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Understanding the structure of polynomial vector spaces and their subspaces is fundamental in linear
algebra. When analyzing particular sets of polynomials, such as W = (3x, x4, X"3 - x), a common question
arises: which polynomials within or outside this set are linear combinations of these vectors? This article
explores the concepts necessary to determine whether a polynomial is a linear combination of the elements
of W, focusing on the vector space P4, the set W, and the criteria for linearity. We will also discuss general
strategies for identifying linear polynomials within given polynomial sets, supported by detailed examples

and explanations.

Understanding the Polynomial Vector Space P4

Definition and Significance of P4

The vector space P4 consists of all polynomials with real coefficients of degree less than or equal to 4.

Formally:
e Any polynomial p(x) in P4 can be expressed as p(x) =a_0 +a_1 x +a_2 x"2 +a_3 x"3 + a_4 x4,

e wherea 0,a_1,a 2,a 3,a_4€R.

This space is five-dimensional, with the basis typically chosen as {1, x, x"2, x"3, x"4}.

Properties of P4

- Closure under addition and scalar multiplication.
- Contains the zero polynomial.
- Finite-dimensional, which simplifies many linear algebra operations.

- Useful in approximation theory, polynomial interpolation, and algebraic computations.



Understanding the Set W = (3x, x4, X*3 - x)

Components of W

The set W consists of three specific polynomials:
1. 3x — a linear polynomial.
2. x"4 — a degree-4 polynomial, representing the highest degree in the set.

3. X"3 - x — a cubic polynomial with combined degree terms.

Role of W in P4

- W can be viewed as a subset of P4.
- The set W may or may not be a subspace; further analysis is needed.

- We often examine whether other polynomials can be expressed as linear combinations of elements in W.

Linear Combinations and Linearity in Polynomial Spaces

Definition of a Linear Combination

A polynomial p(x) is a linear combination of polynomials w_1, w_2, .., w_n if:

\

p(x) =c_1 w_1(x) + c.2 w_2(x) + \cdots + c_n w_n(x),

\

where c_1, c_2, ..., c_n are real numbers.

Linearity in Polynomial Context

- A polynomial p(x) is linear in the set W if it can be written as a linear combination of the elements of W.

- The set of all such polynomials forms the span of W.



Determining if a Polynomial Is a Linear Combination

- Express the target polynomial as a linear combination of W's elements.
- Solve the resulting system of equations for the coefficients.

- If solutions exist, the polynomial is a linear combination of W.

Which Polynomials Are Linear Combinations of W?

Methodology for Determining Linearity

To determine if a polynomial p(x) is a linear combination of the set W = (3x, x4, X"3 - x), follow these

steps:

1. Express p(x) as:

\
p(x) = \alpha \cdot 3x + \beta \cdot x4 + \gamma \cdot (x"3 - x),

\

where a, B, y € R.

2. Expand the right side:

\

p(x) = 3\alpha x + \beta x"4 + \gamma x"3 - \gamma x.

\]

3. Group like terms:

[

p(x) = \beta x4 + \gamma x"3 + (3\alpha - \gamma) x.

\]

4. Compare coefficients with the target polynomial p(x):

\

p(x)=a0+alx+a2x2+a3x"3+a4x"4

\

5. Set up equations based on coefficients:
\
a_4 = \beta,
\]
\

a_3 = \gamma,



6. Solve for a, B, v:
\
\beta = a_4,
\
\
\gamma = a_3,
\
\
\alpha = \frac{a_1 + a_3}{3}.

\]

Conditions for a Polynomial to Be in the Span of W

From the above, the key points are:
- The polynomial must have zero constant term (a_0 = 0).
- The polynomial must have zero quadratic term (a_2 = 0).

- The coefficients a_1 and a_3 are related via:

\

a_1=3\alpha - a_3.

\

- The coefficients of the polynomial must satisfy these constraints to be a linear combination of W.

Examples of Polynomials and Their Linearity Status

Example 1: Polynomial p(x) = 2x

- Coefficients:a_0=0,a_1=2,a.2=0,a_.3=0,a_4=0.



- Check conditions:

-a0=0v
-a2=0v
- Compute o

\

\alpha = \frac{a_1 + a_3}{3} = \frac{2 + 0}{3} = \frac{2}{3}.
\

- Compute B

\

\beta =a_4 = 0.

\]

- Compute 7:

\

\gamma =a_3 = 0.

\]

- So, p(x) = 2x is a linear combination:

\

p(x) = 3 \times \frac{2}{3} \times x + 0 \times x4 + 0 \times (x"3 - x),
\

which simplifies to p(x) = 2x.

- Conclusion: p(x) = 2x is in the span of W.

Example 2: Polynomial p(x) = x"2 + 3x

- Coefficients: a_0=0,a_1=3,a_2=1,a.3=0,a_4=0.

- Check conditions:

-a0=0v

-a2=1#0%

- Since a_2 # 0, p(x) cannot be expressed as a linear combination of W's elements.

- Conclusion: p(x) = x"2 + 3x is NOT in the span of W.

Example 3: Polynomial p(x) = x*3 + 2x

- Coefficients: a_0=0,a_1=2,a_2=0,a_3=1,a_4=0.
- Check conditions:

-a0=0v

-a2=0v

- Compute o

\

\alpha = \frac{a_1 + a_3}{3} = \frac{2 + 1}{3} = 1.

\

- B



\[

\beta =a_4 = 0.
\]

-y

\[

\gamma =a_3 = 1.

\

- The polynomial can be written as:

\

p(x) = 3 \times 1 \times x + 0 \times x"4 + { \times (x"3 - x) = 3x + x"3 - x = x"3 + 2x,

\]
which matches p(x).

- Conclusion: p(x) = x"3 + 2x is in the span of W.

Summary of Key Points

¢ Polynomials with constant and quadratic terms zero can be expressed as linear combinations of W,

provided their coefficients satisfy the relation a_1 = 3o - a_3.

e The set W spans polynomials of degree up to 4, but only those with zero constant and quadratic

terms are representable as linear combinations of W's elements.

e Determ

Frequently Asked Questions

What is the vector space P4?

P4 is the set of all polynomials with degree less than or equal to 4, typically over a specified field

such as the real numbers.

Given W = {3x, x4, x"3 - x}, are these polynomials elements of P4?

Yes, all these polynomials are in P4 since their degrees are less than or equal to 4.



How do you determine if a polynomial is a linear combination of the

vectors in W?

You check if the polynomial can be expressed as a sum of scalar multiples of the polynomials in W.

Is the polynomial 2x a linear combination of the polynomials in W?

Yes, 2x can be written as a scalar multiple of 3x (specifically, (2/3) times 3x), so it is a linear

combination of W.

Is the polynomial x"4 a linear combination of the polynomials in W?

Yes, since x4 is directly one of the polynomials in W, it is trivially a linear combination (with

coefficient 1 for x"4 and 0 for others).

Can the polynomial x*2 be written as a linear combination of W?

No, because none of the polynomials in W include an x*2 term, so x"2 cannot be expressed as a linear

combination of W.

What criteria determine whether a set of polynomials forms a basis

for a subspace?

They must be linearly independent and span the subspace, meaning every polynomial in the

subspace can be written as a linear combination of the set.

Which of the given polynomials is a linear combination of W: 5x,

x4, or x"3 - x?

All three—5%, x4, and x"3 - x—are linear combinations of W, with specific scalar coefficients.



How do you verify if a polynomial is a linear polynomial in the
context of W?

A polynomial is linear if its degree is at most 1; in this context, check if it can be expressed as a

combination of the vectors in W, which include linear and higher-degree polynomials.

Additional Resources
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When exploring the properties of polynomial vector spaces, particularly P4—the vector space of all
polynomials with degree less than or equal to four—it's essential to understand how specific subsets
and elements behave under linear operations. In this context, the set W = {3x, x"4, x"3 - x} presents
an interesting case for analysis, especially when examining whether a certain polynomial is a linear
combination of elements in W. This article delves into the structure of P4, the characteristics of the
set W, and the criteria to determine if a polynomial can be expressed as a linear combination of the

vectors in W.

Understanding the Vector Space P4

Definition and Significance of P4

The vector space P4 consists of all polynomials with real coefficients whose degree is at most four.
Formally:

-P4={px)=a0+taix+ta2x2+a3x3+adx|ai€R}

- The dimension of P4 is 5, with the standard basis: {1, x, x"2, x"3, x"4}.

Features:
- Closed under addition and scalar multiplication.

- Any polynomial in P4 can be uniquely expressed as a linear combination of basis vectors.



Pros:
- Well-understood structure with straightforward basis.

- Suitable for analyzing linear combinations and span problems.

Cons:
- When extending to polynomials of higher degree, P4's structure becomes insufficient.

- Limited to degree < 4, so certain polynomials are outside its scope.

The Set W and Its Components

Elements of W

The set W = {3x, x"4, x"3 - x} consists of three polynomials within P4. Let's analyze each:

- 3x: A degree 1 polynomial, scalar multiple of x.
- x": A degree 4 polynomial, the highest degree in P4.

- x"3 - x: Degree 3 polynomial, a combination of x"3 and x.

Features:
- Contains polynomials of varying degrees.

- The set has three elements, potentially spanning a subspace of P4.

Pros:
- Includes polynomials of different degrees, providing diversity for span.

- Can be used to generate certain polynomials through linear combinations.

Cons:
- The set is not necessarily linearly independent; need to check for dependence.
- The presence of x"4 alone indicates it might serve as an independent basis element for the degree 4

component.



Linear Combinations and Span

‘What is a Linear Combination?

A polynomial p(x) in P4 is a linear combination of elements in W if;
- p(x) = a(3%) + BxM) + y(x"3 - %)
- where o, B,y € R.

Implication:

- Any polynomial that can be expressed in this form is in the span of W, denoted as span(W).

Determining if a Polynomial is in span(W)

To verify whether a particular polynomial p(x) is a linear combination of W:
1. Write p(x) in the general polynomial form.

2. Set up equations equating p(x) to o(3x) + B(x"4) + y(x3 - x).

3. Solve for a, B, v.

Example:
Suppose p(x) = 2x"3 + 4x - 5. To check if p(x) € span(W):

- Express p(x) as a linear combination:
p(x) = a3x) + B(x"4) + y(x3 - x)

- Equate coefficients for each power of x:
- For x*4: 0 =3

-Forx"3:2=9

-For x": 4 =3a -y

- For constant term: -5 = 0 (since none of the basis elements have constant terms)
- From B = 0, and y = 2, substitute into the x term:
4=3a-2

30=6



- The constant term is zero, but p(x) has a constant term of -5, which cannot be generated by the

linear combination of W's elements. Therefore, p(x) is not in span(W).

Which Polynomial Is A Linear Combination?

Criteria for a Polynomial to Be Linear in W

A polynomial p(x) in P4 is linear relative to W if it can be expressed as a linear combination of the

vectors in W. To determine this, follow these steps:

1. Write p(x) explicitly.

2. Set up the system of equations based on the basis elements.

3. Solve for the coefficients.

Key observations:

- The presence of x"4 in p(x) directly indicates it can be obtained by choosing B appropriately, since

x"4 appears only in W as itself.

- The degree and specific coefficients of p(x) determine whether it lies in the span.

Common Examples and Analysis

Example 1: p(z) = x"4

- Can p(x) be written as a linear combination of W?
p(x) = 0(3x) + 1(x"4) + 0(x"3 - x)

- Yes, p(x) = x"4 is in span(W).

Pros:



- Straightforward representation.

- The basis element x4 is directly in W.

Cons:

- Limited to polynomials that are multiples of x"4.

Example 2: p(x) = x"3 - x

- Can p(x) be expressed as a linear combination?
p(x) = 0(3x) + 0(x"4) + 1(x"3 - x)
- Yes, it is directly an element of W.

Pros:

- Already within W, so trivially a linear combination.

Example 3: p(x) = 6x

- Expressed as:

p(x) = a(3x) + B(x'4) + y(x'3 - x)

- Solve for a, B, y:

-x" term: 0 = = B=0

-x"3 term: 0 =y = y=0

-x term: 6 = 3o - y > 6=3a 2> a=2

- Constant term: 0, which is consistent.

- Therefore, p(x) = 2(3x) is in span(W).

Pros:

- Simple linear combination, clearly in span.



Linear Dependence and Independence of W

Are the elements of W linearly independent?

To check if W is linearly independent:
- Set up the equation:

a(3x) + b(x"4) + c(x"3-x)=0
- Equate coefficients:

- x"4: b=0
-x"3: c=0
-x:3a-c=0— 3a=0— a=0

- Constant: 0
- All coefficients are zero, indicating W is linearly independent.

Implication:

- W forms part of a basis for the subspace it spans.

Conclusion and Final Insights

The set W = {3x, x"4, x"3 - x} within P4 serves as an insightful example of how polynomials can be
combined to span subspaces of polynomial vector spaces. Determining whether a particular
polynomial is a linear combination of W involves setting up and solving systems based on polynomial
coefficients. For polynomials such as x*4 and x"3 - x, the answer is straightforward—they are
elements of W, hence their own linear combinations. For others, like 6x, the process involves

solving the system to find the coefficients.

Key takeaways:



- The elements of W are linearly independent, forming a basis for their span.
- Any polynomial in P4 can be checked for membership in span(W) via coefficient comparison.
- The degree and specific coefficients of the polynomial in question determine its expressibility as a

linear combination.

Final thoughts:

Understanding the structure of W within P4 highlights the importance of basis selection and linear
dependence analysis in vector spaces. This approach not only clarifies the properties of specific
polynomials but also deepens comprehension of the underlying algebraic structures. Whether
dealing with simple polynomials like x"4 or more complex combinations, the methodology remains
consistent—set up the system, solve, and interpret. This process exemplifies core concepts in linear
algebra and polynomial vector space analysis, making it a fundamental skill for mathematicians and

students alike.
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