepest ascent: The gradient points in the direction where the function increases most
rapidly.

- Critical points: Points where the gradient vector is zero correspond to potential maxima, minima, or
saddle points.

Analyzing the critical points:

Set the partial derivatives to zero:

\[
\begin{cases}
1+2yz=0\
14+2xz=0\\
1+2xy=0
\end{cases}

\]

These equations can be solved simultaneously to find the stationary points, which are valuable in
optimization problems and understanding the function's behavior.

Part C: Evaluating F at Specific Points

To gain intuition, evaluate \( F \) at some specific points:
- At the origin: \( (0, 0, 0) \)

\[

F(0,0,0) =0+ 0+ 0 + 2 \times 0 \times 0 \times 0 =0
\]

- At point \( (1, 1, 1) \):

\[
F(1,1,1)=1+1+4+ 1+ 2 \times 1 \times 1 \times1=3+2=5



\]

- At point \( (-1, -1, -1) \):

\[

F(-1, -1, -1) =-1 -1 -1 + 2 \times (-1) \times (-1) \times (-1) = -3 + 2 \times (-1) =-3-2=-5
\]

These evaluations demonstrate how the function's value varies over different regions of the space,
reflecting its nonlinear nature.

Part D: Exploring the Behavior and Applications of F

Understanding the behavior of \( F\) involves examining how it responds to various inputs,
especially in contexts such as optimization, physics, and engineering.

1. Symmetry and Its Implications

Since \( F ) is symmetric in \( %, y, z), it suggests that the function treats all variables equally,
which is advantageous in modeling scenarios where variables play interchangeable roles. For
example, in thermodynamics or population dynamics, such symmetry can simplify analysis.

2. Optimization Problems

Finding the maximum or minimum of \( F \) involves solving the critical point equations derived
earlier. Depending on constraints (e.g., bounded variables), the function can have local extrema or
saddle points. For instance:

- Unconstrained optimization: Critical points occur where the gradient is zero.
- Constrained optimization: Methods like Lagrange multipliers may be employed.

3. Physical and Engineering Applications

Functions of this form can model systems where linear contributions are combined with
interactions—such as in chemical reactions, neural network activation functions, or economic
models where combined factors influence outcomes
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