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Understanding the electric field generated by charged conductors is a
fundamental aspect of electromagnetism, with practical applications ranging
from electrical engineering to physics research. Among various
configurations, a square loop carrying a uniform line charge presents
intriguing challenges and insights when calculating the electric field at a
point located above its center. This article offers a comprehensive guide to
deriving the electric field at a point a distance Z above the center of a
square loop with side length A, carrying a uniform line charge density A. We
will explore the problem systematically, from basic principles to detailed
calculations, ensuring clarity for students and professionals alike.

Fundamental Concepts and Setup

Before delving into calculations, it is essential to understand the physical
setup and the fundamental principles involved.

Configuration Description

- Square Loop: A perfect square with side length A.

- Line Charge Density (A): Uniform charge per unit length along each side.

- Point of Observation: Located at a height Z directly above the center of
the square loop.

- Coordinate System: Usually, the square is centered at the origin in the XY-
plane, with the Z-axis perpendicular to the plane.

Assumptions and Simplifications

- The loop is thin, so charge distribution is considered linear.

- The electric field is calculated in the electrostatic limit.

- The point Z is along the perpendicular (z-axis) passing through the center
of the loop.

- Edge effects are significant; the finite size of the loop must be
considered rather than point charge approximations.



Mathematical Framework for Electric Field
Calculation

The calculation hinges on Coulomb's law and the superposition principle.

Basic Coulomb's Law

The electric field dE due to a small element of charge dq is given by:

\[ \mathbf{dE} = \frac{1}{4\pi\varepsilon 0} \frac{dq}{r"2} \hat{\mathbf{r}}
\1

where:

- \(\varepsilon 0\) is the vacuum permittivity,

- \(r\) is the distance from the charge element to the point,

- \(\hat{\mathbf{r}}\) is the unit vector pointing from the charge element to
the point.

Superposition Principle

The total electric field at the point is obtained by integrating (or summing)
contributions from all elements along the loop:

\[ \mathbf{E} = \int \mathbf{dE} \]

Given the symmetry of the problem, components of the field perpendicular to
the Z-axis cancel out, leaving only the axial component along Z.

Breaking Down the Calculation

The process involves several steps:

Parameterize each side of the square.

Express the differential charge element \(dq\).

Determine the position of each element relative to the observation point.
Calculate the differential electric field \(d\mathbf{E}\).

Integrate along each side of the square.

Sum the contributions from all sides.
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Let's analyze each step in detail.

Parameterizing the Square Loop



Assuming the square loop lies in the XY-plane with its center at the origin:

- Coordinates of vertices:

- Top side: from \((-A/2, A/2)\)
- Right side: from \((A/2, A/2)\)
- Bottom side: from \((A/2, -A/2)\
- Left side: from \((-A/2, -A/2)\)
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Each side can be parameterized with a variable \(s\) running from 0 to \(A\).

Charge Elements and Differential Lengths

- Line charge density: \(\lambda\) (C/m).
- Differential charge: \(dg = \lambda ds\).

Position Vectors for Each Side

For example, the top side:

\[ \mathbf{r} \text{top}(s) = \left( s - \frac{A}{2}, \frac{A}{2}, 0 \right),
\quad s \in [0, A] \]

Similarly, other sides are parameterized accordingly.

Calculating the Electric Field Contribution
from a Single Side

Since the problem is symmetric, the total field will be the sum over all
sides.

Distance from an Element to the Observation Point

The observation point:

\[ \mathbf{R} = (0, 0, Z) \]

The position of an element:

\[ \mathbf{r} s = (x s, y s, 0) \]

The vector from the element to the observation point:



\[ \mathbf{R} - \mathbf{r} s = (-x's, -y s, Z) \I
The magnitude:

\[ r =\sqrt{x s™2 + y s"2 + 22} \]

Differential Electric Field Expression

The differential electric field:

\[ d\mathbf{E} = \frac{1}{4\pi\varepsilon 0} \frac{\lambda ds}{r"2}
\frac{\mathbf{R} - \mathbf{r} s}{r} \]

which simplifies to:

\[ d\mathbf{E} = \frac{1}{4\pi\varepsilon 0} \frac{\lambda ds}{r"3} (-x s, -
y_s, Z) \l

Due to symmetry, the horizontal (x and y) components cancel when integrating
over symmetric sides, leaving only the vertical component along Z.

Evaluating the Vertical Component of the
Electric Field

The vertical component \(dE z\):
\[ dE_z = \frac{1}{4\pi\varepsilon 0} \frac{\lambda Z ds}{r"3} \]
The total electric field along Z from one side:

\[ E {z,\text{side}} = \int 0”A \frac{1}{4\pi\varepsilon 0} \frac{\lambda
Z}{r"3} ds \]

where \(r\) depends on \(s\) along the side.
Example: Top Side Calculation

- \(x_s = s - \frac{A}{2}\)

- \(y s = \frac{A}{2}\)

The integral becomes:

\[ E {z,\text{top}} = \frac{\lambda Z}{4\pi\varepsilon 0} \int 0"A
\frac{ds}{\left[(s - \frac{A}{2})"2 + (\frac{A}{2})"2 + Z72 \right]~{3/2}} \]

Similar expressions apply for the other sides, with appropriate coordinates.



Generalized Integral
For each side, the integral reduces to a standard form:
\[ I =\int \frac{ds}{( (x s)"2 +y s™2 + Z°2 )~{3/2}} \I

which can be evaluated analytically or numerically.

Summing Contributions from All Sides

Due to symmetry:

- Horizontal components cancel out.

- The total electric field along Z is four times the contribution from one
side if all sides are symmetric.

Thus, the total electric field:

\[ E z = 4 \times E {z,\text{side}} \]

or, more generally,

\[ E z = \sum {i=1}"4 E {z,i} \]

where each \(E {z,i}\) is calculated for each side.

Final Expression and Numerical Evaluation

The integral for each side can be expressed explicitly, leading to a closed-
form solution involving inverse hyperbolic functions or logarithms, depending
on the integral's form.

Example of the Final Expression
For the side parallel to the x-axis:

\ [

E {z,\text{top}} = \frac{\lambda Z}{4\pi\varepsilon 0} \left[ \frac{s -
\frac{A}{2}}{r"3} \right] 07A

\1]

with similar evaluations for other sides, considering their specific
coordinates.

Numerical Methods



In many practical scenarios, numerical integration (using Simpson's rule or
Gaussian quadrature) provides an efficient way to compute the electric field
accurately.

Special Cases and Approximations

Understanding limiting cases helps in simplifying the calculations:

- Far-field approximation (\(Z \gg A\)): The loop behaves like a point
charge, and the electric field simplifies to:

\ [
E z \approx \frac{Q}{4\pi\varepsilon 0 Z~2}
\1]

where \(Q = 4 \times \lambda \times A\).

- Near-field (\(Z \1l A\)): Edge effects dominate, requiring full integral
evaluation.

- Thin wire approximation: When the loop is very thin, the line charge model
remains valid.



