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\UNDERSTANDING RECURSIVE SEQUENCES IS FUNDAMENTAL IN ALGEBRA AND MATHEMATICAL ANALYSIS. THE SEQUENCE DEFINED BY
THE RELATION \( A_ N=-A {N-1} - 2A_N\) AND THE INITIAL CONDITIONS PROVIDED CAN SEEM COMPLEX AT FIRST GLANCE.
HOWEVER, BY CAREFULLY ANALYZING THE RECURRENCE RELATION AND APPLYING SYSTEMATIC METHODS, WE CAN DETERMINE THE
speciFic Terms \( A_3, A_4,\) ano \( A_5 \). THIS ARTICLE AIMS TO GUIDE YOU THROUGH THE PROCESS STEP-BY-STEP,
PROVIDING CLARITY ON SOLVING SUCH RECURRENCE RELATIONS AND ILLUSTRATING HOW TO WRITE THE ANSWERS AS SIMPLIFIED
FRACTIONS OR INTEGERS.

UNDERSTANDING THE RECURRENCE RELATION

DecIPHERING THE GIVEN EXPRESSION

THE INITIAL STATEMENT APPEARS SOMEWHAT AMBIGUOUS. | T READS:
Fino A3, A4, AND AS5.A =-4A2 = 5AN = -AN-1- 2AN - 2W/RITE YOUR ANSWERS AS INTEGERS OR FRACTIONS IN
SIMPLEST.

INTERPRETING THIS, IT IS LIKELY THAT THE SEQUENCE IS DEFINED BY A RECURRENCE RELATION INVOLVING PREVIOUS TERMS,
SPECIFICALLY:

\[a N=-a_{N-13-2a_{n-2}\]

wiITH INTIAL TERMS \( A_O0 \) anD \( A_ T \) GIVEN OR TO BE DETERMINED.

ALTERNATIVELY, THE PHRASE MIGHT SUGGEST THAT THE SEQUENCE SATISFIES A RELATION SIMILAR TO:
\[a_n=-a_{n1}-2A_{n-2}\]

WHICH IS A COMMON LINEAR RECURRENCE.

GIVEN THE CONTEXT AND TYPICAL SEQUENCE PROBLEMS, THIS IS A REASONABLE ASSUMPTION.

STeP 1: CLARIFY THE INITIAL CONDITIONS

BEFORE SOLVING FOR SPECIFIC TERMS, WE NEED INITIAL TERMS \( A_O \) AND \( A_ 1 \). IF THESE ARE NOT PROVIDED
EXPLICITLY, THEY ARE OFTEN ASSUMED TO BE ARBITRARY OR ARE PART OF THE PROBLEM TO FIND GENERAL SOLUTIONS.

SUPPOSE THE PROBLEM PROVIDES:
\[A 0=1\quaba_1=21]

IF INITIAL CONDITIONS DIFFER, THEY CAN BE SUBSTITUTED SIMILARLY.



STeEP 2: WRITE THE RECURRENCE RELATION

BASED ON THE INTERPRETATION, THE RECURRENCE RELATION IS:

\[
A N=-A {N-1}-2a {N-2}
\]

THIS IS A SECOND-ORDER LINEAR RECURRENCE RELATION, WHICH CAN BE SOLVED SYSTEMATICALLY.

STep 3: FIND THE CHARACTERISTIC EQUATION

TO SOLVE THE RECURRENCE RELATION, WE ASSUME SOLUTIONS OF THE FORM:

\[

A_N=R"N

\]

SUBSTITUTING INTO THE RECURRENCE:
\[

RN =-RMN-13 - 2 rMN-23

\]

DivipING BoTH sIDEs BY \( R™M{N-23 \) (assuming \(r \NeqQ O \)):
\[

R"2=-r-2

\]

REARRANGED:

\[

R"2+r+2=0

\]

THIS QUADRATIC EQUATION IS THE CHARACTERISTIC EQUATION.

STep 4: SoLVE THE CHARACTERISTIC EQUATION

SoLve For \(r \):

\[
R"2+r+2=0

\]

USING THE QUADRATIC FORMULA:

;[= \rrAC{-8 \PM \sQrT{8"2 - 4ac}}{24}

gHERE \(a=1 =1 c=2 \):

;[= \rRAC{-1 \PM \s@rT{ 172 - 4 \TiMes 1 \TiMes 233{2} = \rrAc{-1 \Pm \sQrT{1 - 83}{2} = \rrAc{-1 \PM
\srT{-7}}{2}

\]

SINCE THE DISCRIMINANT IS NEGATIVE:
\[

\s@rT{-7} =1 \sqrT{73

\]

THE ROOTS ARE COMPLEX CONJUGATES:!



\[
R = \rrac{-1 \pM 1 \sqrT{73}{2}
\]

EXPRESSED EXPLICITLY:

\[

r_1=\rrac{-1 + 1 \sqrT{7}}{2}
\]

\[

R_2 = \rrac{-1 -1 \sqrT{7}}{2}
\]

STep §: WRITE THE GENERAL SOLUTION

FOR COMPLEX ROOTS OF THE FORM:

\[

R = \ALPHA \PM | \BETA

\]

THE GENERAL SOLUTION TO THE RECURRENCE IS:

\[

A_N=\caMMA_TRrR_1"N+ \GAMMA 2R 27N

\]

WHICH CAN BE EXPRESSED USING EULER'S FORMULA AS:
\[

A_N=2"N\LerT[ A \cos \LerT( \FrRAC{\sQrT{73}{23} N \RIGHT) + B \sin \LerT( \FrRAC{\sQrT{73}{2} N \RIGHT) \RIGHT]
\]

wHERE \( A \) AND \( B \) ARE CONSTANTS DETERMINED BY INITIAL CONDITIONS.

STeP 6: DETERMINE CONSTANTS USING INITIAL CONDITIONS

SUPPOSE INITIAL CONDITIONS ARE:

\[
A_0=1,\quaba_1=2

\]

AT \(~N=0\):

\[

A 0O=A\TMes 1+B\TiMes 0= A =1
\]

AT\(N=1\):

\[

A_1=2"T \Lert[ A \cos \LerT( \rrAc{\sQrT{73} 2} \TiMes 1 \ricHT) + B \siN \LerT( \FRAC{\sQrT{7}3}{2} \TiMES 1
\RIGHT) \RIGHT]

\]

\[

2 = 2 \LerT[ 1 \1iMes \cos \LerT( \rrAC{\sQrT{73}{2} \riGHT) + B \TiMes \siN \LerT( \Frac{\sQrT{73} 2} \riGHT)
\RIGHT]

\]

DIVIDE BOTH SIDES BY 2:

\[



1 =\cos \LerT( \FrrAc{\s@rT{73}{2]} \riGHT) + B \sin \LerT( \Frac{\sQrT{733}{23 \rIGHT)
\]

SoLve For \( B \):

\[

B = \rrac{1 - \cos \LerT( \rrac{\s@rT{73}{ 2} \ricGHT)}{\sIN \LerT( \FrAC{\s@rT{73} 2} \rIGHT)}
\]

THIS PROVIDES THE EXPLICIT FORM OF THE SEQUENCE TERMS.

CaLcuLATING SpeciFic Terms \( A_3, A_4,\) ano \(A_5\)

USING THE EXPLICIT FORMULA, WE CAN COMPUTE THESE TERMS!

\[
A_N= 2N \LerT[ \cos \LerT( \rrAC{\sQrT{73}{23} N \RIGHT) + B \sin \LerT( \FrAC{\sQrT{73}{23} N \RIGHT) \RIGHT]
\]

ComputiNng \( A_3\)

\[

A_3=2"3 \LerT[ \cos \LerT( \rrRAC{\sQrT{733{2} \TiMes 3 \riGHT) + B \sin \LerT( \rrAC{\sQrT{73}{23} \TiMes 3
\RIGHT) \RIGHT]

s%

A_3 =8 \LerT[ \cos \LerT( \FrRAC{3 \sQrT{73}{2} \RIGHT) + B \siN \LeErT( \FRAC{3 \sQrT{73} 2} \RIGHT) \RIGHT]

\]

GIVEN THE VALUES OF \( B \) AND THE TRIGONOMETRIC FUNCTIONS, THIS EXPRESSION CAN BE EVALUATED NUMERICALLY OR
LEFT IN EXACT FORM.

Computing \( A_4'\)

SIMILARLY:

\[

A_4 =24 \LerT[ \cos \LerT( 2 \sQrT{7} \RIGHT) + B \siN \LerT( 2 \sQrT{73} \RIGHT) \RIGHT] = 16 \LerT[ \cos (2
\sQrT{7}) + B \sin (2 \s@rT{73}) \RIGHT]

\]

Computing \(A_5\)

\[

A_5=2"5\LerT[ \cos \LerT( \rrAC{5 \sQrT{73}{ 2} \riGHT) + B \siN \LerT( \FRAC{5 \sQrT{7}3}{2} \riGHT) \RIGHT]
= 32 \LerT[ \cos \LerT( \rrAC{5 \s@rT{73}{2} \riGHT) + B \siN \LErT( \FrAC{5 \sQrT{73}{23 \RIGHT) \RIGHT]

\]



ALTERNATIVE APPROACH: NUMERICAL APPROXIMATION

IF THE EXACT FORM IS LESS CRITICAL, NUMERICAL APPROXIMATIONS CAN BE MADE:

- CaLcuLATE APPROXIMATE VALUES OF \( \cos \LErT( \rrac{\sQrT{73}{ 23 N \ricHT) \) anD \( \siN \LEFT(
\rrAC{\sQrT{733{2} N \rIGHT) \).

- SUBSTITUTE THE VALUE ofF \( B \).
- MuLTieLy BY \( 27N V).

THIS METHOD YIELDS APPROXIMATE DECIMAL VALUES FOR \( A_3, A

FREQUENTLY AskeD QUESTIONS

GIVEN THE RECURRENCE RELATION A_N=-A_{N-1} - 2A_{N-2} WITH INITIAL VALUES
A_3=-4,FnND A_A4.
A4=2

USING THE RECURRENCE A_N = 5A_{N-1} WITH A_3 = -4, WHAT IS A_5?
-500

GIVEN THE RECURRENCE A_N=-A_{N-1} - 2A_{N-2} ANDA_3 =-4,A_4 =10, FIND
A_bS.

-22

IFA_3=-4 AND A_4 = 2, FIND A_5 USING THE RECURRENCE A_N = -A_{N-1} -
2a_{n-2}.

-6

GIVEN THE RECURRENCE RELATION A_N = 5A_{N-1} AND A_3 = -4, coMpPUTE A_4.
-20

WITHA_3 =-4 AND A_4 = 2, FIND A_5 USING THE RECURRENCE A_N = -A_{N-1} -
2a_{n-2].

-6

GIVEN A_3 =-4,A_4 = 10, AND THE RECURRENCE A_N = -A_{N-1} - 2a_{N-2],
WHAT IS A_5?
-22

IFA_3=-4 AND A_4 = 2, FIND A_5 WHEN THE RECURRENCE IS A_N = 5A_{N-1}.
-100



DETERMINE A_4 AND A_5 FOR THE RECURRENCE A_N = -A_{N-1} - 2a_{N-2} wITH
INITIAL A_3 = -4, AssuMING A_4 = 10.

A_4=10,A_5=-22

ADDITIONAL RESOURCES

Fino A3, A4, AND AS.A =-4A2 = BAN = -AN-1- 2AN - 2W/RITE YOUR ANSWERS AS INTEGERS OR FRACTIONS IN
SIMPLEST

\UNDERSTANDING AND SOLVING RECURRENCE RELATIONS IS A FUNDAMENTAL ASPECT OF DISCRETE MATHEMATICS AND ALGEBRA,
ESPECIALLY WHEN DEALING WITH SEQUENCES. THE PROBLEM AT HAND INVOLVES A SEQUENCE \(\{A_~N\}\) THAT IS DEFINED BY A
COMPLEX RECURRENCE RELATION, AND OUR GOAL IS To FIND sPeCIFiC TErMS: \(A_3\), \(A_4\), ano \(A_5\). Tre
RELATION APPEARS TO BE GIVEN IN A SOMEWHAT CONDENSED AND INTERTWINED MANNER, WHICH WE WILL INTERPRET CAREFULLY

TO DERIVE A CLEAR SOLUTION. THIS ARTICLE WILL GUIDE YOU THROUGH THE PROCESS STEP-BY-STEP, PRESENTING THE
NECESSARY CONCEPTS, MATHEMATICAL TECHNIQUES, AND DETAILED CALCULATIONS TO ARRIVE AT THE DESIRED TERMS.

DeCIPHERING THE GIVEN RELATION

BEFORE JUMPING INTO CALCULATIONS, IT IS ESSENTIAL TO INTERPRET THE NOTATION AND THE RELATION CORRECTLY. THE
SEQUENCE IS DESCRIBED BY THE RELATION:

\[A=-4A_ 2=5A N=-A_{N-1}-2Aa N-2\]

THIS NOTATION SUGGESTS THAT THE SEQUENCE \(\{A_N\}\) IS RELATED THROUGH MULTIPLE EQUALITIES, POSSIBLY
INDICATING PROPORTIONAL RELATIONSHIPS OR RECURSIVE FORMULAS. HOWEVER, IN STANDARD PRACTICE, SUCH AN EXPRESSION
CAN BE CONFUSING, SO WE NEED TO CLARIFY AND REWRITE IT IN A MORE CONVENTIONAL FORM.

STep 1: CLARIFY THE RELATION

TYPICALLY, RECURRENCE RELATIONS ARE WRITTEN AS:

\[ A_~ = \TexT{rUNCTION OF PREVIOUS TERMS]} \]

GIVEN THE EXPRESSION, IT SEEMS TO INVOLVE THE FOLLOWING COMPONENTS:

-\(A\) (POSSIBLY A CONSTANT OR INITIAL TERM)

-\(a_2\) (THE SECOND TERM)

-\(CA_N\) (THE GENERAL TERM)

-\(CA_{N-13\) (THE PREVIOUS TERM)

THE RELATION APPEARS TO BE:

\[A=-4A_ 2=5A N=-A_{N-1}-2Aa N-2\]

WHICH SUGGESTS A CHAIN OF EQUALITIES LINKING THESE QUANTITIES.

STEP 2: INTERPRET THE CHAIN

ASSUMING THE INTENDED MEANING IS:

\[a=-4a_2\]
\[A=5A_n\]



\[a=-a {N-1}-2A N-21\]

THIS IMPLIES THAT:

\[-4a_2=5A N=-A_{N-1}-2A N-2]

TO PROCEED, WE CAN INTERPRET THE SEQUENCE AS SATISFYING THE FOLLOWING RELATIONS:
-\(a=-4a_2\) (connecTING soMe consTANT \(a\) To \(a_2\))

-\(CA=5a_N\) (RELATING THE SAME CONSTANT TO THE \(N\)-TH TERM)

-\(a=-a_{N-1}-2a_N-2)\) (A recUrreNCE RELATION INVOLVING \(A_{N-T1}\) anD \(a_nN\))

GIVEN THIS, OUR PRIMARY FOCUS IS TO FIND THE ExPLICIT TERMS \(A_3\), \(a_4\), ano \(a_5\).

EsTABLISHING THE INITIAL CONDITIONS AND RELATIONS

TO FIND SPECIFIC TERMS, WE NEED INITIAL CONDITIONS OR RELATIONS BETWEEN TERMS THAT ALLOW US TO BUILD SUBSEQUENT
TERMS.

Ster 1: Exeress \(A_n\) IN Terms oF \(a))
From \( A = 5A_N \), WE HAVE:

\[ A_n = \rrac{A}{5} \]

SMLARLY, FRom \( A = -4A_2 \):

\[A_2 = -\rrac{a}{4] \]

Now, siNcE \(A\) SEEMS TO BE A COMMON CONSTANT LINKING THESE QUANTITIES, WE CAN CHOOSE A CONVENIENT VALUE FOR
\(A\) TO SIMPLIFY CALCULATIONS, OR EXPRESS ALL TERMS RELATIVE TO \(A)).

STep 2: DERIVE THE RECURRENCE RELATION INVOLVING \(a_{N}\) anp \(a_{N-13\)
FROM THE THIRD EQUALITY:
\[a=-A_{N1}-2A_n-21]

SuesTITUTING \(a_N = \rrac{a}{5}\), we GeT:
\[A=-a_{n-1}-2 \LerT( \rRAC{A}{5} \rIGHT) - 2\]
\[a=-a_{n-1}-\rrRAc{24}{5} - 2\]

REARRANGED TO SOLVE For \(a_{n-T}\):

\[-a_{n-1} = A - \rrAc{24}{5} - 2\]

\[-a_{n-13 = \tert( 1 - \rRAC{2}{5} \RiGHT)A - 2 \]
\[-a_{n-1} = \rrAc{3}{53a - 2\]

\[A_{n-1} = - \rrAc{3}{5}a + 21\]

THis expression LINKS \(a_{N-13\) To \(a\).



EXPRESSING TERMS OF THE SEQUENCE

Now, we NEep To FIND THE sPecIFIC TERMS \(a_3\), \(a_4\), anp \(a_5\). To DO THIS SYSTEMATICALLY, CONSIDER THE
RECURRENCE RELATION DERIVED FROM THE PATTERN.

STeP 1: IDENTIFY THE RECURRENCE PATTERN
GIVEN THE RELATION INVOLVING \(A_{N-13\) anD \(a_nN\):

\[A_{N-13=-\rrAc{3}{5}a+2\]
\[a_N=\rrac{a}{5}\]

BUT THIS SUGGESTS THAT FOR EACH \(N\>/ THE SEQUENCE MIGHT BE LINEAR OR AT LEAST FOLLOW A PATTERN THAT ALLOWS
EXPRESSING HIGHER TERMS RECURSIVELY.

STEP 2: FIND INITIAL TERMS

LET'S ASSUME THAT THE SEQUENCE STARTS AT \(A_1\), BUT SINCE THE INITIAL RELATION INVOLVES \(A_2\), AND WE HAVE
AN EXPRESSION FOr \(Aa_2\):

\[A_2 =-\rrAc{a}{4}\]

SiMiLARLY, \(a_T\) couLp e ReLATED To \(A\) AS WELL. HOWEVER, THE PROBLEM DOESN'T sPeciFy \(a_1\), so To
PROCEED, WE CAN ASSIGN \(A\) AN ARBITRARY VALUE FOR SIMPLICITY, OR SET IT TO 1 TO FIND RATIOS.

Suppost WE cHoose \(A = 1)), THen:

\[A_N=\rrAc{1}{5}\]

\[A_2=-\rrac{13{4} \]

\[A_{N-13 =-\rrAc{3}{5} \TiMes T + 2 = - \rrAC{3} 5} + 2 = \rrAc{7}{5} \]
THIS GIVES US INITIAL VALUES:

-\(a_2 = -\rrac{13{4}\)
-\(a_{n-13 = \rrAc{7}{63\)

BUT THESE ARE INCONSISTENT UNLESS WE SPECIFY THE EXACT \(N\) ALTERNATIVELY, CONSIDER THAT THE SEQUENCE
FOLLOWS A LINEAR RECURRENCE RELATION OF THE FORM:

\[an=Pa_{n1}+Q)\]

WHICH IS TYPICAL FOR SEQUENCES WITH CONSTANT COEFFICIENTS.

FORMULATING AND SOLVING THE RECURRENCE RELATION

GIVEN THE RELATION:
\[a_{N-13=-\rrAc{3}{53a + 2\]

AND kNOWING \(A_N = \FRAC{A}{5}\), THE SEQUENCE APPEARS TO STABILIZE OR FOLLOW A PATTERN.



STeP 1: DERIVE A RECURRENCE RELATION

SUPPOSE THE SEQUENCE SATISFIES:

\[Aa {N1}=rAa N+5)\]

Our Task Is To IDENTIFY \(R\) anD \(s\).

FroM PreVIoUs sTepS, THE RELATION BETWEEN \(A_{N}\) AnD \(A_{N-13}\) CAN BE EXPRESSED AS:
\[a_{M=pPa_{N1}+aQl]

GIVEN THE EARLIER DERIVATION:

\[ A_{N-1}=-\rrAc{3}{5}a + 2]

AND

\[A_{N} = \rrac{a}{5}\]

IF WE ACCEPT THAT THE SEQUENCE IS LINEAR, THEN THE GENERAL FORM MUST BE CONSISTENT FOR ALL \(N\).
STepP 2: ASSUME AN EXPLICIT FORMULA FOr \(A_N\)

SUPPOSE THE SEQUENCE SATISFIES:

\[aA N=ArRMN-1}+K\]

wHErRe \(A\) AnD \(K\) ARE CONSTANTS TO BE DETERMINED, AND \(R\) IS THE COMMON RATIO.

GIVEN THE SEQUENCE’S COMPLEXITY, IT MIGHT BE MORE STRAIGHTFORWARD TO ASSUME A LINEAR RECURRENCE:
\[a_{nd=pa_{N-1}+q\]

AND ATTEMPT To FIND \(P\) AnD \(Q\).

Step 3: Use known Terms To FIND \(P\) anp \(Q\)

ASSUMING INITIAL TERMS:

-\(a_2 = -\rrac{a}{4}\)

-\(a_3=?\)
-\(a_4=2\)
-\(a_5=2?\)

\W/E NEED TO FIND THESE.

CALCULATING SPeCIFIC TERMS: STEP-BY-STEP

GIVEN THE EARLIER RELATIONS, LET'S PROCEED WITH SPECIFIC ASSUMPTIONS To coMPUTE \(Aa_3\), \(a_4\), ano \(a_5\).
Step 1: CHoose \(A\) For sIMPLICITY

LeT’s seT \(A=1\). THen:



\[ A_N=\rrAc{1
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