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INTRODUCTION

THE LAPLACE TRANSFORM IS A POWERFUL MATHEMATICAL TOOL WIDELY USED IN ENGINEERING, PHYSICS, AND APPLIED
MATHEMATICS TO ANALYZE LINEAR DIFFERENTIAL EQUATIONS, CONTROL SYSTEMS, SIGNAL PROCESSING, AND MORE. IN MANY
APPLICATIONS, AFTER TRANSFORMING A FUNCTION INTO THE LAPLACE DOMAIN, THE CRITICAL STEP IS TO FIND ITS INVERSE
L APLACE TRANSFORM TO RETRIEVE THE ORIGINAL TIME-DOMAIN FUNCTION.

THIS ARTICLE PROVIDES A COMPREHENSIVE, STEP-BY-STEP GUIDE ON HOW TO FIND THE INVERSE L APLACE TRANSFORM OF THE
FUNCTION:

\[

F(s) = \rrac{6s + 18} \1exT{(pENOMINATOR)}}

\]

WITH DETAILED EXPLANATIONS AND METHODS, ENSURING CLARITY FOR LEARNERS AND PRACTITIONERS. WE FOCUS ON THE
speciFic FUNCTION \( F(s) = \rrac{6s + 183{ 1} \), wHicH siMpLIFIES TO \( 65 + 18 \), BUT THE PRINCIPLES AND
TECHNIQUES APPLY BROADLY TO SIMILAR RATIONAL FUNCTIONS.

(UNDERSTANDING THE INVERSE LAPLACE TRANSFORM
WHAT Is THE INVERSE LAPLACE TRANSFORM?

THE INVERSE L APLACE TRANSFORM, DENOTED AS \( \MATHCAL{L}"{-13 \{F(s)\} \), CONVERTS A FUNCTION FROM THE
COMPLEX FREQUENCY DOMAIN BACK INTO THE TIME DOMAIN. |T IS DEFINED AS A COMPLEX INTEGRAL, BUT IN PRACTICE, IT IS
OFTEN COMPUTED USING TABLES, PARTIAL FRACTION DECOMPOSITIONS, OR PROPERTIES OF L APLACE TRANSFORMS.

WHY Is IT IMPORTANT?

- SOLVING DIFFERENTIAL EQUATIONS: MANY DIFFERENTIAL EQUATIONS ARE EASIER TO SOLVE IN THE LAPLACE DOMAIN, BUT
SOLUTIONS ARE MEANINGFUL ONLY IN THE TIME DOMAIN.

- CONTROL SYSTEMS ANALYSIS: UNDERSTANDING SYSTEM RESPONSES REQUIRES INVERSE TRANSFORMS.

- SIGNAL PROCESSING: RECONSTRUCTING SIGNALS FROM THEIR TRANSFORMS.

Key TECHNIQUES FOR FINDING THE INVERSE LAPLACE TRANSFORM

- DIRECT LOOKUP IN LAPLACE TABLES

- PARTIAL FRACTION DECOMPOSITION

- COMPLETING THE SQUARE FOR QUADRATIC DENOMINATORS

- USING PROPERTIES AND THEOREMS (LINEARITY, SHIFTING, ETC.)
- RESIDUE THEOREM FOR COMPLEX FUNCTIONS

Ster-BY-STEP SoLuTion For \( F(s) = 65+ 18 )



Step 1: Recocnize THE Form ofF \( F(s) \)

THE GIVEN FUNCTION:

\[
F(s)=6s+ 18
\]

IS A SIMPLE POLYNOMIAL IN \('s \). NOTE THAT IT CAN BE WRITTEN AS:

\[
F(s) = 6(s+3)
\]

WHICH IS A LINEAR FUNCTION IN \('s \).
STeEP 2: RECALL CORRESPONDING INVERSE TRANSFORMS

- \C\MATHCAL{LIM-T3\{s\} = \peLTA'(T) \) (DISTRIBUTIONAL DERIVATIVE), BUT IN STANDARD FUNCTIONS, MORE COMMON
IS THE INVERSE OF FUNCTIONS INVOLVING \( \FRAC{ 1} - A} ).

- For FuncTions Like \( \FrRac{13}{s - A} \), THe InversE 1s \(e™{a T} \).

- FOR POLYNOMIAL FUNCTIONS LIKE \('S \) OR CONSTANTS, THE INVERSE TRANSFORMS OFTEN INVOLVE DERIVATIVES OF DELTA
FUNCTIONS OR DERIVATIVES OF EXPONENTIAL FUNCTIONS.

HoweVver, siNce our \( F(s) \) IS A POLYNOMIAL, IT CORRESPONDS TO DERIVATIVES OF DELTA FUNCTIONS. BUT IN PRACTICE,
WHEN DEALING WITH RATIONAL FUNCTIONS OF \('S \), THE FUNCTION IS USUALLY EXPRESSED AS A RATIO WHERE THE
NUMERATOR AND DENOMINATOR ARE POLYNOMIALS, AND THE INVERSE TRANSFORM IS OBTAINED VIA PARTIAL FRACTIONS.

IN OUR CASE, BECAUSE THE NUMERATOR IS \( 6S + 18 \), WHICH IS A POLYNOMIAL, THE INVERSE L APLACE TRANSFORM
CORRESPONDS TO DERIVATIVES OF DELTA FUNCTIONS, AN ADVANCED CONCEPT TYPICALLY NOT USED IN STANDARD ENGINEERING
PROBLEMS.

STep 3: CLARIFY THE CONTEXT

IMPORTANT: THE INITIAL FUNCTION \( F(s) = 65 + 18 \) MAY BE DERIVED FROM A RATIO \( \FRAC{6S + 183{1} \). IF THE
ORIGINAL PROBLEM INTENDED A RATIO WITH A DENOMINATOR—SAY, \( F(s) = \rrRac{6s + 18 {s"2 + 4s + 5} \)—THe
APPROACH WOULD INVOLVE PARTIAL FRACTIONS.

ASSUMPTION: FOR THIS TUTORIAL, WE INTERPRET THE PROBLEM AS FINDING THE INVERSE L APLACE TRANSFORM OF \( F(s) =
\rrac{6s + 18 H{\TexT{(DENOMINATOR)}} \), WHERE THE DENOMINATOR IS MISSING IN YOUR STATEMENT. TO MAKE THE
PROBLEM MEANINGFUL, LET'S CONSIDER A COMMON SCENARIO WHERE THE FUNCTION IS:

\[
F(s) = \rrac{6s + 183{s"2 + 4s + 5}
\]

WHICH IS A TYPICAL RATIONAL FUNCTION ENCOUNTERED IN DIFFERENTIAL EQUATIONS.

INVERSE LAPLACE TRANSFORM OF RATIONAL FUNCTIONS: A GENERAL APPROACH
STep 1: Express THE FUNCTION CLEARLY

SUPPOSE:

\[
F(s) = \rrac{6s + 18Xs"2 + 45 + 5}
\]



QOUR GOAL IS TO FIND:

\[
F(T) = \MAaTHCAL{LI M- 13 \{F(s)\3
\]

STEP 2: FACTOR OR COMPLETE THE SQUARE IN THE DENOMINATOR

COMPLETE THE SQUARE:

\[
s"24+4s5+5=(s+2)"2+ 1

THIS FORM SUGGESTS THE INVERSE TRANSFORM INVOLVES EXPONENTIAL AND SINUSOIDAL FUNCTIONS.
STeP 3: PARTIAL FRACTION DECOMPOSITION

EXPRESS NUMERATOR AS A COMBINATION OF TERMS THAT MATCH DERIVATIVES OF THE DENOMINATOR:

\[
F(s) = \rrac{6s + 18K (s + 2)"2 + 13
\]

REWRITE NUMERATOR:

\[
6s+ 18 =6(s+ 3)
\]

BUT NOTE THAT:

\[
s+3=(s+2)+ 1
\]

THus:

\[
F(s) = \rrac{6[(s + 2) + 11H{(s+ 2)"2 + 1} =6 \rrac{s + 2} (s + 2)"2 + 1} + 6 \rrAac{ 1K (s + 2)"2 + 13
\]

NO\X/, THE INVERSE TRANSFORMS ARE STANDARD:

- \CWMATHCAL{LIM - T\ Lerm\{ \rrAc{s + a}{(s + A)"2 + \oMecA" 2} \rIGHT\} = E"{-A T} \cos \omeca T \)
“\ACOWMATHCAL{LI M- T\ Lerm\{ \rrac{\oMEGA{(s + A)"2 + \oMeGa" 2} \rIGHT\} = e"{-A T} \sin \oMeGa T \)

SINCE OUR NUMERATOR IS \('s + 2 \) (MATCHING THE DENOMINATOR’S SHIFT), AND THE NUMERATOR'S COEFFICIENT ALIGNS
WITH THE COSINE TERM, WE PROCEED ACCORDINGLY.

STEP 4: FIND THE INVERSE TRANSFORM

USING STANDARD L APLACE PAIRS:

\[
\MATHCAL{LI M- 13 \LerT\{ \rrAc{s + AX(s + A)"2 + \oMecA" 2} \riGHT\} = E*{-A T} \cos \oMeca T

\]

AND



\l

\MATHCAL{LI (- 13 \LerT\{ \Frrac{\oMecAa}{(s + A)"2 + \oMEGA" 2} \riGHT\} = e"{-A T} \sIN \OMEGA T

\]

OUR TERMS ARE:

-\ 6 \rrac{s + 2}{(s + 2)"2 + 1} \) corresponps To \( 6 E*{-2 T} \cos T \)
-\C6 \rRAC{TH(s + 2)*2 + 1} \) can BE WrITTEN AS \( 6 \TiMes \FRAC{ T H (s + 2)"2 + 1} \), wHicH 1s \( 6 \TIMES
\LerT( \FrrAc{\oMEGA{(s + A)"2 + \oMeGA™ 2} \RIGHT) \) wiTH \( \oMEGa = 1))

BUT SINCE THE NUMERATOR IS 1, AND THE STANDARD INVERSE IS FOR \( \FrRac{\oMeGA}{(s + A)"2 + \oMeGA" 2} \), WE
NEED TO ADJUST ACCORDINGLY.

NoTE:

\l

\MATHCAL{LI M- T\ LerT\{ \rrAc{ 13}{(s + aA)"2 + \oMeca" 2} \riGHT\} = E*{-A T3} \FrrAac{\sIN \oMEGA T}{\oMEGA}

\]

THEREFORE, THE INVERSE TRANSFORM OF \( 6 \TiMes \rRAC{ 1}{(s + 2)"2 + 1} ) I1s:

\[
6 \TiMes EM-2 T3 \rrAc{\sin TH{ 1} =6 EM-2 T} \sin T
\]

FINAL EXPRESSION:

\[
(M) =6e™-2 T} \cos T+ 6EM-2 T} \sInT
\]

WHICH SIMPLIFIES TO:

\[
F(T) =6€e™-2 1} (\cos T+ \sinT)
\]

SUMMARY OF THE PROCESS

To RECAP, THE PROCESS TO FIND THE INVERSE L APLACE TRANSFORM OF SUCH RATIONAL FUNCTIONS INVOLVES:

1. EXPRESSING THE FUNCTION CLEARLY, PREFERABLY IN A FACTORED OR COMPLETED SQUARE FORM.

2. DECOMPOSING THE FUNCTION INTO SIMPLER FRACTIONS OR TERMS MATCHING STANDARD INVERSE L APLACE TRANSFORMS.

3. IDENTIFYING STANDARD TRANSFORMS FOR EXPONENTIAL, SINE, AND COSINE FUNCTIONS.
4. APPLYING INVERSE TRANSFORMS INDIVIDUALLY AND SUMMING THE RESULTS.

ADDITIONAL TIPS FOR FINDING INVERSE LAPLACE TRANSFORMS

FREQUENTLY AskeD QUESTIONS



How DO YOU FIND THE INVERSE L APLACE TRANSFORM OF F(s) = (6s + 18)/s?

FIRST, DECOMPOSE F(S) INTO SIMPLER PARTS: F(s) = (65 + 18)/s = 6s/s + 18/s =6 + 18/s. THe INVERSE LAPLACE
TRANSFORM OF 6 1S A(T) SCALED APPROPRIATELY, BUT MORE STRAIGHTFORWARDLY, SINCE & IS A CONSTANT, ITS INVERSE IS
6 TiMes a(T). For 18/s, THE INVERSE LAPLACE TRANSFORM IS 181 = 18. HOWEVER, BECAUSE THESE ARE FUNCTIONS
MULTIPLIED BY S OR CONSTANTS, THE PROPER APPROACH IS TO RECOGNIZE F(S) AS 6 + 18/s. THE INVERSE LAPLACE
TRANSFORM OF 6 1S 6A(T), AND oF 18/s 15 18U(T), WHERE U(T) IS THE UNIT STEP FUNCTION. THEREFORE, THE INVERSE
LAPLACE TRANSFORM IS F(T) = 6A(T) + 18U(T). WHEN CONSIDERING CAUSAL FUNCTIONS, THE DELTA FUNCTION AT T=0 IS
OFTEN IGNORED IN PRACTICAL SIGNALS, SO THE MAIN PART IS F(T) = 18.

\WHAT IS THE STEP-BY-STEP METHOD TO FIND THE INVERSE L APLACE TRANSFORM OF
F(s)=(6s + 18)/s?

Step 1: SiMPLIFY F(s): (65 + 18)/s = 6s/s+ 18/s =6 + 18/s. STeP 2: RECALL THAT THE INVERSE L APLACE TRANSFORM
ofF 615 6a(T), aND oF 18/s1s 18u(T). STep 3: Comeine THE RESULTS: F(T) = 6a(T) + 18U(T). IN MANY CASES,
ESPECIALLY FOR T>0, THE DELTA FUNCTION CAN BE IGNORED, LEAVING F(T) = 18.

CAN YOU EXPLAIN THE INVERSE L APLACE TRANSFORM OF A FUNCTION LIKE F(s) = (6s
+ 18)/s IN TERMS OF STANDARD TRANSFORM PAIRS?

Yes. THe FUNCTION F(s) cAN BE SPLIT INTO 6 + 18/s. THE INVERSE LAPLACE OF A CONSTANT C IS C TIMES A(T), AND THE
INVERSE OF 1/S IS THE UNIT STEP FUNCTION U(T). THEREFORE, THE INVERSE L APLACE TRANSFORM OF F(s) IS F(T) = 6a(T) +
18u(T). FOR CAUSAL SYSTEMS, THE DELTA FUNCTION AT T=0 IS OFTEN CONSIDERED AS AN INITIAL IMPULSE, SO THE MAIN
RESPONSE FOR T > O 15 18.

\W/HAT IS THE SIGNIFICANCE OF DECOMPOSING F(s) = (6s + 18)/s WHEN FINDING ITS
INVERSE LAPLACE TRANSFORM?

DECOMPOSING F(S) INTO SIMPLER TERMS LIKE 6 + ]8/5 ALLOWS US TO APPLY STANDARD INVERSE L APLACE TRANSFORM PAIRS
DIRECTLY. RECOGNIZING THESE PARTS MAKES IT STRAIGHTFORWARD TO DETERMINE THE INVERSE TRANSFORM WITHOUT COMPLEX
PARTIAL FRACTIONS, ESPECIALLY SINCE 6 CORRESPONDS TO AN IMPULSE AT T:O/ AND -|8/S CORRESPONDS TO A STEP
FUNCTION STARTING AT T=0.

|S IT NECESSARY TO PERFORM PARTIAL FRACTION DECOMPOSITION FOR F(S) = (65 +
18)/s?

NOI IN THIS CASE, PARTIAL FRACTION DECOMPOSITION ISN'T NECESSARY BECAUSE THE EXPRESSION CAN BE DIRECTLY SEPARATED
INTO SIMPLER TERMS: 6 + ]8/5 THIS SIMPLIFIES THE PROCESS, ALLOWING US TO DIRECTLY APPLY KNOWN INVERSE LAPLACE
TRANSFORMS.

How DOES THE PRESENCE OF THE DELTA FUNCTION A(T) AFFECT THE INTERPRETATION
OF THE INVERSE LAPLACE TRANSFORM IN THIS PROBLEM?

THE DELTA FUNCTION A(T) REPRESENTS AN INSTANTANEOUS IMPULSE AT T=0. IN THE CONTEXT OF THE INVERSE L APLACE
TRANSFORM, THE TERM ()A(T) INDICATES AN INITIAL IMPULSE RESPONSE. FOR MANY PHYSICAL APPLICATIONS WHERE T > O, THE
DELTA FUNCTION'S EFFECT IS LOCALIZED AT T:O/ SO THE PRIMARY RESPONSE IS ]8U(T)

\WHAT IS THE FINAL EXPRESSION FOR THE INVERSE L APLACE TRANSFORM oF F(s) = (6s
+ 18)/s?

THE INVERSE LAPLACE TRANSFORM 1S F(T) = 6a(T) + 18u(T). FOR PRACTICAL PURPOSES, ESPECIALLY FOR T > O, IT
siMpLIFIES To F(T) = 18.



ADDITIONAL RESOURCES

INVERSE LAPLACE TRANSFORM: UNLOCKING THE SECRETS OF FUNCTION REVERSAL

INTRODUCTION; THE POWER AND PRECISION OF THE INVERSE LAPLACE
TRANSFORM

IN THE VAST LANDSCAPE OF ENGINEERING, MATHEMATICS, AND PHYSICS, THE L APLACE TRANSFORM STANDS OUT AS A
FUNDAMENTAL TOOL FOR ANALYZING COMPLEX SYSTEMS—BE IT ELECTRICAL CIRCUITS, MECHANICAL DYNAMICS, OR CONTROL
SYSTEMS. |T SIMPLIFIES DIFFERENTIAL EQUATIONS INTO ALGEBRAIC FORMS, MAKING THEM MORE MANAGEABLE. HO\X/EVER, THE
TRUE STRENGTH OF THIS METHOD IS REALIZED WHEN \WE NEED TO REVERT BACK TO THE ORIGINAL FUNCTION IN THE TIME DOMAIN,
WHICH IS WHERE THE INVERSE LAPLACE TRANSFORM COMES INTO PLAY.

(UNDERSTANDING HOW TO FIND THE INVERSE OF A L APLACE TRANSFORM IS ESSENTIAL FOR INTERPRETING THE PHYSICAL OR REAL-

\WORLD SIGNIFICANCE OF A SOLUTION. |T BRIDGES THE GAP BETWEEN THE TRANSFORMED (FREQUENCY OR COMPLEX DOMAIN) AND
THE ORIGINAL (TIME DOMAIN) FUNCTIONS. TODAY, WE'LL SCRUTINIZE A SPECIFIC FUNCTION:

F(s) = \rrac{6s + 18} s}
AND EXPLORE HOW TO DETERMINE ITS INVERSE LAPLACE TRANSFORM WITH METICULOUS DETAIL AND CLARITY, AKIN TO A

COMPREHENSIVE PRODUCT REVIEW OR EXPERT ANALYSIS. THIS EXERCISE NOT ONLY DEMONSTRATES A STRAIGHTFORW ARD
EXAMPLE BUT ALSO ELUCIDATES THE SYSTEMATIC APPROACH ONE CAN APPLY TO SIMILAR FUNCTIONS.

UNDERSTANDING THE GIVEN FuncTion: \(F(s) = \rrac{6s + 183}{s}\)

BEFORE DIVING INTO THE INVERSE PROCESS, IT'S CRUCIAL TO ANALYZE THE STRUCTURE OF THE FUNCTION:

- NuMeraToR: \(6s + 18\)

- DenoMiNaTOR: \(s\)

THIS RATIONAL FUNCTION IS STRAIGHTFORWARD BUT REQUIRES SOME ALGEBRAIC MANIPULATION TO IDENTIFY ITS COMPONENTS

IN TERMS OF STANDARD LAPLACE TRANSFORM PAIRS. RECOGNIZING COMMON FORMS SIMPLIFIES THE PROCESS OF FINDING THE
INVERSE.

STEP-BY-STEP APPROACH TO FIND THE INVERSE LAPLACE TRANSFORM

THE PROCESS INVOLVES SEVERAL SYSTEMATIC STEPS:
1. SIMPLIFY THE GIVEN FUNCTION

START WITH REWRITING \(F(s)\) INTO A FORM THAT'S EASIER TO INTERPRET:



\[
F(s) = \rrac{6s + 18}{s}
\]

DIVIDE NUMERATOR AND DENOMINATOR WHERE POSSIBLE, OR SPLIT INTO SIMPLER TERMS:

\[
F(s) = \rrac{6s}{s} + \rrac{18}{s}
\]

WHICH SIMPLIFIES TO:

\[
F(s) = 6 + \rrac{18}s}
\]

THIS STEP IS CRUCIAL BECAUSE IT EXPRESSES \(F(5)\) AS A SUM OF TERMS INVOLVING BASIC LAPLACE TRANSFORMS.
2. RecocNize STANDARD LAPLACE TRANSFORM PAIRS
To FIND THE INVERSE, RECALL THE FUNDAMENTAL L APLACE TRANSFORM PAIRS:

| FuncTion \(F(T)\) | LapLACE TrANSFORM \(F(s)\) | CoMMeNTS |
S |--mmmmmm s |--------- |
INCT\) [ \(\rRAC{ T3{s}\) | UNIT STEP, CONSTANT IN TIME |
INCTAN /N T \NO\FRAC{ T Hs™ {N+T133\) | PoLYNOMIAL FUNCTIONS |

APPLYING THESE, THE INVERSE OF \(F(s) = 6 + \rRAC{ 18 }{s}\) CAN BE OBTAINED BY RECOGNIZING EACH TERM AS A LAPLACE
TRANSFORM OF A SPECIFIC FUNCTION.

3. DEcoMPOSE AND IDENTIFY THE INVERSE COMPONENTS

- Tre Term \(6\) IN THE \(s\)-DOMAIN CORRESPONDS TO THE LAPLACE TRANSFORM OF \(6\DELTA(T)\) ONLY IN THE
CONTEXT OF IMPULSE FUNCTIONS. BUT SINCE \(\DELTA(T)\) IS A DIRAC DELTA, AND OUR TERMS ARE SIMPLE CONSTANTS, IT IS
BETTER TO THINK IN TERMS OF THE INVERSE OF THE ENTIRE FUNCTION.

- Tre Term \(\FRAC{ 183{s}\) IS DIRECTLY ASSOCIATED WITH THE CONSTANT FUNCTION \( 18 \TiMES 1\) IN THE TIME
DOMAIN, BECAUSE:

\[
\MATHCAL{LI\{1\} = \rrAc{ 1 3}{s}
\]

THus,

\[
\MATHCAL{LI M- 1\ LerT\{\rrAC{ 18 H{s}\rIGHT\} = 18 \TiMes 1 = 18

\]

- For THE CONSTANT \(6\), NOTE THAT THE LAPLACE TRANSFORM OF \(6 \TiMes T"0\) (A CONSTANT FUNCTION IN TIME) IS
\(\rrAC{6}{s}\). BUT IN oUr cASE, THE TERM IS JUST \(6\), WHICH SUGGESTS IT CORRESPONDS TO A SCALED DELTA
FUNCTION AT \(T=0\). SINCE OUR GOAL IS TO FIND A STANDARD INVERSE L APLACE TRANSFORM, IT'S MORE STRAIGHTFORW ARD
To INTERPRET THE ENTIRE \(F(S)\) AFTER SPLITTING AS THE SUM OF FUNCTIONS CORRESPONDING TO KNOWN TRANSFORMS.



FINAL EXPRESSION AND |ITS INVERSE

HAVING SIMPLIFIED AND IDENTIFIED THE COMPONENTS, THE INVERSE L APLACE TRANSFORM OF \(F(s)\) Is:

\[

F(T) = \WMATHCAL{LIN- T \LerT\{6 + \rrAc{ 183{s}\rIGHT\} = \MATHCAL{L}"{- 13\ {6\} +
\MATHCAL{LI M- 1 \LerT\{\rrAc{ 18 K{s}\rIGHT\}

\]

- INVERSE OF 6: SINCE 6 1S A CONSTANT WITH RESPECT TO \(S\), AND THE LAPLACE OF A DIRAC DELTA AT ZERO IS 1, THIS
DOESN'T DIRECTLY TRANSLATE TO A STANDARD FUNCTION UNLESS CONSIDERED IN A GENERALIZED FUNCTION SENSE. FOR
PRACTICAL PURPOSES, THE INVERSE OF A CONSTANT IN LAPLACE SPACE OFTEN CORRESPONDS TO A SCALED DELTA FUNCTION:

\[
\MATHCAL{LI M- 13\{c\} = c \peLTA(T)
\]

BUT DELTA FUNCTIONS ARE DISTRIBUTIONS, AND UNLESS SPECIFIED, FOR MOST PHYSICAL PROBLEMS, THE INVERSE OF A
consTANT IN \(F(s)\) wouLp Bt zero For \(T > 0\).

- Inverse of \(\rrac{ 18}{s}\): AS NOTED, THIS CORRESPONDS TO THE CONSTANT FUNCTION \(18\):

\[
\MATHCAL{LI M- 1\ LerT\{\rrAC{ 18 H{s}\rIGHT\} = 18 \TiMes 1 = 18

\]

FINAL ResuLT: THE INVERSE LAPLACE TRANSFORM

CONSIDERING THE ABOVE, AND ASSUMING THE FUNCTION REPRESENTS A CAUSAL SYSTEM (WHICH TYPICALLY INVOLVES
FUNCTIONS For \(T \GeQ 0\)), THE INVERSE L APLACE TRANSFORM OF \(F(s) = 6 + \rrac{ 18}{s}\) Is:

\[

\BOXED{

F(T) = 6 \peLTA(T) + 18
3

\]

THIS INDICATES THAT THE ORIGINAL FUNCTION IN THE TIME DOMAIN IS A COMBINATION OF AN IMPULSE AT \(T=0\) scALED BY
6, PLUS A CONSTANT FUNCTION OF 18 For \(T > 0\).

IN A MORE TYPICAL PHYSICAL CONTEXT, ESPECIALLY WHEN DEALING WITH CAUSAL SYSTEMS, THE DELTA FUNCTION REPRESENTS
AN INSTANTANEOUS IMPULSE, AND THE CONSTANT TERM SIGNIFIES A STEADY-STATE OR EQUILIBRIUM VALUE.

ALTERNATIVE APPROACH: UsING PARTIAL FRACTION DECOMPOSITION

W/HILE THE ABOVE APPROACH SIMPLIFIES THE PROCESS, ANOTHER ROBUST METHOD INVOLVES PARTIAL FRACTION
DECOMPOSITION, ESPECIALLY USEFUL FOR MORE COMPLEX FUNCTIONS.

1. EXPRESS THE FUNCTION AS A SUM OF SIMPLER FRACTIONS



STARTING FROM:

\[
F(s) = \rrac{6s + 18}s}
\]

WHICH WE PREVIOUSLY SIMPLIFIED TO:

\[
F(s) = 6 + \rrac{18}s}
\]

2. RECOGNIZE STANDARD TRANSFORMS

AS PREVIOUSLY DISCUSSED, LEADS DIRECTLY TO THE INVERSE:

\[
F(T) = 6 \peLTA(T) + 18
\]

3. SUMMARY OF PARTIAL FRACTION METHOD

- DECOMPOSE COMPLEX RATIONAL FUNCTIONS INTO SUMS OF SIMPLER FRACTIONS.
- MATCH EACH TERM WITH KNOWN L APLACE INVERSE PAIRS.
- SUM THE INVERSE TRANSFORMS TO GET THE FINAL SOLUTION.

IMPLICATIONS AND APPLICATIONS OF THE RESULT

(UNDERSTANDING THIS INVERSE L APLACE TRANSFORM IS NOT MERELY AN ACADEMIC EXERCISE—IT HAS PRACTICAL SIGNIFICANCE:

- ELECTRICAL ENGINEERING: THE IMPULSE RESPONSE (REPRESENTED BY \(\DELTA(T)\)) COMBINED WITH A STEADY-STATE
RESPONSE (CoNSTANT \(18\)) CAN DESCRIBE HOW CIRCUITS RESPOND TO SUDDEN INPUTS AND REACH EQUILIBRIUM.

- MECHANICAL SYSTEMS: THE DELTA FUNCTION SIGNIFIES AN INSTANTANEOUS FORCE APPLIED AT \(T=O\), WHILE THE
CONSTANT TERM INDICATES A SUSTAINED FORCE OR DISPLACEMENT.

- CONTROL SYSTEMS: RECOGNIZING THE INVERSE TRANSFORM HELPS IN DESIGNING CONTROLLERS AND UNDERSTANDING SYSTEM
STABILITY.

ConNcLuUsION: MASTERING THE INVERSE LAPLACE TRANSFORM FOR CLARITY
AND CONTROL

THe JourNeY FROM THE FUNCTION \(F(s) = \rrac{6s + 183}{s}\) To ITS INVERSE IN THE TIME DOMAIN HIGHLIGHTS THE
ELEGANCE AND UTILITY OF THE LAPLACE TRANSFORM METHODOLOGY. BY METHODICALLY SIMPLIFYING, RECOGNIZING STANDARD
PAIRS, AND UNDERSTANDING THE PHYSICAL SIGNIFICANCE OF EACH TERM, ONE CAN CONFIDENTLY DECODE THE ORIGINAL SYSTEM
BEHAVIOR.

THIS DETAILED WALKTHROUGH UNDERSCORES THE IMPORTANCE OF FAMILIARITY WITH LAPLACE TRANSFORM PAIRS, ALGEBRAIC
MANIPULATION SKILLS, AND INTERPRETATIVE INSIGHT—A TRIFECTA ESSENTIAL FOR ENGINEERS, MATHEMATICIANS, AND
PHYSICISTS ALIKE. WHETHER DEALING WITH IMPULSES, STEADY STATES, OR DYNAMIC RESPONSES, MASTERING THE INVERSE



L APLACE TRANSFORM UNLOCKS A DEEPER UNDERSTANDING OF THE SYSTEMS THAT SHAPE OUR WORLD.

IN ESSENCE, THIS EXAMPLE EXEMPLIFIES HOW A SIMPLE RATIONAL FUNCTION CAN REVEAL COMPLEX INSIGHTS ABOUT SYSTEM
BEHAVIOR™AN INVALUABLE SKILL FOR ANYONE STRIVING TO ANALYZE, DESIGN, OR TROUBLESHOOT DYNAMIC SYSTEMS WITH
PRECISION AND CONFIDENCE.
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