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Understanding how to find a specific function based on an initial value problem is a fundamental
skill in calculus and differential equations. This article delves into the process of identifying the
function \(F(x)\) given certain conditions, particularly when the function involves exponential
expressions. We'll explore the problem statement, analyze the given information, and walk through
the steps necessary to derive the function \(F(x)\) that satisfies the initial value problem.

Introduction to the Initial Value Problem (IVP)

An initial value problem (IVP) involves finding a function \(F(x)\) that satisfies a differential equation
along with an initial condition. Typically, the problem is posed as:

\[

\frac{dF}{dx} = \text{some function of } x
\]

\[

Fx0)=F0

\]

where \(x_0\) is the initial point, and \(F_0\) is the known value of the function at that point.
In our case, the problem presents a form of the function \(F(x)\) and a specific initial value:

- The function appears to be exponential: \(F(x) = 8"x\)
- The initial condition: \(F(1) = 3\)

However, the question asks us to find \(F(x)\) given these conditions, implying that the initial
statement is a bit incomplete or needs clarification. The core task is to determine the explicit form of
\(F(x)\) that aligns with the given initial condition.



Analyzing the Given Data

Let's dissect the problem:

- The proposed form of the function is \(F(x) = 8°x\). But this may not satisfy the initial condition
\(F(1) = 3\).

- The initial condition states: \(F(1) = 3\), which indicates that at \(x = 1)), the value of \(F(x)\) should
be 3.

- The goal: Find a function \(F(x)\) that meets the initial condition, potentially involving exponential
functions similar to \(8"x\).

This suggests that the initial statement may involve a general exponential function with an unknown
coefficient, such as:

\[
F(x) = a \cdot 8"x
\]

where \(a\) is a constant to be determined based on the initial condition.

Formulating the General Solution

Given the structure of the problem and typical approaches in calculus, especially solving differential
equations involving exponential functions, the general form of the solution often involves:

\[
F(x) = C\cdot a”™x
\]

where:

-\(C\) is a constant determined by initial conditions
-\(a\) is the base of the exponential, which in this case appears to be 8

Assuming the form:
\[
F(x) = C\cdot 8™x
\]

we can now find \(C\) using the initial condition \(F(1) = 3\).



Determining the Constant \(C\)

Applying the initial condition:

\[

F(1) =C\cdot 871 =3
\]

\[

C\cdot8 =3

\]

\[

C =\frac{3}{8}

\]

Thus, the function that satisfies both the general form and the initial condition is:

\[
F(x) = \frac{3}{8} \cdot 8"x
\]

This can be simplified further:

\[
F(x) = 3\cdot 8" {x-1}
\]

Final Expression for \(F(x)\)

Based on the above calculations, the explicit form of \(F(x)\) that satisfies the initial value problem is:

\[

\boxed{

F(x) = \frac{3}{8} \cdot 8"x
}

\]

or equivalently,

\[
F(x) = 3 \cdot 8™ {x-1}
\]

Both expressions are valid and represent the same function.



Understanding the Derivation Process

Let's review the steps involved in deriving \(F(x)\):

1. Identify the form of the function: Since the problem involves an exponential base (8), assume
\(F(x) = C \cdot 8"x\).

2. Apply the initial condition: Use \(F(1) = 3\) to find \(C\).
3. Solve for \(C\): Substituting \(x=1\) gives \(C \cdot 8 = 3\), leading to \(C = \frac{3}{8}\).

4. Write the specific solution: Plugging \(C\) back into the general form yields \(F(x) = \frac{3} {8}
\cdot 87°x\).

5. Optional simplification: Express as \(F(x) = 3 \cdot 8~ {x - 1}\) for simplicity.

Additional Insights and Related Concepts

Understanding how to solve for \(F(x)\) in an initial value problem involving exponential functions is
essential for tackling more complex differential equations. Here are some related concepts and tips:

- Exponential functions: Functions of the form \(a”x\) are exponential, with growth or decay
depending on the base \(a\).

- Constants in exponential functions: When initial conditions are provided, constants multiply the
exponential to satisfy those conditions.

- Logarithmic methods: If the base or the initial condition involves different bases, logarithms can be
used to solve for constants.

- Differential equations involving exponentials: Many IVPs involve derivatives of exponential
functions; solving them often involves integrating or differentiating the exponential forms.

Real-World Applications of Exponential Functions

Exponential functions like \(F(x) = a \cdot b"x\) are prevalent in various fields:

- Population growth: Modeling populations with exponential growth or decay.
- Radioactive decay: Describing how unstable isotopes decay over time.

- Finance: Calculating compound interest over time.

- Physics: Describing exponential damping or growth in systems.



Understanding how to manipulate exponential functions and apply initial conditions is crucial for
modeling and solving real-world problems.

Summary

To summarize:

- The initial value problem involves finding a function \(F(x)\) involving exponential terms that satisfy
both a general form and a specific initial condition.

- Assuming \(F(x) = C \cdot 8°x\), we used the initial condition \(F(1) = 3\) to find \(C =
\frac{3}{8}\).

- The specific function satisfying the IVP is:

\[

\boxed{

F(x) = \frac{3}{8} \cdot 8"x
}

\]

- Alternatively, expressed as \(F(x) = 3 \cdot 8™ {x-1}\).

Conclusion

Finding a function based on an initial value problem involves understanding the form of the function,
applying initial conditions, and simplifying the resulting expression. In this case, recognizing the
exponential nature of the function and methodically solving for the constant led to the explicit
formula for \(F(x)\). Mastery of these techniques is vital for solving differential equations, modeling
real-world phenomena, and advancing in calculus and related fields.
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Frequently Asked Questions

What is the general form of the function F(x) given the initial
value F(1)=3 and the relation F(x)=8"x?

Since F(x)=8"%, the initial condition F(1)=8"1=8. But given F(1)=3, the function must include a
constant multiplier: F(x)=A-8"x. Using F(1)=3, we get A-8=3, so A=3/8. Therefore, the function is
F(x)=(3/8)-8"x.

How do you determine the constant A in the function
F(x)=A-8"x using the initial condition F(1)=3?

Substitute x=1 into the function: F(1)=A-8"1=8A. Since F(1)=3, we have 8A=3, so A=3/8.

What is the value of F(x) when x=0 for the function
F(x)=(3/8)-8"x?
When x=0, F(0)=(3/8)-8~0=(3/8)-1=3/8.

How can I verify that the function F(x)=(3/8)-8"x satisfies the
initial condition F(1)=3?

Plug in x=1: F(1)=(3/8)-8"1=(3/8)-8=3, which matches the given initial condition.

Is the function F(x)=(3/8)-8"x the unique solution to the
initial value problem?

Yes, assuming the problem is to find an exponential function satisfying the initial condition, this form
is unique.

What type of differential equation does F(x)=(3/8)-8"x solve?

It solves the differential equation F'(x)=In(8)-F(x), with the initial condition F(1)=3.

How do exponential functions like F(x)=A-8"x help in solving
initial value problems?

They are solutions to differential equations with constant coefficients, allowing us to determine the
constant using initial conditions, thus fitting the specific problem.



Additional Resources
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Find — this intriguing prompt invites us into the world of differential equations and initial
value problems (IVPs), where the goal is to determine a function that satisfies a specific relationship
and initial condition. Understanding how to find such functions is fundamental in calculus and
applied mathematics because many real-world phenomena—such as population growth, radioactive
decay, and heat transfer—are modeled using differential equations. In this guide, we will explore
how to analyze and solve the given initial value problem step-by-step, providing clarity for students
and professionals alike.

Understanding the Problem: What Is Being Asked?
The core of this problem involves two key components:

1. The general form of the function: The problem states that F(x) = 8" x. This suggests that the
function, before considering the initial condition, could equal an exponential function with base 8.

2. The initial condition: It specifies that F(1) = 3. This means that when x equals 1, the function's
value should be 3.

The question is: Given this initial condition, what is the explicit form of F(x)?
The structure resembles a classic initial value problem for a differential equation, often of the form:

\[ F'(x) = \text{some function of } F(x)\]
\[F(x 0) =F 0\]

Our task is to find F(x) that satisfies both the differential equation and the initial condition.

Step 1: Recognizing the Type of Function and Its Derivative

Given the initial statement, F(x) = 87x, and knowing the properties of exponential functions, we
recognize that:

- The derivative of \( 8”x\) with respect to \( x ) is:

\[
F'(x) =87x\In 8
\]

This is a key property of exponential functions:

\[
\frac{d}{dx} a”"x=a"x\lna
\]



In this case, \(a = 8).

Step 2: Formulating the Differential Equation
If we assume that F(x) = 8%, then its derivative is:

\[
F'(x) = F(x)\In 8
\]

This suggests that F(x) satisfies the differential equation:

\[
F'(x) = \In 8 \times F(x)
\]

which is a first-order linear differential equation.

Step 3: General Solution to the Differential Equation
The differential equation:

\[
\frac{dF}{dx} = \ln 8 \times F
\]

can be solved using separation of variables:

\[
\frac{dF}{F} =\In 8, dx
\]

Integrating both sides:

\[

\int \frac{1}{F} \, dF =\int \In 8, dx
\]

which yields:

\[
\In |F| =\In 8 \times x + C
\]

where \( C) is the constant of integration.

Exponentiating both sides:



\[

|F| = e”~{\In 8 \times x + C} = e”~{C} \times e”™ {\In 8 \times x}
\]

Let\(A =e"{C} ) (a positive constant), then:

\[
F(x) = A \times e” {\In 8 \times x}
\]

Recall that:

\[
e”{\In 8 \times x} = (e~ {\In 8})"{x} = 8" {x}
\]

Therefore, the general solution is:

\[
F(x) = A \times 8™ {x}
\]

Step 4: Applying the Initial Condition

The initial condition states:

\]
Substitute \( x=1\):

\[
F(1) = A\times 8~ {1} = A \times 8
\]

Set equal to 3:

\[
A \times 8 = 3 \Rightarrow A = \frac{3}{8}
\]

Final Solution:

\[
\boxed{
F(x) = \frac{3}{8} \times 8™ {x}



}
\]

which simplifies to:

\[
F(x) = 3 \times 8"~ {x -1}
\]

Summary and Key Takeaways

- The given initial value problem involves identifying a function that satisfies a differential equation
derived from the properties of exponential functions.

- Recognizing the derivative of \(a”x\) as \( a~x \In a \) plays a crucial role in forming the
differential equation.

- The general solution to the differential equation \( F' = \In a \times F ) is \( F(x) = A \times a”™ {x}
\).
- Applying initial conditions allows us to solve for the constant \( A ), giving the specific solution that
fits the problem.

Additional Insights: Variations and Related Problems
1. Different Base of Exponential Functions

Suppose the initial problem involved a different base, say \( F(x) = 5°x\) with \( F(2) = 20 ). The
process remains similar:

- Derive the differential equation: \( F' = \In 5 \times F\).

- General solution: \( F(x) = A \times 5™ {x} ).

- Use initial condition \( F(2) = 20 \):

\[

20 = A\times 5™ {2} = A \times 25 \Rightarrow A = \frac{20}{25} = \frac{4}{5}
\]

- Final function: \( F(x) = \frac{4}{5} \times 5~ {x} \).

2. Growth and Decay Models

The form \( F' = k F\) appears in many contexts:

- Growth: When \( k > 0), the function models exponential growth.
- Decay: When \( k < 0), the function models exponential decay.

Understanding these models helps interpret solutions in real-world applications, such as population
dynamics or radioactive decay.



Conclusion: Connecting It All

In this detailed analysis, we've demonstrated how to find the explicit form of the function F(x) from
an initial value problem involving exponential functions. Recognizing the differential equation's
structure and applying initial conditions are critical steps in deriving solutions that accurately model
phenomena or fit given data.

The key takeaway is that exponential functions are solutions to simple differential equations of the
form \( F' = k F ), with initial conditions determining specific solutions. By mastering these
methods, you'll be well-equipped to tackle a broad range of problems in calculus, physics,
engineering, and beyond.

Remember: Always start by understanding the problem, identify the type of differential equation
involved, find the general solution, and then apply initial conditions to find the particular solution.
This systematic approach ensures clarity and confidence in solving initial value problems related to
exponential functions.
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